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either in the form (6) or in the form 

arg (F' z ) (00, t) = 0, for a certain z € G(t), t £ [0, T), (8) 

where F(z, t) = -q+q- Besides, the solution of the Schwarz boundary 
value problem for a multiply connected domain is in general a multi- 
valued function. Under condition (7) the solution becomes single- 
valued for each fixed t 6 [0, T). 

Third, the problem (4)-(7) can be reduced to a couple of problems, 
namely, the Schwarz problem for the doubly connected domain G(t) 
and an evolution equation to be solved successively. The first of these 
problems has a "global" and stationary character. The latter means 
that it should be solved for each fixed time instance, but the former 
means that we have to construct the solution in the whole domain. 
Moreover, we need to show the possibility to continue the obtained 
solution analytically into a neighbourhood of the initial domain and 
regularity dependence of the solution on the small perturbation of the 
boundary curves. These properties and the solution itself are obtained 
on the base of a variant of the Schwarz alternating method as proposed 
in [19] and by using the analyticity of the solution to the Schwarz 
problem with respect to the boundary curves shown in [26]. We have 
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to remark that in the contrary to the simply connected case there is 
no suitable exact formula for the solution to the Schwarz problem. 
The second problem, namely, the evolution equation, in the contrary, 
has a "local" character, i.e. is studied in a neighbourhood of each 
boundary curve. This problem is reduced to an abstract problem which 
is solved by using the following theorem which is a tool for study 
abstract nonlinear operator equations in a scale of Banach spaces. 

Theorem 1 ([21]) Let {B s , \\ ■ ||s}o< s <i ^ e a sca -l e of Banach spaces, 
i.e. a family of continuously embedded Banach spaces such that for all 
< s' < s < 1 the norm of the canonical embedding I s ^s' '■ B s — ► B s i 
is not greater than 1 (^||I S _^ S ' || < 1). 

Let us consider the abstract Cauchy-Kovalevsky problem 

-^ = L(t,w), w(0) = 0, (9) 

satisfying the following conditions in {B s , \\ ■ ||s}o< s <i (where C , K, 
R, and T be positive constants independent of s,s',t): 

(i) the nonlinear operator L(£, w) is continuous in t and maps 

[0, T) x {w € B s : \\w\\ s < R} into B s > for all < s' < s < 1; (10) 

(ii) the continuous function L(t, 0) satisfies 

K 

||L(t,0)||<- , for all 0< s< 1; (11) 

(iii) for all < s' < s < 1, t € [0,T), and wi,W2 belonging to the 
open ball {w £ B s : \\w\\ s < R} we have 

C 

\\L(t,wi) - L(t,w 2 )\\ sl < t ||*oi - w 2 \\ s - (12) 

s — s 

Under these assumptions there exists one and only one solution 

weC 1 ([0, oo(l - s)),B s ) 0<s<1 , ||w|| s < R, 

where a$ is a suitable positive constant. 

Our paper is organized as follows. We start (Section 2) with refor- 
mulation of the initial problem (4)-(7) in an equivalent form, namely, 
in the form of the linear Schwarz boundary value problem for a dou- 
bly connected domain and an abstract Cauchy-Kovalevsky problem to 
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be solved successively. We also discuss the structure of the obtained 
couple of problems. In Section 3 a suitable scale of Banach spaces is 
constructed and its properties are studied. Solution of the Schwarz 
problem in a doubly connected domain is presented in Section 4. We 
conclude our investigation (Section 5) by the application of Theorem 
1 to the Cauchy-Kovalevsky problem in the Banach scale defined in 
Section 3. 



2 The structure of the problem 

Let us consider the structure of problem (4)-(7). The equation (4) can 
be rewritten in the form (j = 1, 2) 



* ;§M£<*«> 



-r 



oz 



-2 



,■(*), zGTj(t), 



(13) 
which have to be solved for each fixed t £ [0, T). It is known [1] that 
under certain additional condition (e.g. under condition (6) or the 
condition 



Mif^fS'^ 1 



o, 



where zq is a point in G{t)) the problem (13) has a unique solution 
which is defined by means of the Schwarz operator T for the circular 
doubly connected domain. This solution is single valued if condition 
(7) is satisfied. Only few exact formulas are known for the Schwarz op- 
erator, namely the celebrated Villat's formula for a concentric annulus 
(see [1]) and a formula for multiply connected circular domain (a form 
of this formula is presented in [19]). The first form of the Schwarz 
operator is an integral operator with the Weierstrass zeta-function in 
the kernel, but in the last one the kernel is represented as a series in 
all elements of a certain Schottky group. Both forms are not suitable 
for all of our aims. Therefore our goal is to find an implicit formula 
for the Schwarz operator T for our domain G(t), which will allow us 
to get the necessary properties of the solution. 

Let us suppose that the operator T is already constructed. Then 
the equation (13) can be rewritten in the following equivalent form 



df, . df , , m 



Of 








zGG(t),j = 1,2. (14) 
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For each fixed domain G(t) we introduce the space 7i(G{t))nC ,a (G(t)), 
as well as the spaces H(G(t)) DC a (G(tj), H{G{t)) nC(G(t)). Then the 
following lemma is an analog of Lemma 1 [30, p. 104], which can be 
proved by the change of the unknown function in the same manner as 
in [30]. 



Lemma 1 Let f(z,t) G C 1 ( [0, a ),H(G(t)) n C 1 ' a (G(t)) for each 



t G [0, ao) fre a univalent function in G{t) solving in G{t) x (0, ao) 
t/ie problem (14), (5) for equivalently (4)-(7)). 
TTten t/ie function 

<Kz,t)=(^(z,t)\ EC 1 ([0,a o ),H(G(t))nC a (GjF))) 

is a solution to the problem 

^(z,t) = *T G(t) ($(*, *)#*,*) J^(z,i)- (15) 

- 0(z,t)— (zT G(t) (0)(z,t)), (z,i)GG(t)x(0,a o ), 



a 



0/o, 



0(z, 0) = <fc>(*) = [-£(*)) , * e G(i), (16) 

where (f)(z,t) ^ 0, and T G ( t )(0) denotes the nonlinear operator 

2 



T c(t) W = T |^g(t) . (17) 



Conversely, if (f)(z,t) G C 1 [0,o ),H(G(t))nC a (G(i)) is a solu 



tion to (15) -(16) such that <j>(z,t) 7^ in G(t) x [0, ao). Then f(z,t) 



f WCtj belon 9 s to Cl ([0,o ),W(G(t)) nC 1 ' a (G(t))j and represents a 

locally univalent solution to the problem (14), (5) (or equivalently (4)- 
(7))inG(t)x{0,a ). 

By this lemma we reduce the starting problem (4)-(7) to the prob- 
lem (15)-(16) which is a scale-type problem. Thus it remains to find a 
way how to interpret the problem (15)-(16) as a special case of (9). In 
Sec. 5 we will prove the existence of the solution (f)(z, t) to the problem 
(15)-(16) which imply the following properties of the solution f(z, t): 
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a) the family f(z,t) belongs to the spaces H(G(t)) D C l > a (G(t')) 
in the domains 

G{t') = {z g C : \z - aj \ > rtf); \a x - a 2 \ > n{t') + r 2 (t')} , 

which are situated in a neighbourhood of G(t); 

b) f(z, t) is univalent for small t in the above said neighbourhood. 



3 Scale of Banach spaces 

Let us introduce analogously to [29] the following space of holomorphic 
functions (cf. [35]). In what follows we will assume for determination 
that Qi(t),Q2(t) are negative in a right-hand sided neighbourhood of 
t = 0: 

Qi(t),Q 2 (t)<0, te[0,T). (18) 

Such assumption corresponds to the shrinkage of both holes in the 
Hele-Shaw cell. All other situations can be considered analogously. 

Let us fix the constants riji,j = 1,2,^(0) > nj > r 2 ,j > 0, a 
positive number b > and introduce the parameter s € (0, 1). De- 
note by Ti (Gt s \) the space of functions, holomorphic in the following 
circular doubly connected domain 

G( s) = {z G C : \z - aj\ > nj - s(nj - r 2 ,j),j = 1,2}. 

Then we define the space 

B:={g = g(z,t)€ \J C ([0, 6(1 - s)),H(G {s) ) n C^G^)) : 

0<s<l 



bile = max <^ sup max \\g(-,t)\\ Ca( Q y, 



sup 

sS(0,l),t<6(l-s) 



f^ 



i 



C<*(G M ) V Hi-*)) J ^J' 

The following lemmas are simply generalization of [29, Lemmas 
1,2]. 

Lemma 2 The function space B is a Banach space. 
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Proof Let {gt\ be a Cauchy sequence from B. Then it is a Cauchy 
sequence in the spaces C ([0, h\,H,{Gr s \) n C X (G^)) for each h < 6(1 — 
s). It follows from the completeness of every of the latter spaces 
that there exists a uniquely determined limit element g = g(h,s) £ 
C ([0, h],7i.(Gr s \) n C a (G( s ))). This element satisfies the estimate 
max (e[0]fc ] \\9(h,s)\\c<*(G M ) ^ llfffcolle+e for a suitable index k uniformly 
for all h < 6(1 — s) and s S (0, 1). The limit element of our Cauchy 
sequence {gk} is the function g = g(z, t) with the property that g 
coincides with g^,s) f° r an ^ < b(l — s),s £ (0, 1). Consequently 

sup max lldLc^ ^ < +oo. 

s£(0,l),h<b(l~s)te[0,h] L (U M> 

If h < 6(1 — s) for a certain s G (0, 1), then there exists a larger number 
p € (s, 1) such that h < 6(1 — p), too. Using Cauchy's integral formula 
for g in G (p) 



9(z,t) 



1 



<?(t,£) 



<ir 



1 

2vri 



5(r,t) 



dr + C, 



(p) 



r 2 
(p) 



where Tj n,T? ■, are boundary circles of the domain Gr p \, C is a con- 
stant, and estimating -S- in G( s ) gives 

5 GC([0,6(l- s )),H(G w )nC 1 ' a (G (s) )). 



Finally, 



9g 



< 



dz 
9gk 



C a (G (3) ) 



6(1 



Dz 



C a (G (s) ) 
gives the property 



6(1 



< 



+ e < \\gk \\t3 + £ 



sup 
s6(0,l),t<b(l-s) 



dg 

dz 



C a (G (3) ) 



1 



6(1 



< oo, 



i.e. g G B. 

Lemma 3 The function space B is an algebra with 

\\g ■ h\\ B < 2\\g\\ B \\h\\ B for all g,heB. 
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Proof We know that g,h€C ([0,6(1 - s)),H(G (s) ) nC^ a (G {s) )) 
The statement follows from the inequalities 



lc«(G ( ,)) ^ H0llc«(G w ) 



<9z 



(<7^) 



< 

C"(G (S) ) 

+ibr 



dz^ 



C a (G (s) ) 

d 



C"(G W )' 



C a (G (s) ) 



+ 



C a (G (s) ) 



0. 



-h 



C a (G (3) ) 



and the definition of \\g\\s and \\n\\B- 

In the case of simply connected domains the pre-image of the do- 
mains occupied by one of the fluids of the Hele-Shaw flow can be fixed 
(e.g. in the unit disc). This is not the case when the domain is doubly 
connected. For each fixed t one can choose two discs as pre-images 
of the "holes" in the Hele-Shaw cell. With time changing the ratio of 
the radii of these discs are changing too (one can suppose that one 
of these radii is constant but the other one is changing; alternatively, 
both radii can be supposed to change). 

Later in the paper we need also the following result. 



Lemma 4 Let 

2 = Ue C\T,i 



inf 



cw - m 



: s,t £T,s/t >0 



be the set of simple curves C of class C X (T, C). 

Then the operator which assigns to each pair of simple smooth 
curves (CSC 2 ) f rom 

z^{C^ (C\C 2 ) e z 1 : (\T) c E[c 2 ],C 2 (T) c EfC 1 ]} 

the conformal modulus of the corresponding doubly connected domain 
is real analytic locally near any fixed pair (£q, ^ 2 ) G Z. 

The proof in the case of an annulus is given in [18, Theorem 6.1] on the 
base of the Implicit Function Theorem. The proof in the case of any 
other doubly connected domain follows from conformal equivalence 
under Mobius transformation. 
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4 Schwarz alternating method 

In order to get the corresponding properties of the solution to the 
Schwarz problem we introduce the following notations and results fol- 
lowing mainly [19]. We formulate them in the case of an arbitrary 
circular n-connected domain. 



Let D = C \ I |J clDfc I be a circular plane multiply connected 
\fc=i / 

domain, D^ = {z € C : \z — at\ < r^}. Let the formula 



z lk m ,k m -i,-M) - { z *k m - 1 ,...,k 1 )) (km) ( 19 ) 

define successive symmetries with respect to the circles T^ 1 = d D^i ,■■■■, 
Tfe m = 9Dfc m - If m the sequence k m , fc m _i, . . . , k\ no two neighbour- 
ing indices are equal then the number m is called the level of the 
mapping z h^ z* lv , , v When m is even, these mappings are 

Mobius transformations. When m is odd, these mappings are anti- 
Mobius transformations, i.e. Mobius with respect to z. The above 
described successive symmetries form for each fixed domain D the so- 
called Schottky group /C of symmetries (see [9]). In the following we 
denote by Q the subgroup of all but not identity elements of /C of even 
level, and by J- the family of all elements of K, of odd level. 

The following theorems represent the solution ^(z) = T(D,q)(z) 
to the Schwarz problem 

Re*(t) = q(t), te dB, 

(20) 
Im*(z ) = 0, 

for a multiply connected circular domain D in the above introduced 
notations, where q = (qi, . . . ,q n ), qt '■ ^k — ^ C are given real- valued 
functions, zq £ D is a given point inside ID. We denote by T(D,q)(-) : 
q h^ vj/ the Schwarz operator of the domain D with density q. 

Theorem 2 [19, Theorem 4.11] The Schwarz operator T(D, q)(-) of a 

~ ( n \ 

multiply connected circular domain D = C \ I [J clBj. J has the form 

T(B,q)(*) = tt(*) 



*(z) 



«£M? 



C - lj H C - Ij (z) 



+ 
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+ 



rk 



C-Ofc 



£' 



C - 1j (z) C - 1j (w) 



<Z-z 



d( (21) 



1 ^ /* £) /l ^ 

+^ E / 9*(C)o-(c)<^ + Y, Am [ lo § 



(z-a m ) +^ m (z)] +K, 



where 



2 ™ t^i h k dv 



n. 



^.(C) ^ as ^ e /orm 



n— 1 



a(o = E Re 



m=l 



^(K))(m))"^( W (»)) 



+ log 






n— 1 



-a, 



»(C) log r n - E a m (C) lo g 



m=l 



'(n) 



(22) 



t/ie harmonic measure corresponding to the m-th circle a m (C) has the 
form 

n 

a i( z ) = 5Z An[ReV>m(^) + log|z-a m |] + A, (23) 

m=l,m^J 
ipm(z) are given as 



ifj m (z) = log 



n "tin 



(24) 



where 



Vm (z) = < 






7j(w)-a tl 



, if 7j G T. 



, 7j(«)-a»i 

<T is an arbitrary real constant, Y^ * s taken over all j with jj of odd 
level ( 7j G ^-"j, and ^ /or a// even /ewe/ jj (jj G £7). T/ie series 
converges uniformly in each compact subset of clD\{oo} . 

The single- valued part of the Schwarz operator appears in the mod- 
ified Dirichlet problem: 



Re ^ (s) = q k (s) + c k , t £ T k , k = 1,2, ..., n, 



(25) 
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where q% G C(<9Dfe), k = 1, . . . ,n, is a given function, c/c are undeter- 
mined real constants. If one of the constants c& is fixed arbitrarily, 
then the remaining ones are determined uniquely and ty (z) is deter- 
mined up to an arbitrary additive purely imaginary constant. Thus 
we have 



Theorem 3 [19, Theorem 4.12] The single-valued part of the Schwarz 
operator T s i ng i e (D, q)(-) of a multiply connected circular domain D = 



C \ I |J clDfc I corresponding to the modified Dirichlet problem (25) 

\k=l J 

has the form 

T single (B,ci)(z) = ^(z) 



n 

— Y 

fe=i 



(?fc (0 + Cfc 




1 



1 



C - ij H C - ij (z) 



+ 



Tk 



C-afc 



E 



C - Ij (z) C - Ij (w) 



d( (26) 



+ 



1 



V 



2ni ^ 
fc=i 



dA 

qk{()-r^{()do- + k. 



One of the real constants ct can be fixed arbitrarily; the remaining ones 
are determined uniquely from the linear algebraic system 



n 

E 

fc=i 



(0 + c fc ) ^(C)dcr = 0, m = 1,2, ...,n - 1. (27) 



By applying the properties of the Cauchy type operators (see e.g. [10]) 
and the successive symmetries as above introduced (see e.g. [19]) one 
can establish the following result. 

Theorem 4 The Schwarz operator T(B,q)(-) (as well as the single- 
valued Schwarz operator T s j n ^ e (D, q)(-) / ) of a multiply connected cir- 



cular domain 
(T fc , 



= c\( U cio fc 



is a bounded operator from Y\ C m ' a 

fc=i 



to n W(extT fc ,C)nC m ' Q (T fc ,( 
fc=i 



172 



COMPLEX HELE-SHAW MODEL 



Proof From an induction argument follows that it suffices to prove the 
statement in the case of a doubly connected domain (i.e. for n = 2) 
and for m = 1. The above Theorems 2, 3 give then the existence of 
the solution to the corresponding problem. The form of the Schwarz 
operators (see (21), (26)) does not allow to obtain boundedness of these 
operators as well as their regularity. Thus we use another approach. 
Let us represent the solutions to the problem 

ReV(s) = q k (s), t<=T k , k = 1,2, (28) 

in the following form 

$(z) = $i(z) + $ 2 (z), zGclD, (29) 

where the functions *&k, k = 1,2, are holomorphic in the domains 
extTfc = {z £ C : \z — a k \ > r k }, continuous in clextT^ = {z <= C : 
\z — flfe| > rk}. Then the first equation of (28) can be rewritten as 

Re*i(s) + Re* 2 (s(i)) =Qi(s), \s - ai \ = n, (30) 

where si-, is the point symmetric to s with respect to the first circle 
Ti (thus six = s). By applying to the boundary condition (30) the 
Schwarz operator of the exterior of the first circle, which is determined 
uniquely up to the real constant ?i by the following formula 



Tigi(z) = T(extTi,gi)(z) 

If t + z — 2a\ qi(r)d,T 

~2vri 

\r-ai\=n 



f t + z - 2ai qi(r)dT 

/ \-Ki, (31) 

J t - z r-ai 



we arrive at the functional equation in the domain ext Ti 

y 1 (z) = -y 2 (z* {1) ) + T 1 q 1 (z), |z-oi|>n. (32) 

Analogously we obtain the functional equation in the domain ext T2 
y 2 (z) = -y 1 (z* i2) ) + T 2 q 2 (z), \z-a 2 \>r 2 , (33) 

where the operator T2 is defined by the formula 



T 2 q 2 (z) = T(extT 2 , q 2 )(z) = 

_ 1 f t + z - 2a 2 q 2 {r)dT 

= ~2ri 

\T-a 2 \=r 2 



J r + ,-2a 2g2 (r)dr + 

J t - z t - a 2 
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The relations (32), (33) constitute a system of functional equations 
in the class of holomorphic functions. The system (32), (33) can be 
solved by successive approximations. Let us consider now the method 
of successive approximations for (32), (33) from another point of view. 
We take zero-order approximation for (32), (33) in the form 

*?(*) = T m (z), \z- ai \ >n. 

The function ^i(z) satisfies the first boundary condition of (28), but 
possibly does not satisfy the second one. This function is defined and 
holomorphic in the exterior of the first circle. Thus we can take it as a 
zero-order approximation to the solution in the domain D = {z € C : 
\z — Ofc| > rk, k = 1,2}, namely 

tt°(s) = tt?(*) |D , zGD. 

Substituting ^i(z) into the functional equation (33) we obtain the first 
order 

*\(z) = -*?(2( 2) ) + T 2 q 2 (z), \z - a 2 \ > r 2 , 

and respectively 

The last function does satisfy the second boundary condition of (28), 
but possibly does not the first one. Further 

^l(z) = -^l(z* {1) ), \z- ai \ >n, 

and consequently 

*\z) = V (z) + V\z) + Vi(z) lo , z£D. 

Finally, an iV-th approximation of the solution can be given as 

* N (z) = tt°(z) + *\z) + ... + y N -\z) + V? (*),„, z G D, 
N an even number, (35) 

* N (z) = tt°(z) + *\z) + . . . + * N -\z) + ^(z) |D , z € B, 
iVan odd number. (36) 

The proof of the convergence of the sequence *B N (z) in the space 

w(B) n 

C(clD) for each fixed pair of functions q = (ft, q 2 ) G C°' a (Ti) xC°'°(Ti) 
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is presented in [19, Section 4.9]. The similar proof can be given 
in the case of the space 7i(H>) P|C 1,a (clD) for a fixed pair of data 

In order to show this we have to mention that the solution of the 
Schwarz problem for a doubly connected circular domain D can be 
rewritten in the form of a sum of two series 

where 

*!(z) = T iqi (z) + T iqi (a(z)) + T iqi (a\z)) + ..., 

mz) = T 2 q 2 (z* {1) ) + T 2 q 2 ((3(z)) + T 2 q 2 {fj\z)) + ..., 

<*(*) = Z (*12)> M = «(*21)> ( 37 ) 

a n (z) = a{a n ~\z)), (3 n (z) ee /3(/3 n " 1 (z)). 

Both operators a : z ^ ct(z), f3 : z ^ [3{z) are compact in the 
space H(D) P|C 1,a (clD) (see [19, Subsection 4.9.3]). Hence it remains 
to prove that the operators Ti,T2 are bounded as operators acting 
from C 1 ' a (Ti), C 1 ' a (T 2 ) to Hip) f|C 1 ' a (clD) respectively. This result 
is basically a restatement of two technical lemmas from [18, Lemmas 
5.1, 5.2]. This completes the proof. 

5 Application of the abstract Cauchy- 
Kovalevsky problem 

In this Section we apply the Nirenberg-Nishida theorem (Theorem 
1) to the abstract Cauchy-Kovalevsky problem (15)-(16), where the 
operator T^Gtt) 1S defined by the formula (17). We follow here the 
ideas and machinery of the papers [30], [29]. We can formulate the 
main result of our paper in the following manner. 

Theorem 5 [Main Theorem] There exists an in general small interval 
of time [0, b) such that the problem (15)-(16) has a uniquely determined 
solution (f> = <f)(z, t) which has no zeros on G/ p \ x [0, b) and belongs to 
the space C 1 [[0,b),H(G^) n C 1,a (G( p ))) . The constant p determining 
the doubly connected domain Gr p \ is taken as in the definition of B. 
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Corollary 1 There exists an in general small interval of time [0, b) 
such that the problem (4)-(7) has a uniquely determined solution f. 
The function f = f(z, t) is univalent with respect to z on G^\ for each 
t G [0, b) and belongs to the above constructed space C 1 ([0, b),7i(G^) n 
C 2 ' a (Gr p \)) . The constant p determining the doubly connected domain 
G( p \ is taken as in the definition of B. 

This corollary is a direct consequence of the theorem. Univalence 
of the function / follows from the properties of the initial function fo, 
the choice of r^j i, j = 1,2; rj(0) > r±j > r2,j > (see definition of B) 
and the chosen norm of B which is stronger than the sup-norm. 

To prove the main theorem we need a number of auxiliary results 
which we present below. We apply Theorem 1 to the problem (15)- 
(16). Hence the operator L (£,</>) coincides with the operator on the 
right-hand side of (15). Thus the operator L(£, </>) contains mainly the 
combination of two operators: the differentiation operator d z and the 
Schwarz operator T for a doubly connected circular domain applied to 

\<t>\ 2 - 

To study the unbounded operator d z in the scale B we use the 
following result which is based on an idea formulated in [37] 

Lemma 5 Let (j) € B. Then the operator 
t 
A:<f>~ f d z cf)(;T)dT, $€[0,6(1 -a)), s€(0,l), 



is a continuous operator mapping B into itself and satisfying the es- 
timate 

\\A<l>\\ B <Cb\\<f>\\B, (38) 

where C = C(rij), i,j = 1,2. 

This lemma is a restatement of [29, Lemma 3]. 

Let us now begin to establish the necessary properties of the op- 
erator T<3( t )(</>) = T(|0| Qj(t)). In the previous section we have 
shown the boundedness of this operator in the corresponding spaces 
for each fixed domain G(t). But we need in Theorem 1 the fulfillment 
of stronger conditions. 

First of all, the function T ( \(j)\ Qj(t)j (z) has to be continued 
analytically in a neighbourhood of the initial doubly connected domain 
Cr(0) (thus to preserve the analogous property of the "initial" function 
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(fro). To see this we mention first that the Schwarz operator can be 
rewritten in the form 



T (M 2 Q,(t)) (z) = T U(r,t)0 (Lt^QjitU (z). (39) 

If the function (f)(z, t) can be continued in a domain bigger than G(t) 
then the conjugate function <p(z,t) = </>( = ,£) possesses the "continu- 
ation" in a smaller domain. Therefore we introduce another function 
space different from B. 

We fix as before the constants ry i,j = 1, 2; rj(0) > r±j > r%,j > 0, 
a positive number b > and introduce a parameter s £ (0, 1). Denote 
by TL (^4( s )) the space of functions, holomorphic in the union of two 
annuli 

Then we define the space 

B a :={g = g(z,t)€ (J C ([0, 6(1 - s)),H(A {s) ) n 0^(1^)) : 

0<s<l 



\g\\ B = max< sup max \\g(-,t) \\ Ca(A -,; 

[se(o,i)^<fe(i-s)* e [ ' ft ] l w; 

#5, 



sup 

s6(0,l),t<b(l-s) 



oz 



-K^)) 2 <4 



C<*(A (s) ) 

It is not hard to see that the space ,6 a is a Banach space and a Ba- 
nach algebra with respect to the usual multiplication of complex- valued 
functions. The following lemma is of a straightforward verification. 



Lemma 6 If <fi belongs to B, then the function <j)(z,t) = <fi (=,i) as 
well as the product 4>4> belongs to B a . Besides, 



\B a <cu\\ B . 

Now all is prepared for the study of T G n\((/)) on B. Let 

G vum = {z € C : \z - ai\ > run, \z - a 2 \ > m^} 
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be a neighbourhood of a doubly connected domain G(0). Let the 
function v be in C ( y [0,T),7i(G ni: r l2 ) n C(G ni:V2 )) for certain 771,772 < 1. 
Then the function T G ( t )(f ) = T(G(t), q\v | 2 ) as defined in (17) belongs 
to 7i{G{t)) for each £ G [0, T). Moreover, the following lemma is valid. 

Lemma 7 For any v G C ([0,T),H(G T/lfl2 ) n C(G m , V2 )) the image 
Tqu\(v) of the nonlinear operator T^Gtt) possesses an analytic con- 
tinuation into the bigger domain Go for certain 77° < 771 < 1, 77° < 
% < 1. 

Proof First we have to show that both integrals Ti, T2 (see (31), 
(34)) meet this property. It suffices to prove this only for TV Let us 
rewrite first Ti(extTi, <5i|f| 2 ) in the form analogous to (39) 



Ti(ext Ti, Qi\v\ 2 ){z) = Ti(ext Ti, Q iV (t, t)v (Lt))(z). 

Since v EC (\0,T),7i(G m:ri2 ) nC(G r/lfl2 )) then by Lemma 6 the func- 
tions v = v ( = , t) ) and vv possess an analytic continuation into an 
annulus A} ■, for certain < s < 1. By uniqueness of the analytic 
continuation we can conclude that the operator Ti can be rewritten 
in the form 

Ti(extT 1 ,Qi|f| 2 )(z)= (40) 



1 f T + z-2 ai Qi(t)v(T,t)vU,t))dT 

" \-1S1, 



2iri J t — z t — a\ 

\r-ai\=ijiri 

for each t G [0, Ti) with certain T\ > 0. The kernel of this integral 
is holomorphic in the exterior of the circle \t — a±\ = r)\r\. It gives 
the desired result for the operator Ti. A similar consideration can be 
applied to the operator T2. 

The functions a{z) and (3{z) as defined in (37) are in fact Mobius 
transformations and are holomorphic outside at most one point. There- 
fore each term in the series ^f\(z), ^(-z) has the analytic continuation 
properties as above formulated. The final result follows from the uni- 
formity of the convergence of these series. 

Lemma 8 The operator 

T G(t) (# = T(M 2 Q(t) 
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satisfies in B the inequalities 



<Ci 



T Gno(0l) -Tff»n(^) 



ll.^ 



^,12 



Hl^llB. 



< Cx| 



Hll- 



(41) 



(42) 



Moreover, the family of operators { r ^G(t)( ( f > )}t€[0,T) depends con- 
tinuously on t £ [0,£). 

Proof We have to start again with the operator Ti. By rewriting it in 
the form (40) we can use then [29, Lemma 5]. The final result follows 

then from the properties of the series ^i(z), ^(z). 

At last we need to show that the right-hand side of (15) does satisfy 
the conditions of Theorem 1. To do this we rewrite equations (15) in 
a suitable form 






d 
(z,t) = L (t,v) = zT G (u + (f)o)(z,t)^-(uj(z,t) + 4>o(z)) 

ll'l? OZ 

- {u(z, t) + M^jt (^T G ((w + <h)(z, t)) , 

OZ \ '1 ' '2 / 

Lo(z,O) = 0(z,O)-Mz) = O- 

Lemma 9 The operator Lo satisfies in the scale {B s , \\ ■ ||s}o< s <i 
of Banach spaces 

{£ s } 0<s <i := [g = g(z, t) € C ([0, 6(1 - s)),H(G {s) ) n C 1 '^)) : 



bile = max < sup max ||^(-,t)|| Ca(S -,; 

ls6(o,i),/i<&(i-s)*G[o,h] ls) 



sup 
se(0,l),t<6(l-s) 



<9z 



C Q (G W ) 



i 



)V Kl-a) 



I <oo,} 



i/ie conditions (10)-(12) of Theorem 1. 



Proof The property (10) follows from the second statement of Lemma 
8. Further, Lemma 5 gives that the operator M- is a bounded operator 
and 

d 



from B s to B s r and 



dz 



< 



, mm{n j i - r 2 ,i; n i2 - r 2 , 2 }(s - s') 



(43) 
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In order to get the properties (11)-(12) we rewrite the difference 
Lo(i, o>i) — lio(t,U2) in the form 

L (t,UJl)-L (t,Ul2) = -(wi -W2)^- (^T G (wi + o )(z,*)) 

c,2 \ 77 i' T7 2 / 

~(W2 + 00) TT- (z{T G (wi + O )(^, *) " T G n (W2 + tfo)(*, «))) 

+*( T G n „o(wi + &)(*,*) - T G „(W2 + 0o)M))^i + <Ao) 
+zT G o (w 2 + 0o)(M)^-(wi -^2)- 

Then inequality (11) follows from Lemma 8 and inequality (43). 
In the same manner we can prove that 



l|Lo(t,0)|| s = 



K 
< 



1 



By applying Lemma 9 we obtain the existence and uniqueness of 
the local (in time) analytic solution to the Hele-Shaw problem for a 
doubly connected domain (as formulated in the Main Theorem). 
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Abstract 

Based on a model and an algorithm proposed previously by Buchanan, 
Gilbert, Wirgin and Xu [4], we numerically computed the dependence 
of the porosity of cancellous bones on the measured ultrasonic wave. 
The computation shows the bone porosity can be recovered very ac- 
curately. The numerical data show that the ultrasonic wave of higher 
frequency would produce a more accurate bone porosity. 
AMS Subject Classification 2000: 35A05, 76B40 
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1 Introduction 

Biot developed a general theory for the ultrasonic propagation in fluid- 
saturated porous media [l]-[3]. McKelvie and Palmer [6], Williams [7], 
and Hosokawa and Otani [5] discussed the application of Biot's model 
for a poroelastic medium to cancellous bones. Recently, Buchanan, 
Gilbert, Wirgin and Xu [4] proposed a model for the determination 
of the parameters of cancellous bone using ultrasonic measurements. 
Following their model, we consider a piece of cancellous bone sub- 
merged in fluid, see Figure 1. Ultrasonic wave is produced from the 
transmitter at one side and received by a hydrophone at the other 
side of a bone. We apply Biot's system of compressional wave equa- 
tions for a dispersive dissipative fluid-saturated porous medium in the 
time domain to this model. We use the reflection and transmission of 
ultrasonic waves in cancellous bone and use the information to deter- 
mine the bone porosity. The numerical computation, based on known 
parameters, shows some encouraging results. 



Fluid 



Fluid 




Figure 1. Experiment arrangement and one-dimensional computation. 



The Biot model 



We consider a one-dimensional dynamic model in this paper. In the 
bone (0 < x < L), cf. Figure 1, the ultrasonic wave satisfies the 
one-dimensional dynamic equations 



o2 o 

^.[Ae + Qe] = Qp(piiu + puU) + b-(u - U), 
dx [Qe + Re) = g^(pi2U + P22U) - b-(u - U), 



d_ 

da 




du 

dx' 



dU 
dx 



187 



GILBERT ETAL 



Here, the motion of the frame and fluid within the bone are tracked 
by position vectors u and U respectively (Ref. [l]-[3]). 

In the water, (x < or x > L) let po be the acoustic pressure 
and Uq the displacement. If the transducer is located at x = x s with 
waveform f(t), then the acoustic pressure obeys 

d 2 Po 2 d 2 p _ ms(x _ x) 
dt 2 C °dx 2 -WW X Xs >' 
dpp = d 2 U 
dx dt 2 

On the interface (xq = or xq = L), the displacement is contin- 
uous, and the normal stress and the pore stress in the bone is equal 
to the acoustic pressure in the fluid. Therefore, the displacements, 
pressure and stresses satisfy 

U (x ) = (3U(x+) + (l-P)u(x+), 

Po(x ) = <Txx(xt) + cr(x£), (3) 

Po( x o) = <r(xo)/P. 

Here Xq = _ or L + , and Xq = + or L~ , respectively. In (3), 
we recall that a xx = Ae + Qe, e = ||, and e = ^-. There are six 
equations in (3) totally. The transient property of the wave implies 
that lmi| ;I .|_ >00 Uq = 0. 

There are seven parameters to be determined in the one-dimensional 
Biot model. Naturally, in a one-dimensional model, the complex frame 
shear modulus \x is not included. The other parameters A, R and Q oc- 
curring in the constitutive equations are calculated from the measured 
or estimated values of the parameters given in Table 1 (see references 
[4]-[7].) 

The other parameters are computed according to the formulas 



\ — Ki ii 1 


-K b ? 


A J^-b „M 1 




R P2R? 
" D-K h ' 




„ PK r ((1 - /3) K r 


-K b ) 


Q ~ D-K h 




we set fj, = and 





2(3K r (K r - K b ) + I3 2 K, 



D-K b 

(4) 



D = K r [l + P 



K r 
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Table 1. Parameters used in the Biot model 



Symbol 


Value 


Parameter 


PS 


950 


Density of the pore fluid 


Pr 


1960 


Density of frame material 


K b 


Re(K b ) = 1 x 10 y 
Im(K b ) = 0.1Re(K b )/n = 3.18 X 10 7 


Complex frame bulk modulus 


Kf 


2 x 10 M 


Fluid bulk modulus 


K r 


2 x 10 iu 


Frame material bulk modulus 


P 


0.75 


Porosity 


V 


1.5 


Viscosity of pore fluid 


K 


1 x 10~ s 
or ^=- for K = 5 


Permeability 


a 


1.0833 

1 - s(l - 1/13) for s = 1/4 


Structure constant 


a 


0.0015 


Pore size parameter 



In (2) pn and P22 are density parameters for the solid and fluid, 
P12 is a density coupling parameter, and b is a dissipation parameter 
which depends on the wave frequency, u>. 



Pn = (1 - P)Pr ~ P(Pf ~ m/3), 
P12 = /3(Pf -m/3), 
P22 = m(3 2 , 

F (ay/up f /rj) P 2 r] 

K 



(5) 



where 



rn 



apj_ 



and the multiplicative factor F(Q, which was introduced by Biot to 
correct for the invalidity of the assumption of Poiseuille flow at high 
frequencies, is given by 



no 



1 



mo 



41-2T(C)/*C 

where T is defined in terms of Kelvin functions 



no 



ber'(C) + ibei'(C) 
ber(C) + ibei(C) 
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3 Transient reflection and transmission 
of waves 

Let po, Uo, e, and e be the Fourier transforms of po, Uo, e, and e, 
respectively, for the u. Then from (2), the transformed equations in 
the water (x < or x > L) become 



2 * 2 d2 Po i x , v 

-u po - Cq-^-y = fd{x - x a ), 



dx 2 
dpo 

Ox 



(6) 



-p iO Uq. 



Correspondingly, in the bone (0 < x < L), the transformed equations 
from (1) become 

dx 2 
& 

dx 2 



:[\u + QU] = -u 2 (puu + p 12 U) + iwb(u - U), 



2 [Qu + RU] = -uj 2 (p 12 u + p 2 2^) - iwb(u - U). 



(7) 



On the interface, (xo = or xq = L), from (3), we have the trans- 
formed transmission conditions now as 



U (x' c 



- d ^( x -)=p U (x+) + (l-(3)u(x+), 
du 



dU 



Po(x^) = (A + Q)^-(x+) + (Q + R)-^-(x^), ( 8 ) 



Po{x 







dx 



dU 

dx 



Here, again, x = or L + , and Xq = + or L , respectively. 

Introducing the new unknowns u x = ^ and U x = W-, the system 
(7) can be decoupled into the matrix form 



/u\ 



/ 1 0\ 



d 


U 




1 




?7 


dx 


u x 




111 /l 2 




«:r 




\uj 




V21 fe 2 oy 




W*/ 



(*\ 



0) 



where 



Zn = — ui a\\ + icobli, 



21 



-u; 2 a2i — iuibfo, 



111 = — w ai2 — iujbli, 
hi = -uj 2 a,22 + iujbl 2 , 
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and 



h = 


Q + R 

5 ' 




Rpn 


-Qpu 


(III 




6 




A/912 


- Qpn 


0-21 




6 


5 = 


XR- 


Q 2 . 



ai2 



a-22 



Q + X 
5 ' 

RP12 - Qp22 

6 

Xp22 ~ QP 



12 



The homogeneous system (9) can be easily solved to have the so- 
lution 

f = E(x)C, (10) 

where E(x) = Eoe Ao:c , and Eo and Ao are the eigenvector and eigen- 
value matrices of the 4x4 matrix in (9), and the constant vector 
C = (Ci, C2, C3, Ci) T will be determined by the boundary conditions 
and the interface coupling. 

In the water, for x < or x > L, the transformed acoustic pressure 
satisfies 



<9 2 p , ^ 2 - 





dx 2 



Po ~ e 



/ 



ife|x| 



<5(x -x s ), 



00, 



where k 



and cq is the sound speed in water. Therefore, for some 



constants C{,i = 1,...,4, the transformed acoustic pressure has the 
form 

-ikx 



Po(x) 



C2e «fca; _|_ cgg-*^^ X s < X < 0, 
C4e zkx , X > L. 



(11) 



Using the interface conditions (8), we have the following system of 
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linear equations, for Ci,Ci,i = 1,2,3,4, 



(1 


p^tKXs 


-1 





1 


p£%KX s 


-1 









ik 
pouj' 2 

1 


ik 

pouj' 2 

1 









1 


1 

















ike ikL 
p u>' 2 
ikL 


\o 








ikL 








\ 



-jSE 2 (0)-(l-/9)Ei(0) 

-(A + g)E 3 (0)-(Q + i?)E4(0) 
-§E 3 (0)-i?E 4 (0) 

-pE 2 (L)-(l-P)E 1 (L) 

-(\ + Q)E 3 (L)-(Q + R)V 4 (L) 

-|E 3 (L)-i?E 4 (L) 



/ 

(12) 



/Cl\ 

C2 




f e ikx a 


C3 







C 4 







Ci 







c 2 







c 3 







VC4/ 




^ / 



4 Numerical tests 

In the paper [4], it is shown that from the measured data by the 
hydrophone (see Figure 1), the porosity of cancellous bones is uniquely 
determined locally. In this section, we will compute the dependence of 
the porosity (5 on the measured transmitted wave C4 at the hydrophone 
receiver. This is done by computing the solution (12) forwardly. 

Theoretically, the linear system (12) has a unique solution. But 
computationally, it is a singular system as its condition number is 
about 10 60 for practical data. To produce accurate solutions, we have 
to rescale the constants Ci or a against each other, because the solu- 
tion data in bone are about 10~ 10 of that from water. In our compu- 
tation, we use the following variable substitution in (12) 



Ci 



Ci 



msx{\\ + Q\,\Q + R\,\R\,\Q\y 
Here the scaling factor is about 1CP 10 . 



1, 



A. 
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In the numerical computation, in addition to the constants listed 
in Table 1, we used also the following data, / = Cg, x s = — 1 and 
L = 0.05. We experimented with different waves to. In Figure 2, 
we plotted the real part of constant ca (the imaginary part of ca is 
neglected as it is about one-tenth of the real part) in the transmitted 
wave against the porosity of cancellous bones (3 for ui = 10 5 . 





x10 5 




c4/beta graph, (omega=1e+05, L=0.05) 
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Figure 2. Plot of solution C4 for different porosity (3, w = 10 5 . 

The dependence of C4 on the porosity /3 factor for ui = 100, 000 in 
Figure 2, i.e., the average derivative (for j3 G [0.75, 1]), is 

^^ = -2.9 x 10~ 4 = -0.00029. 
dp 

In other words, for frequency to = 10 5 , if the transmitted wave can 
be measured to 10~ 5 then we would have about two correct digits 
being recovered for (3. To avoid of the dependence on the strength of 
incident wave, we can use relative measurement. The above averaged 
derivative indicates that, after divided by the magnitude of C4, for a 
relative error of 1% in measured data C4, the recovered (3 would have 
a relative error of only 0.12%! With lower frequencies, we can get 
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smaller derivative — ^L , for example, see Figure 3, where 
dRe{ci) 



dp 



4.6 x 10" 



0.00046. 



Nevertheless, in this case, the relative error in (3 would be 1.13% if the 
measured error in C4 is 1% 



x10" 



c4/beta graph, (omega=1e+04, L=0.05) 




Figure 3. Plot of solution C4 for different porosity /3, w = 10 4 . 

Finally, we listed the relative errors in (3 against the measured 
errors in the transmitted wave, the real part of C4 in (11), for vari- 
ous sound waves. In order to get more accurate averages, we chose 
the average range of (3 from 0.81 to 0.96, where the 04—/? curves are 
monotonic. Numerically, it seems the recovery is more accurate when 
higher frequency ultrasonic testing wave is used. However, numeri- 
cally it is more challenging to solve the problem at higher frequencies 
as the linear system for the coupling (12) is very ill-posed 
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Frequency u 


Rel. error in (3 


Average dRe{c±)/d[3 


1,000 


1.6995% 


0.028650 


3,000 


0.6431% 


-0.008460 


6,000 


0.6523% 


0.002091 


10,000 


1.2354% 


0.000399 


30, 000 


0.7887% 


-0.000085 


60, 000 


0.2035% 


-0.003949 


100,000 


0.1711% 


-0.000139 


300, 000 


0.0510% 


-0.000040 


600, 000 


0.0360% 


0.000008 


1,000,000 


0.0299% 


-0.000170 



Table 2. Relative errors in recovering (3 at measured relative error 1%. 
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Preface 

The intension of this workshop was as well to instruct newcomers in the field 
of applied complex analysis about recent trends as to give them the opportunity 
to meet some of the experts. Among the younger participants were Algerians, 
Germans, Chinese, Turkish, Tajik, and Vietnamese. The experts came from Ar- 
menia, Belarus, China, Germany, France/Poland, Georgian, India, Italy, Russia, 
Tanzania, Turkey, USA. The workshop was financially supported by the Mid- 
dle East Technical University in Ankara, the Scientific and Technical Research 
Council of Turkey and the Ankara Branch of the Turkish Mathematical Society. 
Their generous support is gratefully acknowledged. Without it the character of 
the workshop would have been completely different as most of the young gen- 
eration and many experts in particular from the former SU and countries with 
weak economy would not have participated. 

At the workshop some series of lectures and about 25 talks were given and 
the selection of manuscript in this volume reflects the range of topics but not the 
familiar and stimulating atmosphere at the meeting. The comfortable hosting 
at the guest house and dormitories of the METU, the kind care taking of the 
local organizers and their helpers and the homogeneous composition of the 30 
participants had created a friendly background for an exciting workshop. 
The topics vary from complex ordinary differential equations and regular holo- 
morphic systems to complex partial differential equations, from boundary value 
problems of Ricmann, Hascman and Ricmann-Hilbert type to Hclc Shaw flows 
and porosity of cancellous bones, from domain perturbation problems to opti- 
mization of fixed point methods, from quaternionic to Clifford analysis. 
Growth estimations in a certain angular domain for entire finite order solutions 
to inhomogeneous linear complex ordinary differential equations with entire co- 
efficients are provided under wider conditions as in the past. Motivated by 
investigations of the geometry of a-points of a meromorphic function the closed- 
ness of a- and b-points of an arbitrary polynomial for different a and b are 
measured and the sum of these measures for several pairs of different points 
estimated from above where the upper bound is independent of the number of 
pairs. Combining methods from singularity theory, complex analysis, and ordi- 
nary differential equations holonomic Picard-Fuchs systems of differential equa- 
tions regular singular along hypersurfaces are studied. As an introduction to 
the theory of boundary value problems for complex partial differential equations 
of arbitrary order the basic problems of Schwarz, Dirichlct, and Neumann are 
solved for the inhomogeneous Cauchy-Ricmann equation. The Schwarz prob- 
lem is considered in Wiener domains for some particular quasilincar Bitsadze 
equation. 

Eliptic systems of 2n second order equations with constant leading coefficients 
are treated in the upper half plane on the basis of the Bitsadze representation 
and the results applied to anisotropic plane elasticity. Three versions of the 
modified doubly-periodic second fundamental complete plane strain problem 
with relative displacements are formulated and solved via the Sherman trans- 
form the kernel function of which is given by the Weierstrafi ^-function. 



More advanced boundary value problems in complex analysis are the Riemann- 
Hilbcrt and the Ricmann problem, the first being a generalization of the Schwarz 
problem and in particular situations related to the latter. The Ricmann prob- 
lem is a special form as well of the general M-linear conjugation problem as of 
the Hascman problem where also boundary shifts arc involved. An R-linear 
conjugation problem for elliptic functions in a disc is solved in form of Eisen- 
stcin scries via a transformation to a functional equation. The result is applied 
to calculate the effective conductivity of a composite material with circular 
inclusions. A general formulation of the Ricmann-Hilbcrt problem on almost 
complex manifolds is given within the theory of geometric and topological as- 
pects of holomorphic curves in a loop spaces. Reduction to related problems 
for analytic functions is used to treat the Haseman boundary value problem for 
bianalytic functions. 

The celebrated Hclc-Shaw moving boundary value problem is considered in a 
doubly connected domain in decomposing it in a Schwarz boundary value prob- 
lem and an abstract Cauchy-Kowalcwski problem. Local existence and unique- 
ness of the classical solution is proved. The dependence of the porosity of can- 
cellous bones on the measured ultrasonic wave is numerically computed. Here 
the Biot system of compressional wave equations for a dispersive dissipative 
fluid-saturated porous medium in the time domain is applied. 
With functional analytic and potential theoretic methods domain perturbation 
problems for boundary value problems for homogeneous elliptic equations are 
investigated. In particular the Dirichlet and the Neumann problems for the 
Laplace equation are considered in the n-dimensional Euclidean space. As 
is well-known the solution of the Picard-Lindclof integral equation is locally 
uniquely solvable. This situation often occurs when initial or boundary value 
problems are solved iteratively. Here the problem is studied how this "local" 
can be optimized. 

Complex analytic methods are not restricted to plane problems. Quaternionic, 
octonionic, and Clifford analysis are theories efficiently used in mathematical 
physics where complex analytic methods are applied. Recently higher order 
Hclmholtz operators and their factors were considered in quaternionic analysis 
as were higher order Laplace operators and their factors in Clifford analysis. 
On the basis of the quaternionic Stokes formula orthogonal decompositions of 
the Lebesgue space of square intcgrablc quaternionic- valued functions are given 
with respect to the poly-a-hyperholomorphic and the polymetaharmonic func- 
tions. Higher order Cauchy-Pompeiu representations in Clifford analysis are 
known for powers of the Dirac operator D and the Laplace operator A = DD. 
Here such integral representations are developed for arbitrary operators D m D n 
for to, n € N. Also an addendum to those representation formulas in a universal 
Clifford algebra in case of an even-dimensional Eulidcan space of dimension n 
is given with respect to D k for n < k. Higher order Cauchy-Pompeiu represen- 
tations for functions of n, 1 < n, complex variables are available in particular 
for polydomains. A general formula is given in connection with the operators 
d^ K d^ , k K , l\ € N, 1 < k, A < n. Properties of the polyharmonic Green function 
for the upper half of the complex plane are studied. 



The manuscripts were composed by Mr Kerem 

Kaskalouglu, from the Department of Mathematics of the METU and by Mrs. 
Barbara G. Wengel at the I. Mathematical Institute of FU Berlin. Thanks are 
due to both of them. The editors are also grateful to Professor A. Anastassiou 
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They wish JAFA a properous future. 



TABLE OF CONTENTS 



Preface 



v 



Growth of solutions of complex non- homogeneous linear 

differential equations 1 

B. Belaidi 

On closeness of a- and fr-points of arbitrary polynomials 13 

G. Barsegian, Fernandez Arturo, Le Dung Trang 

Regular singular holonomic systems of differential equations with given 
integrals 21 

A.G. Aleksandrov, A.N. Kuznetsov 

Basic boundary value problems in complex analysis 57 

H. Begehr 

A note on a boundary value problem for the Bitsadze equation in 
Wiener-type domains 73 

A. Okay Celebi 

To elliptic boundary value problems on the upper half-plane 83 

A. Soldatov 

Modified doubly-periodic second fundamental complete plane strain 

problem with relative displacements 99 

X. Li 

Exact solution of the R-linaer problem for a disk in a class of doubly 
periodic functions 115 

V. Mityushev 

Holomorphic curves and Riemann-Hilbcrt problems in loop spaces 129 

G. Khimshiashvili, E. Wegert 



Haseman boundary value problem for bianalytic functions with different 
shifts on the unit circumference 147 

Y. Wang, J. Du 

Complex Hele-Shaw model. Local solvability for a doubly connected 

domain 159 

S. V. Rogosin, T.S. Vaitekhovich 

Computing porosity of cancellous bone using ultrasonic waves 185 

R.P. Gilbert, Y. Xu, S. Zhang 

Pertubation problems in potential theory, a functional analytic 

approach 197 

M. Lanza de Cristoforis 

The optimization of fixed point methods 223 

S. Graubner 

On decompositions of the complex quaternion valued Hilbcrt space related 

to the Helmholtz equation 233 

H.T.N. Vu 

Cauchy-Pomopeiu representation formulas in Clifford analysis 255 

H. Otto 

A revised higher order Cauchy-Pompciu formula in Clifford analysis 

and its application 269 

Z. Zhang 

A general higher order integral representation formula for polydomains . . . 279 
A. Krausz 

Higher order Green function in the upper half plane 293 

E. Gaertner 



JOURNAL OF APPLIED FUNCTIONAL 

ANALYSIS,VOL.2,NO. 3,197-222, COPYRIGHT 

2007 EUDOXUS PRESS, LLC 

PROC.APPL.COMPL.ANAL.ANKARA-04 



Perturbation problems in potential theory, a 
functional analytic approach 



Massimo Lanza de Cristoforis 

Dipartimento di Matematica Pura ed Applicata 

Universita di Padova 

Via Belzoni 7, 35131 Padova, Italia 

e-mail: mldc@math.unipd.it 



CRISTOFORIS 



Abstract 

We consider an approach based on functional analysis and potential 
theory to investigate domain perturbation problems. In particular, 
we consider the Dirichlet and Neumann boundary value problems for 
harmonic functions. 
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1 Perturbation problems in potential 
theory: the Dirichlet problem 

In this paper, we plan to consider an approach based on Functional 
Analysis and Potential Theory to study domain perturbation prob- 
lems for boundary value problems for homogeneous elliptic equations. 
For simplicity, we confine our attention to the Laplace equation. In 
this section, we consider the Dirichlet problem, and in Section 2 we 
consider the Neumann problem. 

We consider the Dirichlet problem for the Laplace equation in a 
domain of M n and ask questions such as that of the dependence of 
solutions if both the data and the domain are perturbed. Since the de- 
pendence of solutions is linear in the boundary data, the question has 
some interest mainly for the dependence on the domain perturbation. 
Problems of this type have long been investigated. Here we mention 
Keldysh [13], Calderon [5], Coifman, Mcintosh and Meyer [6], Coifman 
and Y. Meyer [7], David [8], Verchota (see Meyer [24]), Sokolowski and 
Zolesio [35], Henry [12] for regular perturbation problems, and Kozlov, 
Maz'ya and Movchan [14], Maz'ya, Nazarov and Plamenewskii [23], 
Movchan [26], Ozawa [27], Ward and Keller [38] for singular perturba- 
tions. The approach we present is based on Potential Theory and 
Functional Analysis and exploits the integral equation method for 
boundary value problems. The idea of exploiting such method in do- 
main perturbation problems is not new. Recentely, it has been applied 
to study scattering problems by Potthost [29], [30], [28], Potthost and 
Stratis [31], who have based their results on Frechet differentiability 
theorems for various potentials upon small variations of the support 
(normally a hypersurface) . We are mostly interested in results of real 
analytic dependence for perturbations of arbitrary size and under 'op- 
timal' regularity conditions in Schauder spaces. Our work stems from 
that of [16], [19], Lanza and Preciso [20], Lanza and Rogosin [21], 
Preciso and Rogosin [33] for two dimensional problems and of Lanza 
and Rossi [22] for n-dimensional problems. In particular, this paper 
exploits heavily results of Lanza and Rossi [22] . 

We take the domain for our boundary value problem in a spe- 
cial form. We consider a domain whose boundary is of 'sphere- type'. 
Namely, we assume that the boundary of the domain is of the form 
<p(dM n ), where M n denotes the unit ball {x G M. n : \x\ < 1} and dM n 
denotes the boundary of B n , and where <ft is a diffeomorphism of dM n 
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into W 1 and belongs to the class 

•A 9 B n = j </> G C 1 (<9B„,R n ) : <j> is injective : 

d<p{y) is injective for all y G dM n 

By the Jordan Leray separation Theorem, R n \0(<9B„) has exactly two 
open connected components for all (ft G Agn n i and we take our domain 
to be the bounded open connected component I[(ft] of M n \<ft(dM n ), and 
we consider the boundary value problem 

Au = in ![</>], 

u = 5 o 0(-!) on <f>(dB n ) , l j 

where g is a given function of dM n to R, and we are interested into 
the dependence of the solution of (1) upon (ft, g. By classical Poten- 
tial Theory, we can write under reasonable regularity conditions the 
unique solution u[(f),g] of (1) in the form 

u[cf>,g}(t)= eocf>(- 1 \ s )—-[S n (t- S )}da s Vi € l[<f>] , 

J<t>(dM n ) ° v 4>\s) 

(2) 
where va, is the outward unit normal field to ![</>] on dl[4>] = (ft{dM n ), S n 
is the fundamental solution of the Laplace operator, i.e., the function 
of R n \ {0} to R defined by 

o (n= i i lo ^\ V£gM"\{0}, ifn = 2, 

[ ' \ (2^\^ n Ve G M" \ {0}, if n > 2, 

where s n denotes the (n — 1) dimensional measure of <9B n , and where 
is the unique solution of the Fredholm equation 

go^- 1 \t)= 1 -9o ( f>(- 1 \t) (3) 

+ / o 0(-!)( s )^^ [5 n (t _ s )] da s Vt G </>(<9B n ). 

Thus we plan to study the dependence of u[(ft, g] upon ((ft, <?) by study- 
ing the dependence of the solution 6 of (3) upon ((ft, g) and the de- 
pendence of the right-hand side of (2) upon (ft, 9. Now we note that 
equation (3) is defined on the ^-dependent domain (ft(dM n ). However, 



200 



PERTURBATION PROBLEMS... 



we prefer to work with a fixed domain. Then we change the variables 
in (3) and we obtain 

g(x) = \e{x)+ [ eocb^Xs)—^— [S n (c/>(x) - s)} da s Vx G 8M n . 

2 J<f>(dM n ) OU^S) 

(4) 
We wish to recast (4) into an abstract equation in Banach space. 
Thus we now introduce some notation. We denote by N the set of 
natural numbers including 0. Then for all m G N, a G]0, 1[, and 
bounded open subsets 0, of M n , we denote by C m (clS7) the space of m 
times continuously differentiable functions of the closure clO of O to 
R, and by C m,a (cl£l) the Schauder linear subspace of C m (ch7) of those 
functions which have a-H61der continuous m-th order derivatives in 
clfL Then C m ' a {d£l) is defined as the space of traces of functions of 
C m,a (clQ) onto dfl. We think of C m (ch7) as endowed with the norm 
of uniform convergence in cK7 of all derivatives up to order m. We 
think of the Schauder spaces C m ' a (clf2), C m,a (dO,) as endowed with 
their usual norm. For standard properties of functions in Schauder 
spaces, we refer the reader to Gilbarg and Trudinger [10] (see also [15, 
§2, Lem. 3.1, 4.26, Thm. 4.28], Lanza and Rossi [22, §2].) Let D C R n . 
Then C m ' Q (clft,D) denotes {/ G (C m > a (cin)) n : /(clfi) C D}. Also, 
we note that AdB n is open in C 1 (<9B n , W 1 ) (see [15, Prop. 4.29], Lanza 
and Rossi [22, Lem. 2.5].) 

We now define the map A of {C m ' a {dM n ,R n ) n AmJ xC m ' a {dM n ) 2 
to C m ^{8B> n ) by setting 

A[<t>,g,6](-) = -9(-)+b(-)+ I 90^(3)-^- [S n (^(-) - s)} da s 

2 J(t>(dB n ) OV^S) 



(5) 

for all (c/),g, 6) G (C m ' a (dM n ,R n ) n A dBn ) x C m ' a (dM n ) 2 . Then we can 
consider equation (4) in the abstract form 

A[<f>,g,e] = (6) 

and we plan to analyze equation (6) by means of the Implicit Function 
Theorem. To do so, we must understand the regularity of the nonlinear 
operator A, and thus we resort to the following Theorem of Lanza and 
Rossi [22, Thm. 3.12]. 

Theorem 1 Let me N\{0}, a g]0, 1[. The map W[; ■} of{C m 
M") n A dBn ) x C m ' a (dM n ) to C m ' a (dM n ) defined by 

W[<f>, f](x) = f -^— [S n (4>(x) - s)} /o0(- 1 )( s ) da s Vx G 81 
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for all ((f>, f) G (C m ' a (<9B n , R n ) n A* J x C m ' a (3B n ) is rea/ analytic. 

For the definition and properties of real analytic operators in Ba- 
nach spaces, we refer the reader to Prodi and Ambrosetti [34]. Now 
let m£N\{0}, a G]0,1[. For a fixed 4> G C m > a (dM n ,R n ) n A dMn , the 
set ![(/>] is a manifold with boundary of class C m ' a imbedded in W 1 
(cf. e.g., Lanza and Rossi [22, Lem. 2.6]), and thus classical Potential 
Theory ensures that for each g G C m ' a (cffi n ), equation (4) admits a 
unique solution 9 G C m,Q! (<9B„), which we denote by 9[4>,g]. For the 
existence and uniqueness of a continuous solution 9, we refer to Fol- 
land [9, Ch. 3], and for its regularity we refer to Theorem 14 (i) of 
Appendix C of this paper. We plan to analyze the regularity of $[•, ■] 
by applying the Implicit Function Theorem to equation (6). Then 
by Theorem 1 and by classical Potential Theory, we introduce the 
following Theorem on A. 

Theorem 2 Let m G N \ {0}, a G]0,1[. The operator A is real 
analytic, and for each zero ((f>o,go^o) of A, the partial differential 
dgA[4>o, go, 6o] of A with respect to the variable 9 at the point (</>o, go, 9o) 
is a linear homeomorphism of C m ' a (dM n ) onto itself. 

Then by applying the Implicit Function Theorem to equation (6) 
around a point {<fro,go, 9[<f>o,9o\) (cf- e -9-> Prodi and Ambrosetti [34, 
Thm. 11.6, p. 101]), we deduce the validity of the following. 

Theorem 3 Let me N\{0}, a G]0, 1[. The map §[■, ■} of{C m > a {dB n , 
M. n )nA d M n ) x C m > a {dB n ) to C m ' a {dM n ) which takes a pair (</>,g) to 
9[4>,g], is real analytic. 

We now study the dependence of u[4>,g] upon (<p,g) by exploiting 
formula (2) and Theorem 3. To do so, we wish to change the variables 
in formula (2) by means of the function <f>. We note that for each 
4> G C m ' a (dM n ,R n ) n A dBn with m G N \ {0}, a G]0, 1[, there exists a 
unique a[4>] G C m_1 ' a (dB n ) such that a[4>] > and 

uj(s)da s = I uo (f>(y)a[4>}(y) do-y Vw G L 1 (4> (<9JB n )) , 

(cf. e.g., Lanza and Rossi [22, p. 166].) Then we note that we can 
rewrite formula (2) in the form 



u[4>,g](t) =-l_9[<j>,g](y)(v4,o<l>(y))DS n (t-<i>(y))v[<l>](y)d*y Vt G l[<f>] , 

(7) 
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where DS n denotes the gradient matrix of S n . We now wish to show 
that u[(j>,g](t) depends real analytically on (4>,g). Then we need the 
following technical statement. 

Proposition 1 Let m £ N \ {0}, a G]0, 1[. 

(%) The map &[■} of C m > a (dM n ,R n ) n A dKn to C m -^ a (dM n ) which 
takes (f> to cr[<f>] is real analytic. 

(ii) The map of C m > a (dM n ,R n ) n A dMn to C m -^ a (dM n ,R n ) which 
takes (f) to Vf/) o (f) is real analytic. 

(Hi) Let F be a real analytic map of R n \{0} to R. Let 0, be a bounded 
open subset ofR n . Then the map H of {(</>, f) € C°{dM n ,R n ) x 
L 1 (dM n ) : 4>(dM n ) n chl = 0} to C°(cin) which takes (</>, f) to 
the function H[(f>, f] of clfi to R defined by 



H[</>,f](t) = F(t-<f>(y))f(y)do- y Vt€cM, 

JdMn 

is real analytic. 

Proof For statements (i), (ii), see Lanza and Rossi [22, Prop. 3.13]. 
We now prove statement (hi). Let id c i^ denote the identity map 
in chl The map of {<j> G C°{dM n ,R n ) : <p{dM n ) n clfi = 0} to 
C°(c\nxdn n ,R n \{0}) which takes to the function id cin (t) - 4>(y) of 
the variable (t, y) £ chl x dM n is real analytic. The map of C°(clf2 x 
<9B n , M n \ {0}) to C°(c\n x dB n ) which takes a function $ to its com- 
posite Fo$> is real analytic (cf. Bohme and Tomi [2, p. 10], Henry [12, 
p. 29], Valent [37, Thm. 5.2, p. 44], who considered the more elabo- 
rate case of the Schauder spaces C m,a .) Then to complete the proof 
we just need to observe that the map which takes a pair of functions 
(gj) of C°(c\n x 8M n ) x L\dM n ) to f mn g(;y)f(y)da y in C°(cM) 
is real analytic. □ 

Then by formula (7), by Theorem 3 and by Proposition 1, we can 
immediately deduce the validity of the following Theorem. 



n ; ' 



Theorem 4 Let m € N\{0} ; a e]0, 1[. Let (<p , go) G (C m 

nAoBn) x C m ' a (dM n ). Let Q be a bounded open subset ofR n such that 

chl C I[(f>o]. Then there exists an open neighborhood U of((j>o,go) in 

(C m ' Q (<9B„, R n ) n AmJ x C m ' a (<9JB n ) such that 

(i) clOC I[4>] for all (0, g) €U. 
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(ii) The operator Uq of IA to C (clfi) which takes (<f>,g) to the re- 
striction u[(f), g]\ c \ci ofu[(j),g] to clfl is real analytic. 

We note that in case n = 2, Theorem 4 is contained in Preciso and 
Rogosin [33, Prop. 4.1], who proved a corresponding statement for 
the Schwarz operator, by exploiting a result on the dependence of the 
conformal representation upon perturbation of the domain. We also 
note that by exploiting an argument of Potthast [29], [30], one could 
prove a variant of Theorem 4, case m = 1, by replacing the regularity 
assumption 4> of class C 1,a with the stronger regularity assumption 4> 
of class C 2 , and by replacing the real analyticity by Frechet differen- 
tiability. 

We now consider the map U of 

F m > a = {(<t>,9,t) € (C m > a (dM n ,R n )nA dBn ) x C m > a {8M n ) x R n : 
t€l[<j>]} 

to R defined by 

U[tj>,g,t] = u[<l>,g](t) V(0, ff ,t)G^"' Q , (8) 

and we ask whether U is real analytic. By Theorem 4 we know that 
for each (<^o, go, to ) € J^ m > a i the map U[(j), g, to] is real analytic in the 
variable (4>,g) around the point (</>o,5o)- Moreover, by standard prop- 
erties of harmonic functions, we know that U[4>o,go,t] is real analytic 
in the variable t around the point to- However, such facts do not imply 
the real analyticity of U in the variable (<p,g,t) (cf. Boman [3].) To 
prove the real analyticity of U, we introduce the following technical 
statement on composition operators, which we prove in Appendix A. 

Proposition 2 Let Q be a bounded open subset ofW a . Then the map 
5 of the subspace 

cficin) = {ue c°(c\n) n c 2 {n) ■. A u (t) = o vt e n} (9) 

ofC°(c\Q) endowed with the norm of the uniform convergence in clfi 
to R defined by 

e[u, t] = u(t) V(u, t) e c^(cifi) x n , 

is real analytic. 
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By combining Theorem 4 and Proposition 2, we deduce the validity 
of the following. 

Theorem 5 Let m G N \ {0}, a G]0, 1[. The map U of T m ^ to K 
defined by (8) is real analytic. 

We now turn to consider the energy integral of the solution u[(f>, g] , 
i.e., the integral 

S[4>,g} = [ \Vu[<P,g](t)\ 2 dt. (10) 

Jim 

By the Divergence Theorem, we have 

£[</>, g]= I g{(^-u[4>,g]]oA~a[4>}da. (11) 



Thus we must understand how ( ^-u[(j), g] J ocf> depends on (f> and g. To 

do so, we introduce some notation and resuts of Lanza and Rossi [22] . 
For each bounded open connected subset S7 of W 1 of class C 1 , we set 

Am = {$ G C^cl^R") : $ is injective, detD$(x) / 0, Vx G clft} 

The set Am is known to be open in C^clf^IP) (cf. [15, Cor. 4.24, 
Prop. 4.29].) If 5 > 0, we set 



A 5 E 


e {ieR" 


l-<5< \x\ < 1 + 6}, 


A+ E 


E {l£K" 


1 - 5 < \x | < 1}, 


AJ = 


e {ief 


1 < |x| < l + <5}, 



Then we have the following (cf. Lanza and Rossi [22, Prop. 2.8]. 

Proposition 3 Let me N\{0}, a G]0, 1]. //0 O belongs to C m 
M. n ) n Am n > then there exist 5 G]0, 1[, an open neighborhood Uq of 
(j)Q contained in C m ' a (dM n ,W l ) P\Adm n , and a real analytic extension 
operator E ofU to C m > a (clA s ,M. n ) n A c \a s such that 

(i) E o [0]|a B „ = <t>, for all 4>eU . 

(ii) Eo[0] (A.1") is a bounded open connected subset of M n of class 
C m,a contained in I[4>], Eo[</>] (&j) is a bounded open connected 
subset ofW 1 of class C m ' a contained in M n \clII [</>], for all 4> G Uq. 
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The set 

A' clAg = {<*> g Aia, : $(A+) c l[$|aB n ]} 

is open in A c \a s and Eo maps Uq to A' dA (cf. Lanza and Rossi [22, 
Lem. 2.9].) We now introduce some notation on double layer poten- 
tials. Let m G N \ {0}, a G]0, 1[. We set 

w+[<j>,f](t)= [ focP^ 1 \s)-^[S n (t-s)]da s ViGl[0], 

(12) 
for each G C m > a (<9B„,K n ) n -4 9B „, and / G G m ' Q (dB n ). Then by 
classical Potential Theory, we know that w + [<fi, f] can be extended 
with continuity to cll[0]. We denote the corresponding extension with 
the same symbol. Then we have the following statement which has 
been proved in Lanza and Rossi [22, Prop. 3.11]. 

Proposition 4 Let m G N \ {0}, a G]0, 1[, <5 G]0, 1[. Let W + [$, /] 
denote the continuous extension to clA^ of the function tf + [ < J>igjg n , /] o 
$ |A+; for all ($,/) G (C m ' a (clA s ,R n ) n A' clAs ) x C m ' a (3B n ). V/ien 

the map W + [, •] o/ the set (c m > a {c\K s ,W l ) n -4' clA J x G m > a (dB„) to 
C m ' a (clAf) which takes ($,/) to VF + [<1>,/] is rea/ analytic. 

Now we have the following elementary Lemma. 

Lemma 1 Let m G N \ {0}, a,6 G]0, 1[. T/ie map o/ (C m ' a (clA 5 , 
1") n^ 1A J x C m > a (clAJ) to C™- 1 -" (0B n ) w/iic/i takes a pair ($, G) 

io 3^( G ° ^ ( 1) |<J>(ciA+)) ° ( t ) ' with - ®\9Rn is real analytic. 
The same statement applies if A^ is replaced by Aj . 

Proof It suffices to note that 

(Go$(- 1 ))o0 = Ud(G o ^~^j\ o A u^ocf) = (DG)(D^y 1 u <p o ( p 

and to invoke Proposition 1 (ii). □ 

Then we have the following. 

Proposition 5 Let me N\{0}, a G]0, 1[. The map of(C m > a {dB n ,R n ) 

DAokJ x C m ' a {dM n ) to C m -^ a (dE n ) which takes a pair {<p,g) to 
(-^-u[4>, g\) o cf) is real analytic 
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Proof Let ((f> ,g ) £ (C m ' a (dM n ,R n ) n AmJ x C m > a (dM n ). Let E , 
Wo, <5 > be as in Proposition 3 for (f>Q. By Lemma 1 and by 
Proposition 3, it suffices to show that the map of Wo X C m ' a (dE n ) 
to C m ' a (clA^~) which takes (4>,g) to u[(j),g] oEo[0]i clA + is real analytic. 

By formula (7) , we have u[<j>, g] o E [<j>] |clA + = W+ [E [0] ,9[(f>,g}}. Thus 
the conclusion follows by Propositions 3, 4 and by Theorem 3. □ 

Then by formula (11), and Proposition 1 (i), we immediately de- 
duce the validity of the following. 

Theorem 6 Let m G N \ {0}, a e]0, 1[. T/ie functional £ of (C m > a 
(dM n , R n )DA d K n ) x C m ' a {dM n ) to R denned 6y fio; /or a// (<£, 5 ) G 

(C m ' Q (5B„, M n ) n^ 9Bn ) x C m ' a (<9B n ) is real analytic. 

2 Perturbation problems in potential 
theory: the Neumann problem 

We now consider the Neumann boundary value problem 

Av = in I[4>] , 

<£- = g o </>(-!) on <f>(dB n ) , (13) 



where g is a given function of <9B„ to M, and we are interested into the 
dependence of the solution of (13) upon 0, g. As is well known, for 
any reasonable choice of regularity conditions for <j), g, problem (13) 
has a unique solution exactly when the compatibility condition 

g o (ft- 1 ) da = (14) 



holds. Now condition (14) is a nonlinearly (^-dependent constraint 
on the data g. In our analysis, we find convenient to work with no 
constraints on the data. Thus we choose to replace problem (13) by 
the problem 



f Av = 





















in ![</>] , 


dv _ 


-9 

) v 


da - 


-i) _ 
= 0, 


" \J<t>{dM n 


) d(T } 


1 


)3 


3^(" 


l Ua 


on 4>{d\ 



(15) 
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which under reasonable regularity conditions can be solved for all data 
g, and whose solutions coincide with those of problem (13) if condition 

(14) is satisfied. 

By classical Potential Theory, we can write the solution v[<j), g] of 

(15) in the form 

v[<f>,g](t)= f ^o ( f ) (- 1 \s)S n (t-s)da s (16) 

J<t>(dB n ) 

-If da\ f \f #o<t>(- 1 \s)S n (t-s)da s \ da t , 

J<b(dB n ) Jd>(dM„) JMdMr,) 



J J<f>(dM n ) {J<t>(dB n ) 
for all t £ I[0], where $ is the unique solution of the problem 

-go ( f ) (- 1 )(t) + \ f da) f go^-^da 

[J<j>(dB n ) J U(dM n ) 
_I^ ^(-i)( f ) 

+ fio^-V (s) — — [S n (t - s)} da s = 

J<t>{dm n ) ov^(t) 

Vt € (/>(dM n ), f ■&Q^-^da = l. 

As for the Dirichlet problem, we now recast problem (17) into an ab- 
stract form. To do so, we define the map * of (C m ' a (dM n , R n ) n Am n ) 
xC m - 1 ' a (dM n ) 2 to C m - 1 ' a (9B n ) x M by setting 

V[<j>,g,#](x) = (Vj&g^Kx))^ (18) 

g{x) + <^ / a[<p] da ) / ga[<p] da 

UdB n ) JdB n 

■U{x) + / 0(y)(v4 o <f>(x))DS n (4>(x) - <P(y))a[4>]{y) da y , 
- JdM n 

for all (</>, <7,#) in the domain of ^. Then equation 

¥[&3,0] = O, (19) 

is equivalent to problem (17) for all (<fi, g, $) in the domain of ty. Classi- 
cal Potential Theory ensures that for each (cj),g) in (C m,a (dE n ,'R. n )r\ 

208 



PERTURBATION PROBLEMS... 



i n ) x C m 1,a (9M n ) there exists one and only one solution $ G 
C m - l ' a {dE n ) of (17), or of equation (19), which we denote by •&[<!>, g]. 
For the existence and uniqueness of a continuous solution ■&, we refer 
to Folland [9, Ch. 3], and for its regularity we refer to Theorem 14 (ii) 
of Appendix C. We plan to analyze the regularity of #[■, •] by applying 
the Implicit Function Theorem to equation (19) (although as we shall 
see a direct application is not possible.) To do so, we must understand 
the regularity of the nonlinear operator ty. Then we introduce some 
notation about simple layer potentials. Let m G N\{0}, a G]0, 1[. We 
set 

v + [(f>, f](t) = [ focf>(- 1 \s)S n (t-s)da s VtGlM, (20) 





for all (0,/) G (C m > a (dM n ,R n )nA dMn ) x C m -^ a (dE n ). Then by 
classical Potential Theory, we know that v + [(j), f] can be extended 
with continuity to cll[$>]. We denote the corresponding extension by 
the same symbol. Then we have the following two statements, which 
have been proved in Lanza and Rossi [22, Prop. 3.11, Thm. 3.12]. 

Proposition 6 Let m G N \ {0}, a G]0, 1[, 5 G]0,1[. Let V + [$,f] 
denote the continuous extension to clA^ of the function v + [<S>\g$ n , f] o 
$ |A+; for all ($,/) G (C m > a (clA 5 ,R n ) D A' clAs ) x C" 1 " 1 ' (0B n ). "Then 

the map V+[, ■} of (c m ' a (clA*,R n ) n A' clAs ) x C m ~^ a (dM n ) to C m ' a 
(clA^ - ) which takes ($, /) to V + [Q,f] is real analytic. 



Theorem 7 LetmG N\{0}, a G]0, 1[. The map V[-, ■] of (C m ,,„.,„ . 
K n ) n A dMn ) x C m - 1 ' a (aB„) to the space C m ' a (<9JB n ) defined by 

V[<j>,f\(x)= f fo ( j ) (- l \ s )S n ( ( j ) (x)-s)do- s VxG9B n , 




for all (<f), f) G (C m ' a (dM n ,W l ) f] A 9 M n ) x C™" 1 ' (0B n ) is rea/ ana- 
lytic. 

Then we can deduce the validity of the following. 

Proposition 7 Let m G N \ {0}, a G]0, 1[. Then the map V* of the 

set (C m ' a (dM n ,R n ) n A d B n ) x C m -^ a (dM n ) to C™- 1 ^ (dM n ) defined 
by 



V4cf>,f}(x) = l f{y){u 4> o < p( x ))DS n {<P{x)-<l ) {y))a[<P}{y)dcj y Vx G 8M n , 
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for all (<f>, /) G (C m ' a (<9B n , R n ) n -4 9B J x C^ 1 -" (dB n ), is reaZ ana- 
lytic. 

Proof It clearly suffices to show that if (<fo,/o) G (C m ' Q (<9B„,R n ) 
r\Am n ) x C m_1,a (<9B n ), then V*[-, ■] is real analytic in a neighborhood 
of (00) /o)- Now let Wo, <5, Eo be as in Proposition 3. By classical 
Potential Theory and by (20), we have 

-\f{t) + v*[h /](*) = {q^ (« + [& /])}<>#*) vtedB n , 

for all (4>, f) G Wo x C m - 1 ' a {dM n ). By Lemma 1 and by Proposition 3, 
it suffices to show that the map of W x C rn ~ l ' a (dE n ) to C m > a (clA+) 
which takes (0,/) to v + [4>, f] oEo[4 clA + = ^ + t^o [<f>] , /] is real ana- 
lytic. Thus the conclusion follows by Propositions 3, 6. □ 
Then we have the following statement on vl/. 

Theorem 8 Let meff\ {0}, a G]0, 1[. The operator ^ is real ana- 
lytic and satisfies 



*![<!>, g,0]cr[<l>] da = 0, (21) 

for all ((f), g,$) in the domain of ^ . 

If(<h,9o,#o) e (C m > a (dM n ,R n ) nA dBn ) x C m -^ a (dM n ) 2 is a zero 
of fy , then the partial differential d$fy[(j)o,go,'do] of ^ with respect to 
the variable i? at (</>o, 9o, $o) is a linear homeomorphism ofC m ~ 1,a (dM n ) 
onto the subspace 

V™' a ^U 1 ,u)£C m ~ 1 > a (dn n )xR: [ 7 cr[0 o ]da = O 

I JdB n 

of C m - 1 ' a (dM n ) xl. 

Proof By Propositions 1 and 7, we deduce that ^f is real analytic. 
Equality (21) is an immediate consequence of Fubini Theorem, and of 
the well known identity 

[S n (t - s)} da=\ Vt G (f>{dn n ) . (22) 



„) dvjis) ' ' 2 
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We now turn to prove the statement on the linearized problem. By 
standard calculus in Banach space, we have 

- i^(-) + / <%)(^o ° M-))DS n (M-) - Mv)HM(y) fry, 

da[(j) } da) W e C m -^ a {dE n ) . (23) 



We now show that for each (7,0?) £ y™' Q there exists one and only 
one $ e C m - 1 ' a {dM n ) such that 

^*[</» ,5o^o]W = (7,w), (24) 

which is a system of two equations, one for each component of fy. 
Since the map of C m ~ 1 ' a (dB n ) to C m ~ 1 ' a (Md^n)) which takes $ to 
$ o (f) ( Q is an isomorphism, classical Potential Theory implies that 
the space 

^ e C™-i,«(5B n ) . (25) 

1- 



2 -i?(0 + / <%)K o foWDSniM-) - Mv)HM(y) fo v = o 



-^O^ '(*) + / ^ 1; (S)^-— ,[5 n (i- S )]d(7 s = 

is one dimensional, and admits a generator "$o (cf. e.g., Folland [9, 
Prop. 3.37, p. 181], Theorem 14 (ii) of Appendix C.) If f dK ~&Qa[(t)$}da 
= 0, then the 'transpose' equation 

V o ^(t) + f -?— [S n (t -s)]to 4 _1) (s) da s = 1 



2 



</>o(9B n ) v <p (s) 



for all t 6 4>o(dM n ), would have at least a solution r £ L 2 ((/>o(<9B n )), a 
fact which is known to be false (cf. e.g., Folland [9, Cor. 3.40, p. 184].) 
Hence, 

I o c^o] da + . (26) 
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By classical Potential Theory, the first equation of (24) admits a so- 
lution t?i e C m - 1 ' a (9B n ) (cf. e.5., Folland [9, Thm. 3.41, p. 185], 
Theorem 14 (ii) of Appendix C.) Then condition (26) ensures that 
there exists k GM such that $ = $i + fc#o satisfies (24). The unique- 
ness for system (24) follows by the definition of $o and by (26). □ 



Condition (21) shows that there is no hope to apply the Implicit 
Function Theorem to equation (19) around a zero of $?. Indeed, the 
linearized operator d$' i &[(f)o,go,'&o] has image VY 1 ' 01 , which is a proper 
subspace of the target space of *&, and which depends on cf)Q. To cir- 
cumvent this difficulty which did not appear for the Dirichlet problem, 
we resort to Theorem 13 of the Appendix B, which can be deduced 
by the Implicit Function Theorem, and we prove the following. 



Theorem 9 Letm G N\{0}, a €]0, 1[. The mapj)[- , •] of {C m 
W l )ilAQM n )xC m ^ 1 ' a (dE n ) which takes ((f), g) to $[4>,g] is real analytic. 

Proof We plan to apply Theorem 13 of Appendix B by taking F equal 
to tf and G equal to the function of H = (C m ' a {dM n ,R n ) n Am„) x 
C m - l ' a {dM n f xltoE defined by 

G[<t>, g, •&, 7, w] = / 1^W\ do- y((f>, g, •&, j, w) e H . 

JdRn 

Obviously, G is real analytic and G[(f),g, •&, 0,0] = and G[(f), g, $, 
*[<!>, g, 0]] = for all (<f>, g, 0) G (C m ' a (dM n , R n ) n Am J xC m ~ 1 ' a (5B n ) 2 
(see (21)). Moreover, the partial differential dt J:Ul \G[(j), g,$[(f),g], 0,0] 
coincides with the map which takes (7, of) to J*™ 'yaltfi] da, which is 
surjective onto R and has kernel VY 1 ' , which is a closed subspace of 
C m ~ 1 ' a (dE n ) xK of codimension 1. Then the Theorem follows by 
Theorem 8, and by Theorem 13 of the Appendix B. □ 

Then we can write formula (16) as 



v[4>,g](t) I #[<!>, g](y)S n (t-<i>(y))d[<i>](y) d* y (27) 

-1 



a[4>]da\ / / #[<!>, g](y)S n (<l>(x) 

J JdB n I JdMn 

4>(.y))v[4>](.y) da y \a[4>](x) da x , 
212 



PERTURBATION PROBLEMS... 



for all t G ![</>]. Then by Proposition 1, Theorems 7, 9, we deduce the 
validity of the following. 



Theorem 10 Let m G N\{0}, a G]0, 1[. let (</> ,5o) G (C m v ,,i.,„.. 
n-4<9B,J x C m_1 ' a (9B n ). Let S7 6e a bounded open subset ofW 1 such 
that clfi C I[(/>o]. T/ien t/iere exists an open neighborhood V of (</>o,go) 

in (C m ^(dM n ,W L )nA d B n ) x C m ~ l > a (dM n ) such that 

(i) clOC l[4>] for all (((>, g) G V. 

(wj T/ie operator Bq of V to C°(c\Q) which takes (<p,g) to the re- 
striction v[(f),g]\ c iQ of v[(p,g] to ch7 is rea/ analytic. 

Then by Proposition 2 and Theorem 10, we immediately deduce 
the validity of the following. 

Theorem 11 Let m G N \ {0}, a G]0, 1[. The map B of 

Q m ' a = {(&</,*) e (C m ' a (aB„,M n ) n^ B J x C7 m - 1 > Q (aiB n ) x M n : 
t G I[0]} 

to R defined by 

B[</>,g,t] = v[<i>,g](t) V(</>, 5 ,t)GS m ' a 

is rea/ analytic. 

We note that the subset of the triples (</>, g, t) of Q m ' a such that the 
compatibility condition L,/g B \ 5 ° (/>' _1 ^ do - = holds can be shown to 
be a manifold of codimension one in Q m ' a . Thus what Theorem 11 
says is that on such a manifold the map B is real analytic. A similar 
Remark holds for Theorem 10. We now turn to consider the energy 
integral of the solution v[(f),g]. As for the Dirichlet problem, we can 
prove the following. 

Theorem 12 Let m G N \ {0}, a G]0, 1[. The functional £ N of 
(C m ' a (ffl„,K") nA d M n ) x C m '^ a {dM n ) to R defined by 



e N [<j>,g] = / |Vt#,<?](t)| 2 dt. (28) 

Jim 

for all (<j>,g) G {C m ' a (dM n ,R n ) n AmJ x C m - 1 ' a (dM n ) is real ana- 
lytic. 
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Proof By the Divergence Theorem and by formula (27), we have 
£N[<j>,g] 

V[4>^g\\\g-\ I a[<f>]da) f ga[<t>] da 1 a[<j>\ da , 



for all (<f>,g) G (C m ' a (dB n ,W l ) n A dKn ) x C m - 1 ' a (dM n ). Thus we can 
conclude by Proposition 1 and by Theorems 7, 9. □ 

Remark 1 Both in case of the Dirichlet problem and of the Neumann 
problem, one could exploit the representation formulas for the solu- 
tions and for the corresponding energy integrals, and the formulas for 
the differentials of simple and double layer potentials with respect to 
<fi and the densities computed in Lanza and Rossi [22] to obtain for- 
mulas for all order differentials of solutions and energy integrals upon 
variation of d> and of the data. 



3 Appendix A 



In this Appendix we prove Proposition 2. To do so, we first introduce 
the Romieu classes. For all bounded open subsets 0, of W 1 and p > 0, 
we set 



< +CX) 



Oclfl) = \ u G C°°(cin) : sup P\\D0u\\co {dn) 
and 

ll«llcg (cin) = SU P T^\\ D(S u\\c°(cin) Vu G C° (clO) . 



As is well known, the Romieu class ( C° (clfi), || • \\qo t c \m j is a Ba- 
nach space. 

By standard interior estimates for harmonic functions (cf. e.g., 
Gilbarg and Trudinger [10, Thm. 2.10, p. 23]), and by Stirling's in- 
equality, the following Proposition holds. 

Proposition 8 Let £1, fii be bounded open subsets of W 1 , clOi C 
17. Then there exists p > such that u\ c m 1 G C® p (clQi) for all 
u G C°(cin) (cf. (9).) Moreover, the restriction operator is linear 
and continuous from C? (clfi) endowed with the norm of the uniform 
convergence in clO to C* p (clOi). 
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Then we can prove the following Proposition, which is just a slight 
variant of a special case of a corresponding result of Preciso [32, 
Prop. 1.1, p. 101]. 

Proposition 9 Let Q,\, 0,2 be bounded open subsets ofW 1 , 0,2 con- 
nected. Let p > 0. Then the composition operator T of C®(clO-i) x 
C°(cin 2 ,n 1 ) to C°(cin 2 ) defined by 

T[u, v] = uov V(u, v) e C£ )P (clfti) x C°(cin 2 , Q{) , 
is real analytic. 

Proof It suffices to show that for all (uq, vq) in the domain of T, there 
exists an open neighborhood Wo of (uo, vo) such that T is real analytic 
on Wo- Let V be an open bounded connected neighborhood of class 
C°° of the compact subset ^(clf^) such that clV C fii (cf. e.g., [18, 
p. 935].) We now set W = C^ p (cin 1 )xC (clO 2 , V), and we show that 
T is real analytic on Wo- We denote by V(M. n ) the set of polynomial 
functions in n real variables with real coefficients. Then for each r £ N, 
we take the closure C r p {c\V) of V(R n ) in C r (ciy). Since V is of class 
C°°, we have C r p (clV) = C r (clV), and thus 

p| c r p {c\v) = c°°(ciy) . 

Accordingly, we are in the conditions to invoke Proposition 2.16, 
p. 164 of [17] and conclude that T is real analytic from C®(clV) x 
C°(c\02,V) to C°(clQ-2)- Since the restriction operator is linear and 
continuous from C^JclQi) to C° (clV), we conclude that T is real 
analytic on Wo- □ 

Corollary 1 Let Q-i be a bounded open subset ofW 1 . Let p > 0. Then 
the map 5 of C®(clQi) xfii to M which takes (u,t) to u{t) is real 
analytic. 

Proof By arguing in each connected component, we can assume that 
f2i is connected. We first observe that the map of £l\ to C (clS7i, Q±) 
which takes t £ Oi to the function bt of clfii to 0,± identically equal 
to t is real analytic. Then we observe that H[n, t] = T[u,bt], and we 
apply Proposition 9. □ 

Proof of Proposition 2 of section 1 The statement follows imme- 
diately by Proposition 8 and by Corollary 1. □ 
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4 Appendix B 



In this appendix, we prove the following perhaps known consequence 
of the Implicit Function Theorem. 

Theorem 13 Let X , y, Z, Z\ be Banach spaces. Let O be an open 
subset of X x y , (xo,yo) € O, F a real analytic map of O to Z, 
F(%o,yo) = 0. Let the partial differential d y F(xo,yo) with respect to 
the variable y be a linear homeomorphism of y onto its image V = 
Imd y F(xo,yo). Assume that there exists a closed subspace V\ of Z 
such that Z = V®V\ algebraically. Let 0\ be an open subset ofXxyx 
Z containing (xo,yo,0) such that 0\ D {(x,y,F(x,y)) : (x,y) 6 O}, 
0\ D {(x,y, 0) : (x,y) G O}. Let G be a real analytic map of 0\ to 
Z\ such that G(x,y, F(x,y)) = for all (x,y) £ O, G(x,y,0) = 
for all (x,y) G O, and such that the partial differential d z G(xQ,yo,0) 
is surjective onto Z\ and has kernel equal to V . Then there exist an 
open neighborhood U of xq in X and an open neighborhood V of yo 
in y with U x V C O and such that the set of zeros of F in U x V 
coincides with the graph of a real analytic function 7 ofU to V . 

Proof Since V is homeomorphic to a Banach space, it is a closed sub- 
space of Z. Let 7r be the projection of Z onto V associated to the sum 
Z = V@V\. Since both V and V\ are closed, then -k is continuous and 
thus the sum is also topological (cf. e.g., Brezis [4, Teor. II. 8].) Let 
j denote the natural injection of V\ into Z. By applying the Implicit 
Function Theorem for real analytic functions (cf. e.g., Prodi and Am- 
brosetti [34]) to the function Gi of Oif\(X x y x Vi) to Z x defined by 
G\(x,y,z) = G(x,y,j(z)) for all (x, y, z) € 0\ n (X x y x V\) around 
the point (xo, yo, 0), we deduce that there exist an open neighborhood 
Wi of (xo, yo) hi % x y an< 3 an open neighborhood V\ of in V\ with 
Wi X Vi C 0\, and a real analytic map 71 of Wi to Vi such that the 
graph of 71 coincides with the set of zeros of G\ in Wi x Vi. Since 
G(x,y, 0) = for all (x,y) £ Wi, we conclude that 71 is identically 
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zero. Then we note that 

(x, y, z)eG 1 : (x, y)eWi,z-nz€ Vi, G(x, y, z) = 0, n(z) = 
{x,y,z) eX xy xZ : (x,y) G Wi,(I- 7r)(z) = 7l (x,y), 

7r(z) = 

(x, y, z) G Af x 3> x Z : (x, y) G >Vi, z = \ . (29) 



Next we apply the Implicit Function Theorem to the function it o F 
of to V around (xo,yo)j an d we conclude that there exist an open 
neighborhood U of xo in X and an open neighborhood V of yo in 3^ 
with WxVC Wi nO, (7 — 7r) o F(W x V) C Vi and a real analytic map 
7 of £Y to V such that the graph of 7 coincides with the set of zeros of 
noF inU xV. Now we note that if (x, y) £U x V and n F(x, y) = 0, 
then condition G(x,y,F(x,y)) = and (29) imply that F(x,y) = 0. 
Then the set of zeros of F in IA x V coincides with the set of zeros of 
7r o F in IA x V, which in turn coincides with the graph of 7. □ 

Clearly, a corresponding statement holds if F, G are of class C 
for some < k G NU{oo}, a case in which the corresponding function 
7 would be of class C . 



5 Appendix C 



In this Appendix we present a probably known slight variant of a 
classical result in Potential Theory, which we prove by a standard 
argument, and for which the author takes no credit. 

Theorem 14 Let m G N \ {0}, a G]0, 1[. Let Q be a bounded con- 
nected open subset ofW 1 of class C m ' a . Let v denote the unit outward 
normal to 0, on d£l. Then the following statements hold. 

(i) //re C m ' a (d£l), 11 G C°(dn) and 

T(t) = \n{t) + [ ii(s) ^4"T [Sn(t - s)} da s Vtedtt, (30) 
1 JdQ ov(s) 

then [j, £ C m > a (dQ). 
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(ii) IfTe C m - 1 ' a (9^), fj. e C°(<9^) and 

r(t) = -\n(t) + f Ks)t^tx [s n (t-s)} da s vtedn, 

1 Jan ov\t) 

(31) 
then /j,€ C m - 1 ' a (dn). 

Proof We first prove statement (i). By Miranda [25, §15, II, VI] 
and by equation (30) and the membership of V in C 1,a (dQ), we have 
fi€ C^dSl). Now we set 

w(t) = f ii(s) -^— [S n (t - s)} da s vt e K n \ on , 
Jdn ov{s) 

and we denote by w + the continuous extension to chl of w\q and by 
w~ the continuous extension to W l \ Q of iy|Rn\ c if2- Let R > be 
such that clfi C RB n , and Qr = (RM n ) \ clCl. By classical Poten- 
tial Theory we have w + e C 1,a (clQ) and w~ £ C 1,a (clflf{) (cf. e.g., 
Lanza and Rossi [22, Thm. 3.1].) Since w^ n = T e C m ' a {dn), classi- 
cal elliptic regularity theory for the Dirichlet problem implies that 
w + e c m ' a {cin) {d.e.g., Gilbarg and Trudinger [10, Thms. 6.19, 
8.34].) By standard jump conditions for double layer potentials, we 
have ^ = ^on dfl. Then we have 2«C G C m - 1 ' a {dQ). Since 
we also have ^- e C°°(d(RM n )), classical elliptic regularity theory 
for the Neumann problem implies that WT in £ C m ' a (clQ,n) (cf. e.g., 
Miranda [25, §16, II], Troianiello [36, Thms. 1.17 (ii), 3.16 (hi)], Ag- 
mon, Doughs and Nirenberg [1, Thm. 7.3].) Then by the jump relation 
w + — w~ = n on cW7, we conclude that n e C m ' a (d£l). 

We now prove statement (ii) by a similar standard argument. By 
Miranda [25, §14, IV], we have fi £ C°^(dQ) for < (3 < a. Now we 
set 



v(t) = / fi(s)S n (t - s) da s Vt e R n , 

and we denote by v + the continuous extension to cl$7 of v\q and by V 
the continuous extension to W 1 \ fl of viRn\ c i£2- By classical Potential 
Theory, we have v + e C 1 '^(clO), v~ £ C 1, ^{c\Qr) (cf. e.g., Lanza 
and Rossi [22, Thm. 3.1].) Since ^ = g e C m - 1 ' a (dn), the above 
mentioned regularity results for the Neumann problem imply that 
v + G c m ' a {cin). Since v~ = v + on dtt and v\ d{RMn) e C°°{d{RE n )), 
the above mentioned regularity results for the Dirichlet problem imply 
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dv 


dv+ 




dv 


dv ' 


= fj, on 

□ 



that v £ C m ' a (clO,). Then by the jump relation 
dn, we have fi G C m ~ 1 ' a (dn). 

We note that Theorem 14 still holds if the sign in front of the factor 
| in equations (30), (31) is changed. Also, we note that the conclusions 
of statements (i), (ii) of Theorem 14 with jjl £ C m,a {d£l) and n £ 
C m ~ 1 ' a (dn) replaced by // e C m ' ai {dn) and /z G C"* -1 ' 01 ^) for 
some < qi < a, respectively and with n = 3 can be found in the 
classical book of Giinter [11]. 
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Abstract 

Subject of the consideration are fixed point equations of the form 

u = uq + ATu 

in a Banach space B. Two operators A and T are defined in the en- 
tire space B mapping B into itself. While A is linear and bounded 
T in general is assumed to be non-linear but Lipschitz continuous 
on bounded subsets of B. The Lipschitz constant, depending on the 
bounded subset of B are not necessarily bounded when the bounded 
subset is enlarging. The element uq £ B is a fixed element. In appli- 
cations to initial or boundary value problems for ordinary and partial 
differential equations, see [l]-[4], A is an integral operator and T is 
given by the right-hand side of a differential equation Cu = J-u. Here 
C is a linear differential operator which can be inverted by an integral 
operator. The fixed point equation involved is solved by the contract- 
ing mapping principle. As J- in general fails to be Lipschitz continuous 
on the entire space B the fixed point principle can only be applied on 
suitable bounded subsets rather than in B itself. Proper subsets are 
balls or polydiscs. The Lipschitz constant will grow when the subset is 
enlarged. Thus the question arrises how large these subsets have to be 
chosen such that the norm \\A\\ of A only leads to minor restrictions. 
For a two-dimensional problem we will prove that in the case of two 
equal Lipschitz constants there exists a uniquely determined optimal 
polycylinder. 

AMS Subject Classification: 47A10, 34G20, 34A12, 35B30 
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1 Introduction and result 

Fixed point equations of the form 

u = no + ATu 

are considered in a Banach space B. Here A and T are operators map- 
ping B into itself. In general J- is non-linear but Lipschitz continuous 
on bounded subsets of B. In applications to initial value problems 
for ordinary or partial differential equations, see [l]-[4], A is an inte- 
gral operator and T is given by the right-hand side of a differential 
equation Cu = Tu. Here £ is a linear differential operator, which can 
be inverted by an integral operator. The fixed point equation can be 
solved by the contraction principle. As in general T fails to be Lip- 
schitz continuous in the entire space B the fixed point principle can 
be applied only in bounded subsets. Of course the Lipschitz constants 
grow when the subsets become larger. Hence the question arises, how 
large these subsets can be chosen so that the norm ||«4|| of A may be- 
come as large as possible. In the applications to initial value problems 
for ordinary differential equations the magnitude of ||„4|| has some in- 
fluence on the extension of the interval where the solution exists. Let 
B be an arbitrary Banach space with norm || • ||. By ix\,U2,u%, . . . 
we denote elements of B. Let X = B x B the Banach space of pairs 
(m, U2) with 

|| {ui,u 2 ) || =max(||m||, ||*u 2 ||) • 

Furthermore let (iq (-,ui, 112) , F2 (-,ui,U2)) a mapping from X = BxB 
into itself, where iq and F 2 fulfill a Lipschitz condition of the form 

\\Fj (■,U 1 ,U 2 )-F j (-,1X1,1X2) || < £jl||ui-'Ul||+£j2||«2-'W2||, j = 1,2. 

Finally let Ai and A2 be linear and bounded operators, mapping B 
into itself. With these quantities a system of operator equations of 
the form 

u\ = W01 + -4iiq(-,ui,u 2 ), 

U 2 = U 2 + A 2 F2(-,U 1 ,U2) 

is considered. The contraction principle is applied with respect to the 
polydisc 

V = {(iX\,U2) € B x B : \\uj — uoj\\ < dj,j = 1,2} 
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with the center (^01,^02)- Denoting \\Fj (-,uoi,uo 2 ) || = Mj then 

\\A 1 \\(L 11 d 1 + L 12 d2 + M 1 ) <di, 
\\A 2 \\ (Ividi + L 2 2d 2 + M 2 ) < d 2 , 



\\Ai\\(L n + L 12 ) < 1, 

11^211(^21 + 1-22) < 1, 

follow. The following problem is studied: The bounds for the norms 
of the operators should be maximal, i.e 

min(||Ai||,||A 2 ||) 

should become as large as possible. This will be achieved by the radii 
d±,d 2 of the polydisc. There is the optimization problem: Given func- 
tions Ljk(d\,d 2 ) for d\,d 2 > such that rain (||^4i || , H^H) becomes 
maximal for the solution of the inequality system 



IIAII < 

Mill < 

\\M < 

P2II < 



rii 



Lndi + L 12 d 2 + Mi 
1 



Ln + £12 (*) 

d 2 

L 2 \d\ + Z/22^2 + M 2 ' 
1 



L 2 \ + L 22 



For related considerations see [l]-[4]. 

It has to be observed that the above Lipschitz constants are growing 
when the polydisc becomes larger. Therefore the Lipschitz constants 
are assumed to be positive and monotonically increasing. In the sequel 
L\\ = L 2 \ = L\,L\ 2 = L 22 = L 2 are assumed and the right-hand 
sides of (*) are denoted by hi, h 2 , h%. Moreover, all first order partial 
derivatives of L\ and L 2 are assumed to be positive and the mixed 
partial derivatives are assumed to be non negative. Then with 

hi(di,d 2 ) 



h 2 (di,d 2 ) 



Lidi + L 2 d 2 + Mi ' 
d 2 



Lidi + L 2 d 2 + M 2 
h 3 (di,d 2 ) = - — — — , 

L\ + L 2 
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h.3 (di,d 2 ) can not be the minimum among them. Since the two sys- 
tems of equations 



and 



dhi 
~dd[ 


= 


~dd~ 2 


= 


dh 2 
ddi 


= 


dh 2 
dd 2 


= 



dLi 2 dL 2 

~dd\ 1_ dd7 



Mi + L 2 d 2 ~^d(-^ d x d 2 = 



-" ! <H* + t* + ^-" 



, (dL x , dL 2 , \ n 

M 2 + Lidi - -^ dxd 2 -—^d 2 2 = 
odo od 2 



(II) 



have no solutions for d±,d 2 > 0, we look for the maximum of hi(di, d 2 ) 
on the curve 7, 

7={(di,d 2 )€Ml I h 1 (d 1 ,d 2 ) = h 2 (d 1 ,d 2 )} (2) 

Example for 7: Assuming M\ < M 2 , we set L\ = m, L 2 = k 2 with 
m, k 2 £ M, ki,k 2 > 0. Then 7 takes the form 

(di - d 2 )(Kidi + K 2 d 2 + M 2 ) + d 2 (M 2 - Mi) = 

and can be given in explicit form: 

7 : d 2 = 

(k 2 - «i)di - Mi + y^gg - m)di - Mi) 2 + 4/c 2 (Kidi + M 2 di) 

2^ ' 

Then we obtain 

/ii 7 := /ii| 7 = 

-(/cidi + K 2 d 2 + Mi) + y^gg - K!)di - Mi) 2 + An 2 (nid{ + M 2 d x ) 

2k 2 (M 2 -Mi) 

where h\^(d\ = 0) = 0, lim /ii~ = — j — and h\Jd\) > for all 

di >0. 

This means that di can be chosen arbitrarily large in this case. 
Making different assumptions, we shall prove now the following propo- 
sition: 
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Theorem // the partial derivatives of L\ and L 2 satisfy the inequali- 
ties 

dL\ dL-i dL 2 dLo 

7^r >0 ' 7^r >0 ' 7^r >0 ' 7^r >0 ' 

od\ od 2 odi od 2 

d 2 L x d 2 L 1 d 2 L 1 d 2 L x 

ddi ddiddi dd 2 ddi dd 2 

d 2 L 2 d 2 L 2 d 2 L 2 d 2 L 2 
> — > — > > 

dd x 2 - ' dd l dd 1 ~ u ' dd 2 dd 1 ~ u ' dd 2 2 ~ ' 

then the objective function has one and only one global optimum and 
there exists a uniquely determined optimal polycylinder. 



2 Proof of theorem 

Case 1: Mi = M 2 = M > 0. Then (2) is identical with 

di _ d 2 

L ± d ± + L 2 d 2 + M~ Lidi + L 2 d 2 + M 

i.e. 

= (di - d 2 )(£idi + L 2 d 2 + M). 

Because of L\d\ + L 2 d 2 + M > 0, this implies d\ = d 2 . Let therefore 
d := d\ = d 2 ; then we obtain 

h d 

fti 7 



(Li + L 2 )d + M : 



M-d 2 [^ + ^ + ^ + dL2 



, _ \ddi dd 2 dd\ dd 2 

17 = ((Li + L 2 )d + M) 2 ■ 

yielding the implication 

M 8Li dLi 8L 2 dL 2 

17 d 2 ~ ddi dd 2 dd 1 dd 2 ' 

If Ltd) := Tr-: — h -7-: — h -7— — h -7— - has a positive second derivative, 
od\ od 2 od\ od 2 

then there is exactly one maximum. 

Case 2: M l / M 2 . Without loss of generality let M x < M 2 . Then (2) 

yields 

di _ d 2 

Lidi + L 2 d 2 + Mi ~ Lid! + L 2 d 2 + M 2 
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i.e. 

(di - d 2 )(Lidi + L 2 d 2 + M 2 ) + d 2 (M 2 - Mi) = 

which implies 

di-d 2 <0 on 7 \ {(0,0)} (3) 

since M 2 > M\. 

To rewrite 7 in another form, we set g(di,d 2 ) := L\d\ + L 2 d 2 . 
Then we have 

di _ d 2 __ Mid 2 - M 2 di 

5 + Mi ~ 5 + M 2 ' 5 ~ di -d 2 

With /(di,d 2 ) := , (2) is equivalent to 

di — 0,2 

7 = {(di,d 2 ) G K*. I <?(di,d 2 ) = /(di,d 2 )}. 
Now we calculate hiy. 

_ di _ di _ d 2 -di 

17 ~ 9(di, efe) + Mi " /(di, d 2 ) + Mi ~ M 2 - Mi - U 

As a result, /ii 7 takes its maximal value if d 2 — di becomes maximal. 

If there is any such maximum, then 7 is tangent to the straight line 

d 2 - di = c M - 

Remark 1 Whenever a straight line d 2 — di = c with c 6 I, < c < 

+00, is tangent to 7, it yields a local maximum of h\ in the point of 

contact. 

Since we have < hi < 1/Li, we can estimate the range where 7 
lies. 

dg-di 1 M2-M1 

/ii| ^ = m 2 ^Mi < lT ^ rf 2 -di<^^— = M^i,d 2 ) 

With (3) it follows that 

d 2 - k(di,d 2 ) < d\ < d 2 . (5) 

Since unlimited growth of fe(di,d 2 ) is not possible, 7 lies within a 
certain stripe. 

The question arises whether there exists an extremal straight line 

d 2 - di = c M 

which is tangent to 7, but does not intersect 7. 
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If not, then h\ is bound to be the greater, the greater d\ and /12 
are chosen on 7. 

Further, if such a straight line exists - can there be more than one 
point of contact, i.e. more than one global maximum of h\ ? 

We turn to answer the first question. If Li(di, e^) — ► +00 holds for 
d\ — ► +00, then one has fc(d"i, d 2 ) — ► 0, too. Because of d 2 — fc (di, d 2 ) < 
til < d 2 this means that 7 approaches asymptotically to the straight 
line d\ = d 2 as di goes to +00. In this case, there must be at least 
one maximum d 2 — di = cm on 7. 

As to the second question, consider 

,, , d 2 Mi - M 2 di 
7(01,02) = j 1 

«1 — «2 

within the range of angles < di < cfe- 

For c?2 — ► d\ + 0, one has f(d\, d 2 ) — ► +00 and p(di, d 2 ) — ► (-^1 + 
L*2)di < +00. Thus, 

< (7(0*1,^2) for (g?i, CZ2) above 7, 
f(di,d 2 ) < = a(di,d 2 ) for (di,d 2 ) e 7, 

> g(di,d2) for (di,d2) below 7. 

In particular, f < g for d2 — d\ = cm- (Equality holds in the point of 
contact only.) 

Restricted to any straight line d 2 — di = c, c £ M, < c < +00, 
the function f{d\,d2) is linear since 

f( dl ,d 2 ) = f(d lt d 1 + c) = {M2 ~ Ml)dl - Mr ; 

c 

thus /(di, d 2 ) is also linear along the extremal straight line d 2 — di = 
cm- Now the function <7(di, d 2 ) is always convex when restricted to a 
straight line d 2 — di = c as above. This implies that the two functions / 
and g, restricted to the line cfe = d\ + cm, have one and only one point 
of contact. If / would have two intersection points with a convex g on 
such a straight line, then / > g would hold in the segment between 
these two points which can't be the case if the straight line was chosen 
to be the extremal one, c?2 = d\ + cm- 

To determine the extreme value cm, an extreme value problem with 
a constraint has to be solved, namely 

hl ^ d2) = L ldl + L 2 d 2 + Ml ^ m3X (6) 
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with the constraint 

g(di,d 2 )-f(d 1 ,d 2 ) = 0. (7) 

Instead of hi(di, d 2 ), we deal with the function 

d 2 - di 



h 1 (d 1 ,d 2 



M 2 - Mi 



Since h\ = hi on 7 (see equation (4)), the maximal values of h\ under 
the constraint g{d\,d 2 ) — f(di,d 2 ) = coincide with the solution of 
the original extreme value problem, 

1 +aC|^-#|=0, (8) 



M 2 -Mi \ddi dd 



<i 



1 +AC#-#|-0, (9) 



M2-M1 v&fe ad 2/ 

9-f = 0, (10) 

<9g <9g 0/ 5/ ,_ . 

— ^- H — = — ^ H — . (11) 

dd\ dd 2 ddi dd 2 

Remark 2 For the curve 7 the equality 

d 2 (M 2 -M 1 )-(d 1 -d 2 ) 2 ^d 1 + L 1 + l^d 2 
(di - d 2 f (jjgdx + fgd 2 + L 2 ) + (M 2 - Mi)di 

holds. Here the denominator is always positive because of M 2 > M±, 

bt Fit 

— — , tti - , L 2 > and di > 0, d 2 > 0. The curve is uniquely deter- 
od 2 dd 2 

mined. 

Remark 3 The function g(di,d 2 ) restricted to any straight line d 2 — 

d± = c, c > constant, fulfils 

g(d\,di + c) = Li(di,d\ + c)d\ + L 2 (d\,di + c)(oq + c). 

Since the right-hand side hereof depends on d\ only, we can calculate 
its derivatives. The first derivative is 

-wi~(di,di + c)d\ + -wi~(di, di + c)d\ + L 1 (d 1 ,d 1 + c) + 
adi aa 2 

— — (d 1 ,d 1 + c)(di + c) + -Q-j-(di,di + c)(di + c) + L 2 (di,di + c) 
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The second derivative is 

tti«i>"i +c)+ „ , „ , (di,di +c) + o , a , (Qi,Qi +c) + 
c?di odidd 2 dd 2 odi 

— 4(di, di + c) J di + 2 f ^(di, di + c) + ~^f( d ^ d ^ + c ) ) + 



fl2r o2 r q2 r 



n2r \ / a r flr 

— -^(di, di + c) (di + c) + 2 — ^ (d ls d x + c ) + — -(di, di + c} 
it is positive if the inequalities 

^>o, aL i>o, aL2 >o, 9L2 >o, 

9di 9d2 <9<ii <9d2 

d 2 L x 3 2 L X d 2 L ± d 2 L ± 

-wji > 0, ttt^j- > 0, t-^j- > 0, —| > 0, 
ddi ddiddi dd 2 dd\ dd 2 

d 2 L 2 d 2 L 2 d 2 L 2 d 2 L 2 
> n > n — > - > 

dd x 2 - ' dd 1 dd 1 ~ ' dd 2 dd l ~ ' dd 2 2 ~ ' 

hold. This completes the proof of the theorem. 
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Abstract 

The space L2(fi,H(C)) of complex quaternion-valued functions in a 
bounded domain S7 of M 3 is decomposed as well into the orthogonal 
sum of the subspace of poly-left a—hyperholomorphic functions of ar- 
bitrary order k > 1 and its orthogonal complement as into the orthog- 
onal sum of the subspace of poly-metaharmonic functions of arbitrary 
order k > 1 and its orthogonal complement. The proofs are based on 
Stokes formulas and the existence of an inner product in £2(^5 H(C)). 
In addition, the projections onto subspaces of metaharmonic functions 
are defined. The close connection of these projections with boundary 
value problems for bimetaharmonic functions are outlined. 
AMS subject classification 2000: 30G35, 35J05, 35J35 
Keywords: quaternionic analysis, iterated Helmholtz equation 
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1 Introduction 

One of the most interesting facts of complex and hypercomplex func- 
tion theory is the orthogonal decomposition of the space L 2 ('D,), 


L 2 (n) = kerDnL 2 (n)®D(W 2 \n)) (1) 

where kerD(S7) denotes the set of all holomorphic functions The 
classical monogenic functions in £1 are also considered. This decom- 
position has a lot of applications, especially to the theory of partial 
differential equation, see for example [3, 5], and to the Stokes sys- 
tem as given, e.g., in [4, 6]. We also refer to [12] for extending the 
orthogonal decomposition (1) to the spaces L p (S7), 1 < p < 00. 

We refer the readers to [2] for another proof of decompositions of 
Sobolev spaces in Clifford analysis. In this paper, the orthogonal com- 
plement of the subspace of poly-left monogenic functions of arbitrary 
order k > 1 and of the subspace of polyharmonic functions of arbitrary 
order k > 1 are detemined. The proofs are based on proper higher- 
order Cauchy-Pompeiu formulas and Green functions for powers of 
the Laplacian. 

A decomposition of the space L 2 (£l) with respect to left-a—hyper- 
holomorphic functions in real quaternionic analysis was given in [8, 
Chap. 4], for Clifford analysis see [9, 14, 15]. The proofs of these de- 
compositions are based on the existence of an inner product in L 2 {£1) 
and the properties of the boundary projections P a , Q a . Here, we inves- 
tigate the orthogonal decompositions in complex quaternionic analy- 
sis. Besides decompositions with respect to left a—hyper-holomorphic 
functions, decompositions are related to poly-left a—hyperholomor- 
phic functions as well as to polymetaharmonic functions are available. 
Our method to prove these decomposition is based on the Stokes for- 
mulas and the existence of an inner product in L 2 (Cl, M(C)). 

The integral representations in terms of powers of the Helmholtz 
operator was proved in [10] and some important properties of the 
higher order Teodorescu operator also given, see [11]. Therefore, we 
can derive the projections onto the suspaces of metaharmonic func- 
tions. It opens the door for further consideration of boundary value 
problems of partial differential equations. In this paper, we also give 
one application to the Dirichlet problem of bimetaharmonic functions. 
The question of existence of the solution is answered in this section as 
well as an important convenient representation of the solutions. We 
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hope these integral representation formulas are adapted to the nec- 
essary numerical evaluation of the solutions which can be connected 
with mathematical models. 



2 Preliminaries 

Let {eo, ei, e 2 , 63} be an orthonormal basis of M 4 such that x S I 4 is 
represented as 

3 



y^x^ek, Xk G K, < k < 3. 



fc=o 

The part xoeo =: Sc(x) is called the scalar part of x and x = X^fc=i 

Xk^k ='■ Vec(x) the vector part of x. 

A product is defined in M 4 which satisfies the conditions 

(i) e \ = e\ = 4 = -1 

(ii) eie 2 = -e 2 ei = e 3 ; e 2 e 3 = -e 3 e 2 = e\\ e 3 ei = -eie 3 = e 2 . 

The element eo is regarded as the usual unit, that is, eo = 1. Then, 
the algebraic rules (i), (ii) yield the quaternionic product 

xy = x yo-<x,y>+x y + xy + [xxy\. (3) 

We are now prepared to give the definition of the algebra of real 
quaternions. 

Definition 1 The tuple (M 4 , •) is called the algebra of real quater- 
nions. We signify (M 4 , •) byW(W). 

The quaternion x = xo — x is called the conjugate to x. The number 
\x\ defined by 

\x\ := xx (4) 

is named the absolute value of x. 

If now in the definition of a quaternion (see (2)) we suppose that 
all components can be complex (instead of real) numbers we arrive at 
the definition of complex quaternions (biquaternions). 

Definition 2 A complex quaternion (biquaternions) x is an object of 
the form 



x = 



y^Xkek, Xk £ C, < k < 3 
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with the commutation rule for the usual complex imaginary unit i with 
the quaternionic imaginary unit e^, k = 1,2,3 

ie k = e k i. 

The algebra of complex quaternions will be denoted by H(C). 

Now we consider functions / denned in 0, with values in H(C). 
Those functions may be written as 

3 

f(x) = y^Jk(x)e k , fk(x) € C, x = (xi,X2,x 3 ) G O. (5) 

fc=0 

Properties such as continuity, differentiability, integralbility, and so 
on, which are described to / have to be possessed by all components 
fk{x) which are complex-valued functions defined on Q. 

Let B(£l) be a function space of complex functions defined on 0,. 
For example, B may be C , C^ ' £ \ L p , W p and so on. We then define 
a function space 

B(fi,M(C)) : 

= {/ : n -► H(C) : all the component of / belong to B(n)}. 

If jB(O) is normed with norm || • ||g then we can define a norm on 
B(fi,M(C))by 

3 

ll/llH=(EHMlI) l for/Gfi(fi,H(C)). 

k=0 

If jB(O) is a Banach space then the space B(Q, H(C)) defined in this 
manner is also a complex Banach space. In this way the usual Banach 
spaces of these functions are denoted by C k (n, 11(C)), C^ £ \Q, 11(C)), 
L p (n,m(C)),W,j;(n,m(C)) and so on. 

Let us consider £2(0, H(C)) as a right module. Then, it can be 
easily verified that the formula 



if, 9) ■= / f{x)g{x)dx, 
a 

defines a scalar product turning L2(£l, 11(C)) into a right Hilbert H(C)- 
module. 

For the definition as well of fractional order Sobolev spaces W p , s G 
M + as of weighted L2- spaces we refer the reader to [1, Chap. VII]. 
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Definition 3 Let f G C^f^E^C)). The Moisil-Teodorescu differen- 
tial operator is given by 

3 d 

Df := Y] e k d k f where d k := -—. 

*-^ OXk 

fc=i 

If we write / = /o + / then we get by a straightforward calculation 

Df = -div/ + grad/o + rot/. (6) 

Let us note that the Moisil-Teodorescu operator was introduced 
as acting from the left-hand side. The correponding operator acting 
from the right-hand side will be denoted by D r 

3 

D r f = J2 dk f ek 
fc=i 

and in vector form the application of D r can be represented as 

D r f = -div/ + grad/o - rot/. (7) 

As the Laplacian also the Helmholtz operator can be factorized in 
quaternionic analysis as 

A + a 2 = -(D + a)(D -a). (8) 

Definition 4 Let the operator D a = D + al be given where a is an 
arbitrary complex constant and I is the identity operator. 

Hence, the equality (8) can be rewritten as 

A + a 2 = -D a D_ a = -D_ a D a . 

This means that any function satisfying the equation D a f = or 
D^ a f = also satisfies the Helmholtz equation (A + a 2 )f = 0. 
We define 

M k p (n,M(Q) ■= if\ f e £j(tt,H(<c)), D k j = o}, 

M* iP (fi,M(C)) := {/| / G Lj(n,M(C)), D r fc Q / = 0}. 

In the case p = 2, k = 1 we write kerD a = A42(^,H(C)). Each 
element / belonging to ker D a is called a Ze/t a—hyperholomorphic 
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function. Obviously, ~keiD r ^ a is the set of right a—hyperholomorphic 
functions. 

The subspace of polymetaharmonic functions of order k in L2(£l, 
H(C)) is denoted by 

H fc)2 = {/, /€L 2 (0,M(C)), (A + a 2 ) fc / = 0in^}. 

Now, using the equality (8) and the fundamental solution of the 
Helmholtz equation, a fundamental solution can be constructed for 
the factors of the Helmholtz operator. Indeed, if we assume # to 
be a fundamental solution of the Helmholtz operator, i.e a function 
satisfying (A + a 2 )?9(x) = 8(x), where <5(x) is the Dirac delta distri- 
bution, then K a {x) = — (D — a)i?(x) is a fundamental solution of D a 
and if_ a (x) = —(D + a)i?(x) is a fundamental solution of D_ a , i.e., 
D a K a (x) = S(x), and D- a K- a (x) = 8(x). 

As discussed in [13, p. 27] a unique fundamental solution to the 
Helmholtz operator related to its physical meaning is 



0(x) 



e ia\x\ 

47r|x| 



Since $(x) is a scalar function and using formulas (6), (7) we have 
D a $(x) = D r ^{x). 

From formula (6) by a straightforward computation we get 

KJx) = -gradtf(x) + a$(x) = (a + —^ - ia— r ) (-— -;— r ) (9) 

X r X 47T X 



= ia|rr| 



■^-a(^) = — grad$(x) — cn?(x) = (—a + — ^ — iotj^) (— /1 _ l _ l ) (10) 



-j2 -Mp.) (- — 

x| z |x| 47r|x| 

Note that, by the definiton of the operators D a and D r>a we have 



D a f(x) = -D r - a f(x), for any a G C. (11) 

Theorem 1 (Quaternionic Stokes formula) 

Let f and g belong to C^fi, 11(C)) D C(fi,M(C)) i/ten 

[(A./(j/)Mj/) + f(y)Dg(y)]dy = J f(y)n(y)g(y)dT y , (12) 

ft 

3 

where n := ^ n^e^ denotes the outward unitary normal on T. 
fc=i 
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The above theorem is taken from [13, Theorem 2], whose proof can 
be found in [9, Proposition 3.22]. 
Remark 1 From (12) with aeCwe have 

[(D r ^ a f(y))g(y) + f(y)(D a g(y))]dy = I f(y)n(y)g(y)dT y , (13) 
n Jr 



[{D r)a f{y))g{y) + f{y){D_ a g{y))}dy = / f{y)n{y)g{y)dT y . (14) 
n Jr 

Theorem 2 (Quaternionic Cauchy-Pompeiu formulas) 
Let f G C 1 (^,H(C))nC(n,H(C)). Then 

f(x) = - f K a (x - y)n(y)f(y)dT y + / K a (x - y)D a f(y)dy. (15) 
Jr Jn 



It is straighforward to see 



f(x) = - / K- a (x - y)n(y)f(y)dT y + / K- a (x-y)D- a f(y)dy. 

Jr Jn 

(16) 
The formulas (15), (16) are the quaternionic Cauchy-Pompeiu for- 
mulas for the operators D a , D- a . Let us now introduce the main in- 
tegral operators whose properties are similar to their famous complex 
prototypes. The Cauchy's integral operator, the first order Teodorescu 
transform operator and the operator of singular integration, guarantee 
an efficient solution of different kinds of boundary value problems. 

Faf(x) = - J K a (x - y)n{y)f{y)dT y , x G R 3 - T, 
T a ,if(x) = f K a {x - y)f(y)dy, x G R 3 , 



S a f(x) = -2 / K a (x - y)n{y)f(y)dT y , x G V. 

Note that the integral in the definition of the operator S a is taken 
in the sense of Cauchy's principal value. In the other words, it can be 
called a singular Cauchy operator. 

As usual, the singular Cauchy operator generates two important 
operators P a and Q a . Which are defined by 

{Pa = ^V^ + ^a)' /yj\ 
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Theorem 3 (Quaternionic Plemelj-Sokhotski formulas) 

Let r be a closed Liapunov surface, f 6 C°' e (T,IHI(C)), < e < 1. 

Then everywhere on T the following limits exist satisfying 

lim F a f(x) = P a f(r), 

lim F a f(x) = -Q a f(r), 

where n + = Q, Sl~ := M 3 - U. 

In the book [8, Theorem 2.5.10], [9, Theorem 3.64], the authors 
have proven the theorem in the case a = 0. For the case a ^ 
the proof can be found in [13, Theorem 8]. Some of the following 
properties of the operators P a , Q a and S a are immediate consequences 
of Theorem 3 and the Cauchy-Pompeiu formula. 

Theorem 4 Let f € C°' £ (r,M(C)), < e < 1. Then the equations 
(i) (S2«)(t) = u(t), 

(ii) (F a P a u)( T ) = (F a u)(r), 
(in) (P 2 a u)(r) = (P a «)(r), 
(iv) (Qlu)(r) = (Q a u)(r), 
are valid for any r G T 

We refer to [13, Chap. 2, Theorem 9] and [8, Corollary 4.2.7] for its 
proofs. The operator S a is an involution on the space C°' e (r,BI(C)), 
< e < 1, hence, P a , Q a are mutually complementary projection 
operators on the same space. 

3 Integral representations for metahar- 
monic functions 

As introduced in the former section, all left (right) a—hyperholomorphic 
functions are metaharmonic functions in all their coordinates. There- 
fore, it seems to be necessary to consider the links between left (right) 
a—hyperholomorphic functions and metaharmonic functions. We be- 
gin with an integral representation formula for arbitrary C 2 — func- 
tions. This formula can be obtained by iterating both formulas (15) 
and (16). 
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Theorem 5 Let f € C 2 (ft,H(C)) n C^O^C)). Then 

/(*) = - J K£\x - y)n(y)f(y)dT y + J #(x - y)n{y)D a J\y)dT y 

•&{x - y)D_ a , y D a , y f(y)dy, (18) 

n 

where K a (x) := K a (x). 

Proof Applying the quaternionic Cauchy-Pompeiu formula (16) for 
Da,yf{y) we obtain 

D a , y f(y) = - J K W a (y-y)n(y)D a , y f(y)dT y 

+ f K { _%-y)D^ y D a , y f(y)dy. 
Jn 

This leads to 
f(x) = - ! ' K a l \x-y)n{y)f{y)dT y 



- / ^(X,y)n{y)D a)y f{y)dT y + / t(j(x,y)D_ at yD a} yf(y)dy, 
Jt Jn 

where ip(x, y) = j r K£>(x - y)K^l{y - y)dy. 

For x,y £ S7 with x / y formula (15) yields — -&{x — y) = ip(x,y) + 

ip(x,y) where 

4>(x,y)= / K a l) {x - y)n{y)${y -y)dT y 



Since f r K a (x — y)n(y)K a (y — y)dT y = 0, we have (D r ^ y + 
a)ip(x,y) = and for x ^ y, the equality (13) now yields 

^{X,y)n{y)D a)y f{y)dT y - \ i>(x,y)D_ a> yD aty f(y)dy = 0. 
r Jn 

This leads to 

f(x) = -J K a l \x-y)n(y)f(y)dT y 

+ / <&{x - y)n{y)D a , y f(y)dy - \ <d{x - y)D„ aty D aty f(y)dy 
Jr Jn 

From this desired expression we get immediately the following results. 
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Corollary 1 Let f € C 2 (^,M(C)) n C^n.l^C)) be a metaharmonic 
function. Then 

fix) = - j K<£\x - y)n(y)f(y)dT y + J ${x - y)n(y)D a , y f(y)dT y . 

This corollary shows that a metaharmonic function allows a simple 
integral representation on the basis of its boundary values /|r and 
D a \ r . 

Corollary 2 If f € C 2 (fi,H(C)) nC 1 (n,H(C)) is a- hyperholomor- 
phic, then 

f{x) = - J K^{x-y)n{y)f{y)dT y . 

This means that, from our integral representation we get directly the 
Cauchy formula for a—hyperholomorphic functions. 
We define an analogue of the Newtonian potential 

T A+a 2 f( x ) = / $(x-y)f{y)dy 
Jn 

where tf( x - y ) = -f^Zjj, / € L 1 (n,M(Q), x G fi. 
Analogously, the acoustic single layer potential is defined by 

V a f(x) = / ti(x - y)n{y)D a) yf{y)aT y . 

By the same method as in [11] we can prove that V a is a bounded 
operator from L 2 (n,H(C)) into W 2 2 (fi,M(C)) and T A+a 2 is defined 
from C(fi,M(C)) to C(n,H(C)). 

Noting that D a tf(x) = -K- a (x), D- a tf(x) = -K a (x) and i?(ar) 
has a singularity of order 1, and using methods as in [11, Theorem 
6.4] as well as the formula (6), by a straightforward calculation 

D a T A+a 2f(x) = -T_ Q) i/(z), D- a T A+a2 f(x) = -T Qj i/(x), 
D a V a f(x) = -F_ a f(x), D_ a V a f(x) = -F a f(x), (19) 

follow. Moreover, applying the Stokes formula (13) we get 

[D r ,- a , v 0(x - i/)/(i/) + 0(x - y)D a , v f(y)] dy 

n 

■d{x-y)n{y)f{y)dV y . 
r 
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This means that 

V a f(x) = T_ a ,i/(x) + T A+a 2D a f(x). (20) 

It is easily seen that 

V a f(x) = T aA f(x) + T A+a2 D„ a f(x), (21) 

if we apply the Stokes formula (14). The equations (19), (20) and 
(21) are valid in C £ (n, 11(C)) and in Sobolev spaces Wj(fi, H(C)). The 
equations (20) and (21) connect operators from the classical potential 
theory with operators arising in complex quaternionic analysis. 

Remark 1 Let us introduce the boundary operator 

F A+a2 f(x) = F a f(x) + V a f(x). 

Then the Cauchy-Pompeiu formula (18) for the terra of Helmholtz 
equation can be rewritten as 

f(x) = F A+a 2Tr r f(x) + T a+q2 (A + a 2 )f{x) 

where 

The following integral representation formulas in terms of powers 
of the Helmholtz equation are developed in [11]. 

Theorem 6 Let f € C 2n (ft,H(C)) n C 2 " -1 ^, 11(C)). Then 

n ,. 

/(*) = Y,[- / D a , y 4 k Xx-y)n(y)(D- ai yD aiy ) k f(y)dr y 

+ J -&W{x - y)n{y)D a , y {D_ a>y D a>y ) k f{y)dT y ] 

^ n \x - y){D_ a , y D a , y ) n f{y)dy (22) 



where 



^W(x) = 0(z), 

$ {2) (x) = ^^^ (1) (x), 
2a da 

^ k+1 \x) = ~-^^-$ {k) (x) 
v ' 2kada v ' 
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4 Orthogonal decomposition of 

L 2 (Q,H(C 



We start with a decomposition of the space L2(fi,H(C)) with respect 
to metaharmonic functions. 

Theorem 7 The space £2(0, H(C)) allows the orthogonal decompo- 
sition 

L 2 (n,M(C)) = ker(A + a 2 )nL 2 (ft,H(C))0 

(23) 

[(A + a 2 ){Wf (ft,H(C))} n ker tr r D kertr r D a ] . 
Proof Notice that for u, v G L2(0,EI(C)) we have 



(D a u,v) = / D a u(x)v(x)dx = — J D T - a u{x)v{x)dx. 

n n 

Using the Stokes formula (13) we have 

/ u{x)n(x)v (x)dT x = / D r ^ a u(x)v(x)dx + / u(x)D a v(x)dx. 
r ft n 

This means that 



(D a u,v) — (u,D a v) = — I u(x)n(x)v(x)dT x . 

r 

If we use the Stokes formula (14) we also get 



(D- a u,v) — (u,D- a v) = — J u(x)n(x)v(x)dT 2 

r 

Now we look at 

((A + a 2 )u, v) = -{D a {D_ a u},v) 



D- a u(x)n(x)v(x)dT x — (D- a u, D a v) 

(x)n(x)v(x)dT x + / u(x)n(x)D a v(x)dT x — (u, D- a D a v) 



D_ a u 



r 
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D- a u(x)n(x)v (x)dT x + / u(x)n(x) D a v(x)dT x + (u, (A + a )v) 
r r 

Therefore, we obtain 

((A + aV») = /W(*(« 
r 



+ / u(x)n{x)D- a v (x)dT x + (u, (A + a )v). 
r 

The above formula shows that the subspaces ker(A+a 2 ) nL 2 (^i H(C)) 
and 

[(A + a 2 ){W${n, H(C))} n ker tr r n ker trrA*] 

are orthogonal subspaces. 
Notice that, if we define 

W 2 2A+a2 (n,U(C)) ■= {/, / G W 2 2 A+a2 (fi,H(C)), tr r / = 0, 

trrAJ = } , 
then the formula (23) can be rewritten as 
L 2 (0,H(C)) 

= ker(A + a 2 ) n L 2 (fi, H(C)) (A + a 2 )^ 2 . A+a2 (ft, H(C))). 
Now, we can denote the corresponding orthoprojections by 
P A+a 2-- L 2 {n,U{C)) — ► ker(A + a 2 )nL 2 (ft,H(C)) 
Q A+a2 : L 2 (fi,M(C)) — (A + a 2 )(^ 2 iA+a2 (17,H(C))). 

The following theorem can be considered as an extension of the 
results in [2] for classical polymetaharmonic functions. 

Theorem 8 The space L 2 (f2,H(C)) allows the orthogonal decompo- 
sition 

(i) 

L 2 (n, H(C)) = M k 2 (V, H(C)) D k a (W k 2 jn, H(C))), 



where 

o 



^, a (n,M(C)): = {/, /GL 2 (fi,H(C), ^/ = 0onr 

for < i/ < k-1}, 
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(ii) 



L 2 (n, i[(c)) = M%(n, M(c)) e (a + a 2 ) k (w k A+a2 (n, m(c)), 



w/iere 

W* A+a3 (fi,M(C)) := {/, /eL 2 (fl,H(C)), (A + a 2 )^/ = 0, 

D a (A + a 2 ) 1 '/ = on T for < v < k - 1}. 

Proof (i) For u, v G L2(fi,H(C)) and using the Stokes formula (13) 
we have 



(D k a u,v) = - / D k a - l u{x)n{x)v{x)dT x + {D k a - l u,D a v) 
v 



D a u(x)n(x)v(x)dT x 
r 
J D k - 2 u{x)n{x)D a v{x)dT x + {D k a - 2 u,D a v) 

r 



.D£ -1 u(a:)n(a;)i;(x)dr x - / D k ~ 2 u(x)n(x)D a v(x)dT x 

r 
J D a u(x)n(x)Z)™' 2 t>(x)dr ;E 
r 

^(ijd^ 1 ^!)^, + (u,r»». 

r 

The above equality shows that the inner product of each element v G 
o , 
W^ a (n, H(C)) and any u G L 2 (^,H(C)) equal zero if and only if 

u e M k {n,M(C)). This means that the subspaces M k {n,U(C)) and 
o 
M^2 a (^)H(C)) are orthogonal subspaces. 

(ii)By the same method as in the above proofs of the assertion (i) 
and Theorem 7, the assertion (ii) of the theorem now follows. 

Here, the more general decompositions of the complex quaternion 
valued bimodul-Hilbert space open the door for the consideration of 
further classes of boundary value problems of partial differential equa- 
tions. 
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5 Dirichlet problem for bimetaharmo- 
nic functions 

In this section, we study the bimetaharmonic problem by the help of 
the self-contained theory given in the preceding sections. Questions 
of existence of solutions are answered in this section as well as an 
important convenient representation of the solutions. We hope these 
integral representation formulas will be adapted to the necessary nu- 
merical evaluation of the solutions which can be connected with math- 
ematical models. For that purpose, we first assert the origin of the 
projections onto metaharmonic functions. 

Looking at the formula (22), each bimetaharmonic function, i.e., 
satistyfying the equation (A + a 2 ) 2 f(x) = 0, has the integral repre- 
sentation 



fix) = - J D a ^ 1 \x-y)n{y)f{y)dT y 
+ j ^ 1 \x-y)n(y)D a J(y)dT y 
+ f D aty #W{x - yMy)(A + a 2 )f(y)dT y 



+ j 0( 2 >(x - y)n(y)D a , y (A + a 2 )f{y)dT y 

F a f{x) + V a D a f{x) 

+ j D a ^ 2 \x - y)n(y)(A + a 2 )f{y)dT y 

^ 2 \x - y)n(y)D a , y (A + a 2 )f{y)dT y . 
r 

Applying formula (22) for D a f gives 

D a f(x) = F_ a (D a f(x))-V a (A + a 2 )f(x) 

+ j D- a , v #V)(x - y)n{y)D a , y {A + a 2 )f{y)aT y . 

If we take the traces of / and D a f then we obtain the following bound- 
ary integral equation, xq £T, 

/(xo) = I (/(xo) + S a f(x )) + V a D a f(x ) 

248 



ON DECOMPOSITIONS OF THE COMPLEX... 



+ / D a>y ^ 2 \xo-y)n(y)(A + a 2 )f(y)dr y 

^ 2 \xo - y)n(y)D a , y (A + a 2 )f(y)dT y , 



D a f(x ) = \ (D a f(x ) + S- a D a f(x )) - V a (A + a 2 )f(x ) 

+ J D. a ^ 2 \x - y)n{y)D a , y {A + a 2 )f(y)dT y . 

If we now are looking for all bimetaharmonic function u, which are 
also metaharmonic functions then we get the following conditions 

/(so) = l(f(x ) + S a f(x )) + V a D a f(x ), 
D a f(x ) = - (D a f(x ) + S- a D a f(x )) , 
or with orther words 

f \ (Pa V a \( f 

D a f) ~ V P.J \D a f 

From this we can derive the projections 



Pa V a \ __ (Q a -V a 

Pj" «A + o*-| Q _ o 



PA+a 2 — I n D ' QA+a 



These operators as well as the orthogonal decomposition of L2(£l, 
H(C)) given in the preceding section will open the door for the con- 
sideration of further classes of boundary value problems for bimeta- 
harmonic functions. 

We now come to rewrite the form of the Dirichlet problem for the 
bimetaharmonic equation for sake of convenience. With the notation 

then the Dirichlet problem for the inhomogeneous bimetaharmonic 
equation can be written as 

UA + a 2 ) 2 u = f in n, (24) 

[Trru =9 on T. 

By [7, Theorem 4] (see also [9, Theorem 4.57]) we are able to state 
the following theorem. 
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{A + a 2 ) 2 u 


= 


in Q, 


Trru 


= 9 


on r. 



Theorem 9 Suppose that 0, is a domain with sufficiently smooth 
boundary V. For each pair of functions u>\ G W 2 (r,H(C)), LO2 G 
W 2 +1/2 (T,U(£)) there exists an extension h G W 2 fc+2 (fi,H(C)) with 
h\r = oj\, and (D + a)/i|r = W2, where a is a complex constant. 

Proof By [7, Theorem 4], there exists a W / 2 fc+2 (r2,H(C))-extension 
h such that h\r = o>i, and -D/i|r = ^2 — awi- This yields Theorem 9. 
We now can look for solutions of the problem (24). To do this, we 
start with the following problem 



(25) 



Theorem 10 // k G N, g G W 2 +3/2 (T ,U(C)) x W 2 +1/2 (T,U(C)) 
then the problem (25) has a solution u G W 2 + (0,H(C)), which may 
be written as 

u = F A+a2 g + T A+a 2P A+a2 (A + a 2 )h 

where h is the W 2 + (f2,HI(C)) — extension of g appearing in Theorem 
9. 

Proof Using Theorem 9, if g G W 2 fc+3/2 (r,H(C)) x W 2 +l/2 (T ,H(C)) 
then there exists an h G W 2 +2 (n,M(C)) such that Tr v h = g. Let 
u = v + h then our boundary value problem (25) has the form 

UA + a 2 ) 2 v = -{A + a 2 ) 2 h in U, 
\Tr^v =0 on T. 

We now are looking for solutions of the problem (26). Noting that 
$W has a singularity of order 1 and using [11, Theorem 6.4] we get 
(A + a 2 )T A+a 2 = I where / is the identity operator and 

T A+a2 : ^ 2 fc (r,H(C)) — TU 2 fe+2 (r,H(C)). 

Moreover, the validity of Theorem 7 and the corresponding ortho- 
projection Q A+a 2 show that there exists an H(C)— valued function 

o 2 
v G W 2A+a 2{tt,M(C)) such that 

(A + a 2 )v = -Q A+a 2T A+a 2(A + a 2 ) 2 h. 
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Using the Cauchy-Pompeiu formula for the Helmholtz equation in 
Remark 1, by the same methods as in [8, Theorem 4.2.14] for v £ 
W| a+q2 (ft, 11(C)) and Tr T v = we obtain 

v = -T A+a 2Q A+a 2T A+a 2(A + a 2 ) 2 h. 

Therefore, 

(A + a 2 ) 2 f = -(A + a 2 ) 2 T A+a2 Q A+Q 2T A+a 2(A + a 2 ) 2 /i 

- -(A + a 2 )Q A+a2 T A+a2 (A + a 2 ) 2 /i 

= -(A + a 2 )(/-P A+a2 )T A+Q2 (A + a 2 ) 2 / J 

= -(A + a 2 ) 2 h, 

because of the definition of the orthoprojection P A+a 2 , ImP A+a 2 C 
ker(A + a 2 ). 

Hence, using again the Cauchy-Pompeiu type formula for the Helmholtz 
equation we get 

v = -T A+a2 Q A+a 2[(A + a 2 )h-F A+a 2(A + a 2 )h] 

= — T A+a iQ A+a 2 (A + a )h + T A+a 2Q A+a 2F A+a 2{A + a )h. 

On the other hand, by the orthoprojections ImP A+Q2 = kerQ A + Q2 , 
and because F A+Q 2 maps onto ImP A+a2 then we get Qa+o 2 ^a+q 2 (^+ 
a 2 )/i = 0. 
Thus, 

v = -T A+a 2Q A+a 2(A + a 2 )h 

= ~T A+a 2{A + a 2 )h + T A+a 2P A+a 2{A + a 2 )h. 

Meanwhile, the Cauchy-Pompeiu representation for the Helmholtz 
equation shows that 

T a+q2 (A + a 2 )h = h - F A+a 2h. 

This leads to 

v = -h + F A+a 2h + T A+a 2P A+a 2(A + a 2 )h. 

Consequently, it may be observed that 

v + h = F A+a2 h + T A+a 2P A+a 2(A + a 2 )h. 

Hence, u = F A+a 2h + T A+a 2P A+a 2(A + a 2 )h. 
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Combining the problem (25) with (26) we obtain immediately the 
following proposition. 

Proposition Under the assumption of the above theorem, the problem 
(24) has a solution of the form 

u = F A+a 2g + T A+a 2P A+a 2(A + a )h + T A+a 2 Q A+a 2 T A+a 2 / 

where h denotes a W 2 + (fi,H(C))— extension of g. 
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Abstract 

A general Cauchy-Pompeiu representation formula for Clifford-algebra 
valued function in regular domains of M m+1 related to the differential 
operator d e A k for < £, < k is developed where in the case of m 
odd k and £ are restricted to < 2(k + [(£ + l)/2]) < m + 1. This 
formula generalizes results from [3, 4] where only the first few £ were 
admitted. A fundamental solution to this differential operator is con- 
structed which also leads to a higher order Pompeiu operator related 
to this differential operator. 
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CAUCHY-POMPEIU REPRESENTATION... 



pm+1 



1 Introduction 

Cauchy-Pompeiu representation formulas are important for treating 
partial differential equations. In Clifford analysis the basic differential 
operator is the Dirac operator d and its conjugate d. The represen- 
tation formula developed here are related to the general differential 
operator d k d £ for k,£ G No, < k + £. For convenience instead d e A k 
is considered where A = dd = dd is the Laplace operator. In the 
particular case of complex analysis the representation formulas were 
given in [4], see also [1]. For the general concept of Clifford analysis 
the references [5, 6, 7] are recommended. 

Definition 1 Let {eo, e±, . . . , e m } be an orthonormal basis of . 
and A be the 2 m - dimensional Eucledian space with the basis 

B = {e A = e hljh2 ,...,h r ■ A = {hi,h 2 ...,h r } 

C {0, . . . , m}, 1 < hi < . . . < K < m} 

and e = e = 1. With e hlM: ,„ thr = e hl e h2 . . . e hr , e k eg = -e £ e k , 
ek&k = — 1 for l<k<£<ma multiplication is induced, leading to 
the (special) Clifford algebra A of elements a = ^^ oa^a with a a £ C. 
For m = I the algebra A is identical to C, so in the sequal m > 2 
is assumed. 

A is not commutative for m > 2. 

For m = 2 the algebra A coincides with the quaternionic algebra. 
Definition 2 

1. Bye^ = e , e^ = -e k (1 < k < m) , eje~§ = e§" el, a = ^A«^el 

-| ley 

a conjugation is declared, and \a\ = (Xm I°a| 2 ) 

m m 

2. d := Yl e-kd/dxk and d := Yl ^kd/dxk are the Dirac operator 

fc=o fc=o 

and its conjugate, satisfying dd = dd = A. 

3. If G C M m+1 is a regular domain, then a function f : G — ► A is 
called left-( right-) regular, if df = (fd = 0) in G. 

Lemma 1 (Rules of differentiation) 

m Ft 

1. dx = xd = Bx = xd = y Cke£— — = 1 — m, 

^-^ dxo 

fc,£=0 

2. dx = xd = Bx = xd = } ek~e£— — = m + 1, 

fc,£=0 
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3. <9|x| a = |x| a <9 = ax\x\ a ~ 2 , aEK, 

4. d\x\ a = \x\ a d = ax\x\ a ~ 2 , oGR, 

\|x| m+1 y v|x| m+1 y v|x| m+1 y VM / 

The proof is straight forward. 

The last relation shows that E(x) := x|x| _m_1 and x|x|~ m_1 are 
fundamental solutions to the Dirac Operator and its conjugate leading 
to Cauchy type kernels. 

The following two theorems are well known, so proofs are excluded. 
Theorem 1 (STOKES) If f,g G C 1 (G,A), with G being a differ- 
entiate manifold and dV = dxo A ... A dx m , then 



J fdag = J{{fd)g + f{dg)}dV (1) 



dG G 

is true. 

Theorem 2 (CAUCHY-POMPEIU) For a regular domain G and 
an open set Gq with G C Gq, f G C 1 (Go,»4) and w m +i the surface 
area of the (m + 1)- dimensional unit ball, 



Ul - r) r dg y /(y) - [ ,} y _ J +1 (df(y)W y 



\y — x\ m ^ ± " J \y — x 

dG G 



Wm+if(x) , if x G G 
, if x i G 



(2) 



and 



dG ' G 

w m+ i/(x) , if X G G 
, if x i G ' 



(3) 



hold. 



2 Higher Order Cauchy-Pompeiu rep- 
resentation formulas 

In [2] the following higher order Cauchy-Pompeiu formulas are proved. 
They were sublimited in [3] . Here the formulas from [2] will be gener- 
alized. In a forthcoming paper the proofs are given in detail. 
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In the following let G C M m+1 be a regular domain. 
Theorem 3 (Iterated representation formula for d) If k 6 N 

and f eC k (G,A). Then for x^G 



m 



(-iy f (y — x)(y — x + y — xY 



fc-i 



2^/i!|y — x 



m+l 



d^^/(y) 



(4) 



+ 



i) fe f (y — x ){y — x + y — x 



,fc-i 



G 



-3VG/W 



holds. 

Theorem 4 (Iterated representation formula for A) If 1 < k 

and f £ C 2k (G, A), then for m > 1, where m is odd with < 2k — 1 < 
m or m is even, 



( 



m = E 



1 



C^m+l 



(y-aOly-sl 2 ^- 1 ) - "*- 1 



ab 2^- 1 ( / u - 1)! n (2j - m - 1 



da„ lA» 



ml f(v)} 



\y-x 



2[i—m—l 



Um+1 & 2M-i(/i-l)! n(2j-m-l 



-da^SJA^ 1 /^)} 



+- 



1 



Wm+l 



12/ — a; 



2fe-m-l 



(5) 



G 2 fc - 1 (/c-l)! n (2j-m-l) 



A' 



7(v)} 



dK 



holds. 

For a general representation formula a general primitive of 
x|x| 2 with respect to d is needed. Because of the non-commu- 

tativity the product rule for differentiation is not valid. One has to 
write general powers of x and x as products of powers of x or x and 
\x\ 2 only, i.e. if A; > £, then rewrite x k x i as x k ~ i \x\ 2i . Therefore the 
proof of the following lemma becomes more involved. In the following 
let [x] be the entire function of x on R. 
Lemma 2 If 1 < k, then for £ £ N, m > 1 where m is odd with 
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< 2{k + [{I + l)/2]) — 1 < m or m is even, 



^e+l\ x \2k-m-l 



2 k+e (k + £)\ fl (2j-m-l) 



+ E 



- 1 )/ 2 ] sr^e-2n (£-n-n+l\(n+fi-l\-e-u-2n r -n-l\ v \2(k+n+l)-m-l 
Z^(i=l \ n +l )\ n ) x x l x l 



2 k+l {k + e)in * =n+2{2j _ m _ im n+L {2{k+j) _ m _ 1} 



is t/ie ^-t/i primitive of 



2 fc fc!n*=i(2j-m-l)' 

The proof is elementary, see [8] . 

Definition 2 For even m and < 2(k + [(£ + l)/2]) - 1 < m,£ € 

No = N U {0} and v € N ; Zei us denote 



™£+l| T |2fc— m— 1 



1,-,.,,,] E.c-r-rrr 1 )^"-^- 1 !^ 



w m+ i2*+<(fc + *)! n, = i (2j - m - 1) 

^-n-/i+l\/n+/i-l\-^- M -2n /i-ll |2(fc+n+l)-m-l 



+ £ 



1 j= 

^-2n 

£ 



k n+l 

"=° Wm+ i2*+<(A; + t)\ n ( 2 J - m - 1) [I {2(fc + j) - m - 1} 

j=n+2 j=l 



E-i >v -i(x) := 



\ T \2u—rn—l 



u m+l 2"-\u - 1)! J] -=i (2j - m - 1) ' 



■^o,i/(ic) : 



2v— m— 1 



w m+ i2^! nj=i (2j - m - 1) 

and 

E(x) := E 0fi (x). 

Remark 1 From Lemma 2 follows dE£ + i(x) = Ei(x). Moreover, 
Eq = E k holds and if v > 



/i 



|™|m+l ' 

dE QtV {x) 



2// 



w m¥1 2 v v\ n -=i (2j - m - 1) 
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x o I |2(i/-l) 



|^|m+l 



2vx\x 



w m +i2"i/! nj=i (2j - m - 1) 

\ T \2v— m— 1 

o; m+1 2"-i( I / - 1)! nj=i (2j - m - 1) = £7 " 1 ."- 1 ( a; ) 
and 

{2v - m - l)x\x\ 2iu ~^~ m - 1 



dE-^-^x) 



uj m+1 2"-\v - 1)! n;=i (2j - m - 1) 



•?' 



2(i/-l)-m-l 



cu.„ 



-i2"-V-l)!IIy=i(2j-m-l) 



1 7 = 



= Eb,„_i(x). 

Theorem 5 (General representation formula) If f € C 2k+ +1 
(G;A) and 1 < k, then for I G No, m > 1 where m is odd with 
< 2(fc + [(£ + l)/2]) — 1 < m or m is even, it holds 

f(x) 

Si ^ 1 2^n^(2,-m-l) d ^ {A /(y)} 



^=°9G 






v+1 ' <2k-m-l 

(2j - m - 1) 



l(u-l)/2] yu-2n , v - n -n+l\ /n+/x-l\ / _ x ^~ M ~ 2n 

Z— / fc n+1 

»=o u; m+1 2 fc +^A; + i/)! II (2j - m - 1) II {2(& + j) - m - 1} 

j=n+2 j=\ 



:(y - xT- l \y - x^+^-^day {d»A k f(y)} J 



(6) 



£ , m , 1 2^ l (;-"i) ! n-_ 1 (2,-^-i) d ^ A ^ l ^> 






. 1 2-i(^-l)!n- =1 (2j-m 
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H-if- 1 j 



(y — x) \x\ 2k m 1 



a -oj m+1 2^i(k + £)\l\ (2j-m-l) 

3=1 
Zs k n+1 

"=° u m +i2 k+e (k + iy. EI (2j-m-l)U{2(k + j)-m-l} 

j=n+2 j=l 



x(y- x^ly - x |2(fe+n+i)-m-i I |^+i A fe /(2/)} dV y . 

Proof The proof follows by induction over £. 
1. £ = 0: Equation (5) is 

/(*) = £ — / ( ^ )|y " x|2 " m ' 1 ^{^ /( ,)} 
m=o Wm+ y G 2v n (2i - ™ - 1) 

-E^/ 1^" <*.{«*-■/<»)} 

F' m+1 / G 2M-i( M -l)! n(2j-m-l) 

i=i 



+^/ M AVfe)dV,. 

m+ G 2 fc " 1 (fc-l)! n (2j-m-l) 

With / G C* 2fe+1 (G,.A), (1) and because of 

Q / "^ I |2fc 

C ^| x |2fc-m-l 'J \ |x| m+1 

<9 ■ 



2 fc A;! nli (2j - m - 1) J " 2 k k\ ]J k =1 (2j - m - 1) 



.X.T 



11 |d m+1 |x| 2fc_m_1 

2^! n U (2j - m - 1) ~ 2*-i(fc - 1)! fl^i (2j - m - 1) 
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the area integral is 

-{A'7M} 

1 f (y - x)\y -x |2/, '"'"~ J 



If \ii — r |2fe— m— 1 

/ fc (x) := / jL ~ ± { { A K f(y) }dV y 



dG 3 



1/ 2 k k\\\ k =1 {2j-m-l) l J 

^-{<9A fe /(2/)}d^. 



1 /" (y — x)|y — x\ 2k m L 
w m +i 7 2 fc /c! nLi (2j - m 



It follows 



M-i ^ dG 



<j 



1 /" ly-x] 2 ^™- 1 

1 J 2 k k\Y\ k j=1 {2j-m-l) LL " !! ' 



/ ^-w niTT/' (o- ^daydiA^fiy)} 

Wm+ii 2^ L {fi-iy.[[j =1 {2j -m-1) I J 

+— / .O ly : g|M ^"l^ ,AV(y) 



1 /• ( 2/ -x)| y -x| 2fc -™- 1 J _, r/ „ lldr 



-{aA fc /(y)}< 



w m +i 7 2 fe A;! n fc =i (2j - m ' P '' '" ' r ' ' '' 

Cjr 



^ m+1 ] 2M Ai!n ^ 1 (2 J -m-i) dCT n A i[v) ) 



k , ,. 1 1 2/u. — m— 1 



" If 7; — rp^—m—i. _ . .. 

£^ / 2^fu-ninLf2 7 -- ro -n ^{ OA ^^} 



-{aA fc /(y)}c 



^ m+1 j 2M-i( /U -l)!n; =1 (2j-m-l) y 

— f ^}\y ~ ^-^ \dA*f(y)\dV y . 
"m+iJ 2 k k\\{ k (2j-m " ' f 

Cjr 
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With Definition 2, (6) is equivalent to 

k 



/(*) = J2 [ E Ay-xW y {A»f(y)} 
„=o d J G 
I 
£(-!)" J E v {y-x)da y {d»A k f{y)} 



v=l dG 



(7) 



- E / ^-i,— 1(3/ - x)d<? tf {0A"- 1 /(i/)} 
+(-l)<+i fEe(y-x){d i+1 A k f(y)}dV v . 



G 



2. Let (7) be valid for I € N . With (2) applied to d e+1 A k f(y), it 
follows 

^ +1 A fe /(y) = JE(z-y)da z d e+1 A k f(z) 
dG 

JE(z-y){d e+2 A k f(z)}dV z . (8) 



G 
Let us denote 



:= J E e (y - x)E{y - z)dV y 



y/(x, z) . — 1 *->e\y ~ -^j^yy ~ ^j^-vy 
G 

and 

*(x, z) := / £^+i(y - x)da y E(y - z). 
dG 
It follows 

&(x,z)d z = 0. 

Using (8) in (7), it follows after changing the order of integration 

/(*) = Y,! E Q , v {y-x)da y {A»f{y)} 
V=Q 8G 
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+ £ (-1)^ / E u (y - x)da y {d»A k f(y)} 

u=1 dG 

- J2 I E -h»-i(v ~ x)dff y {dA"- 1 f(y)} 

u=1 dG 

+(-l) e+1 J * (*, z)da z [d' +1 A k f(z)} 
dG 

-(-l) m J *(x, *) {<9 £+2 A fe /W} dV z . 



G 

With (3) it follows 

E e+1 (z - x) = V(x, z) + *(x, z), 
*(x, z) = £?<+i(z - x) - §(x, z) 



and 



f(x) = Yl EoAv - x)da y {A^f(y)} 
v =*dG 

^ =1 dG 

- J2 J E -i,»-i(V - x)dff y {dA^ 1 f(y)} 
v=1 dG 

+(-l) m J E £+1 (z - x)da z [d e+1 A k f(z)} 
dG 

-(-1)' +1 J E e+1 (z - x) [d t+2 A k f{z)}dV z 
G 

-(-l) m f i>{x,z)da z \d l+l A k f(z)} 
dG 

+(_i)'+i y *( x , z) {a £+2 A fc /(z)} dy 2 . 



cv 
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With (1) it follows 

-(-l) m J V(x, z)da z [d i+1 A k f(z)} 
dG 

+(-l) e+1 J §(x, z) {^+ 2 A fc /W} dV z 



G 
-if J ((*(x, z)&){^ +1 A fc /(z)} + *(x, z){^ +2 A fc /W})dy 2 

G 
-(-1)' [*(x,z){d i+2 A k f(z)}dV z 



G 
= 0. 

Thus (6) is valid. 

Theorem 6 Under the conditions of Theorem 5 the weak singular 

kernel function K^ k (x) := (— \Y +1 E^{x) is a fundamental solution in 

Aford £+1 A k inR m+1 . 

This follows from the properties 

dK^ k {x) = -Ke_ ljk (x),dK 0tk (x) 

= -E- ljk -i(x),AE-i, k - 1 (x) = £'_i i jt_2 , 

and 

I il— m 

E-!. (x] 



Wm+i(l -m)' 
Theorem 7 Under the conditions of Theorem (5), for f £ L±(G,A) 



Te,kf(x) := / K £yk (y-x)f(y)dV y 
G 

provides a particular solution to d f+1 A k w = f in G satisfying d +1 
A k w = in R m+1 \ G. 
Proof From 



Wm+l J i — m 



follows 

d e A k T e , k f(x) = (-lY J E(y - x)f(y)dV y 
G 
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and, see [8], 

d" +l A k T e , k f = f 

inG. 
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1 Introduction 

The theory of functions with values in a Clifford algebra was well 
studied by many authors (see [1]-[11], [13], [15], [16] etc.). In 1977, R. 
Delanghe and F. Brackx firstly introduced the concept of a fc-regular 
function with values in a Clifford algebra C(V n fl) , the corresponding 
Cauchy integral formula and Taylor expansions were obtained (see 
[11]). H. Begehr also obtained different integral representation for- 
mulas in Clifford analysis (see [l]-[3] etc.). But the above results 
hold only for functions with values in C(V n fi). Naturally the question 
arises, how these results can be generalized to functions with values 
in C{V n)S ),0< s<n? 

In [5], [12], [17] the Cauchy integral formula and the Cauchy- 
Pompeiu formula on certain distinguished boundary for functions with 
values in a universal Clifford algebra C(V ns ) and some of its applica- 
tions were obtained. What can be said about the higher order Cauchy 
integral formula and Cauchy-Pompeiu formula for functions with val- 
ues in C(V nt s), < s < n? 

Let D be a bounded domain with smooth boundary dD in the 
complex plane C, and ui £ C 1 (D,C)f]C(D,C). The following gen- 
eralized form of the Cauchy integral formula for the functions of one 
complex variable is known as the Cauchy-Pompeiu formula [14] . 



w{z) = — / dC - - // ~r d£dr/, 

2m J dD ( - Z IT JJ D ( - z 

d d 
where the Wirtinger-Kolossov operators — — , — = are given via 

dw 1 / dw ,dw\ dw 1 fdw .dw\ 

w < = ~dc = 2 v se " l ~fri) ' Wl = ~M = 2 \di + 1 ^) ■ 

In [6] , we gave the higher order Cauchy-Pompeiu formula for functions 
with values in C(V ntn ), but this holds only for k < n. What can be 
said if k > n? 

In this paper, the revised higher order Cauchy-Pompeiu formula 
and the higher order Cauchy integral formula are presented for func- 
tions with values in the Clifford algebra C(V^ n ). 
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2 Preliminaries and notations 

Let V ntn be an n-dimensional (n > 1) real linear space with basis 
{ei, e2, • • • , e n }, C(V n ^ n ) be the 2 n -dimensional real linear space with 
basis 

{e A ,A = {hi,--- ,h r }eVN,l < hi < ■ ■ ■ < h r < n} , 

where N stands for the set {1, ■ ■ ■ ,n} and VN denotes for the family 
of all order-preserved subsets of N in the above way. We denote e$ 
as eo and e^ as eh 1 ..-h r f° r A = {hi, " " " > hr} G ^V"- The product on 
C(V njn ) is defined by 

eAeB = { - 1 )#((AnB)\N) { _ 1) P(A,B) eAABj if AjB e m 

\fj,= Yl Yl \a^bzazb, if A= J] A^e^, A*= I] Atses. 
AeTW BeTW AeTW BeTW 

(1) 
where #(A) is the cardinal number of the set A, the number P(A, B) = 

^2 P(A,j), P(A,j) = #{i,i G A,i > j}, the symmetric difference set 
jeB 

AAB is also order-preserved in the above way, and A^ G M. is the 
coefficient of the e^-component of the Clifford number A. It follows 
at once from the multiplication rule (1) that eo is the identity element 
written now as 1 and in particular, 

ef = 1, if i = 1, • • • ,n, 

eiej = —ejei, if 1 < i < j < n, (2) 

e hl e h2 ■■■e hr = e hlfl2 ... hr , if 1 < hi < h 2 • • • , < h r < n. 

Thus C{V n ^ n ) is a real linear, associative, but non-commutative alge- 
bra and it is called the universal Clifford algebra over V n ^ n . 

Frequent use will be made of the notation M™ = M n \{z} where z = 
(zi,--- ,z n ) G W 1 , which means to remove z from M n . In particular 
K5 = K n \{(0,---,0)}. 

To avoid the discussion for the trival case, we always assume n > 2. 
Let $7 be an open non empty subset of R n . We shall consider the 
operator D which is written as follows, 

d = E e *^- : c^(n,c(v n , n )) - c( r - 1 )(n,c(^ n , n )). 
fc=i fc 
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Let /be a function with values in C(V^ jTl ) denned in Q, the operator 
D acts on functions / from the left and right being governed by the 
rule 



fc=l A K k=l A K 



Definition 1 A junction f G C( r \tt,C (V n , n )) (r > 1) is called left 
(right) regular in 0, if D[f] = ([f}D = 0) in £1; A function f £ 
C( r \n, C (K,n)) ( r > k ) is called left (right) k-regular in fl if D k [f] = 
0([f}D k = 0) inn. 

In the sequel, we shall only consider the left fc-regular functions, we 
shall denote them as /c-regular function for brevity; the right fc-regular 
functions can be similarly discussed. We shall also use the following 
C (Vn. n )— valued (n— 1)— differential forms, which are exact and written 
as 



n 



<1" = ^(-If-'efcdz?, 
fc=i 



where 



dx? 



dx 1 A • • • A dx k x A dx 



fc+i 



Adx n . 



3 Integral representations 



In [6], we have constructed the kernel functions for 1 < j < n as 
follows, 



H*(x) = ^^^, 1 < j < n, X6 1J, 



i 



LO n p'\X) 



(3) 



i 

n / n \2 

where x = ^ Xfee^, p(x) = I ^ x| J , and uj n denotes the area of 

fe=i _ Vfc=i / 

the unit sphere in M n , and 



A, 



1 < j < n. 



2lV][tl]! n(2r-n) 

r=l 



Let H*:(x) be as above. In [6], it is proved that 



' D[H*(x 
D 



H* +1 (x) 



[H*(x)]D = 0, x G Kg, 

D = H*(x), xeRJ, 
for any 1 < j < n — 1. 



#;+i(s) 



(4) 



(5) 
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Now, for x G Mq, we define H*{x) for any j > 1 as follows, 

n is odd; 

1 < j < n, n is even; 



( Aj * 

OJn P n (x)'' 



H*(x) 



LO n p'\X 

dog(x z ), j = n, n is even; 
l-i 



A?- li „„.,.„:>, 



2lo, 

ZU! n 



(6) 



Q, xMlog(x 2 )-2^ 



i=0 






•; : o 



, j = n + I, I > 0, 



n is even; 



where for any j ' > 1, when n is odd or for 1 < j < n, when n is even, 
Aj is defined as (4) and 



r i, 



Cjfi = < 



mil 

2 



-, JGN* = N\{0}. (7) 



2 [|] [i] I n(n + 2^) 



^=o 



Theorem 1 Let H*(x) be as (6) /or any j > 1, t/ien 
D [H{{x)} = [H{{x)\ D = 0, I6 1J, 



D 



H*(x) 



H* +1 (x) 



D = H*(x), x G Eg, /or any j > 1. 



(8) 



Proof Firstly, in the case of n being an odd number or being an even 
number with j < n — 1 , it may be similarly proved as in [6] , and so it is 
enough to consider the case of n being an even number with j > n — 1, 
in the following, we assume n to be an even number, x G Mq. 
Secondly, we shall show that, 



D [H* n {x)\ = [H* n (x)j D = H^ix), x G RJ. 

It is easy to check that, 

2x 



D [log(x 2 )] = [log(x 2 )] D 



P z 



0) 



(10) 
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thus (9) holds. We continue to show that, for I > 0, 
D[Q, x*log(x 2 )] = [Q, x<log(x 2 )] 

D = C-lox'" 1 log(x 2 ) + 2Ci, x'- 1 , 
It may be deduced directly that, for I > 0, 



D 



C/qx 



C/ox' 



£> = C,_i, x 



j-i 



In the following, we shall prove (11) by induction. 
Step 1. For I = 1, by (10) and (12), we have, 

D [C li0 xlog(x 2 )] 
= log(x 2 ) + Ci, 2 e * x «- (l°g(x 2 )) 



j=l 



fin 



fl2) 



= log(x 2 ) + Ci )0 £ (" xe * + 2 *i) ^ (log(x 2 )) 

= log(x 2 ) + 2Ci,Jr 

It may be similarly proved that, 

[C 1>0 xlog(x 2 )] D = log(x 2 ) + 2C 1>0 . 

Step 2. Suppose (11) holds for I = k, in view of log(x 2 ) being a 
scalar function, by (10) and (12) again, we have, 

D [C fe+1 , x fc+1 log(x 2 )] = [C fe+1 ,ox fe+1 log(x 2 )] D 

= D [log(x 2 )] C fe+1 , x fc+1 + D [C fc+1 , x fc+1 ] log(x 2 ) 



2x 



(7 fe+li0 x ft+i + C7 M x fc log(x^ 

= C M x fc log(x 2 )+2C fe+1 , x fc , 

thus, (11) holds. 

At last, we shall show that, for / > 0, 

D [H* +l (x)] = [H* n+l (x)] D = H* n+l ^(x), x G R£. 

For I = 1, by (11) and (12), we have, 

D[H* +1 (x)] =[H* +1 (x)]D 



(13) 



A 



ra-1 



2uj n 
H*(x). 



log(x 2 ) + 2Ci j0 - 2C ,o 



Co,c 
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Thus (13) holds for I = 1. We continue to show that (13) holds for 
/ > 1. By (11) and (12) again, we have, 

D [H* n+l (x)} = [H* n+l (x)} D 

= ^ ( Q-1,0^- 1 log(x 2 ) + 2C, x'- 1 - 2C,_ 1 , x'- 1 £ ^A 
Un V j=0 h ° J 



A 



n-l 



c H V-(Mxv|f) 



(14) 



2u r , 
= H* n+l ^(x). 

Thus the result follows. 

Corollary 1 Let H k {x){k > 1) 6e as above, then we have, 

( D k [H*(x)j = [H*(x)\ D k = 0, x e R5, 

\ J* [#*(*)] = [il fe *(x)] Di = H* k _ 3 (x), xeR n , 1 < j < k. 

Proof It may be directly proved by Theorem 1. 

Corollary 2 Let H k {x){k > 1) be as above, then we have, 

' D k [H*(x - z)\ = [H*(x - z)\ D k = 0, x G R n z , 



& [H*(x - z)] = [H* k (x - z)\ DO = H* k ^(x - z), x € R n z , 

l<j<k. 

(15) 

Proof It may be directly proved by Theorem 3.1. 

Remark 1 From Corollary 1 and Corollary 2, H k (x)(k > 1) are left 
(right) fc-regular functions with values in the universal Clifford algebra 
C(V ntn ) in M.q; H k (x — z)(k > 1) are left (right) A;-regular functions 
with values in the universal Clifford algebra C(V n ^ n ) in M™. 

Theorem 2 (Higher order Cauchy-Pompeiu formula) Suppose 
that M is an n-dimensional differentiable compact oriented manifold 
contained in some open non empty subset Q. C M. n , f G C^ r '(fl,C 
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(V n ,n))> r > k, k > 1. Moreover, dM is given the induced orientation. 

o 

For each j = 1, ■ ■ ■ , k, H*(x) is as above. Then, for z GM 
f(z)=J2(-^ J JH* +1 (x-z)daD^(x) + (-l) k JH* k (x-z)D k f(x)dx N . 

J=0 dM M 

(16) 

Proof In view of the weak singularity and the properties of (8) of the 
kernel HUx), j > 1, by Stokes formula, (16) may be similarly proved 
as in [6]. 

In the following, we shall give an application of the revised higher 
order Cauchy-Pompeiu formula, namely the higher order Cauchy in- 
tegral formula. 

Theorem 3 (Cauchy integral formula) Suppose that M is an 
n-dimensional differentiable compact oriented manifold contained in 
some open non empty subset 0, C M n , and let f be a left k-regular 
function in £1, k > 1. Moreover, dM is given the induced orientation, 
and for each j = 1, • • • , k, H*{x) is as above. Then 

*-i r [ 0, if z M, 

Y^-IY Hj +1 (z - z)daDif(x) = (17) 

j=o d J M ( f(z), if zEM. 

Proof By Theorem 2 and Stokes formula, in view of the function / 
being a left fc-regular function in M, the result follows. 
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Abstract 

Integral representation formulas are known in almost every case for 
solutions of second-order systems in polydomains composed by as well 
the Laplace as the Bitsadze operator in a single variable (see [2], [3], 
[4]). Additionally, representations of solutions to some special kinds 
of mixed systems of first and second order are available. The above 
mentioned results are achieved by an extended use of the complex 
version of the Gauss theorem. A general higher-order representation 
formula in polydomains can be given by the same method. 
AMS Subject Classification: 32A25, 32W50, 31B10 
Keywords: Cauchy-Pompeiu representations, Laplace and Bitsadze 
operators, polydomains, mixed order systems of partial differential 
model equations 
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1 Prerequisites 



Let G C C be a bounded domain with smooth boundary. As a con- 
sequence of the complex version of the celebrated Gauss theorem (see 

[1], [7]) 

— [tu(z)d((iz) Tl (-iz) T2 ) = -- [d^dl 2 uj(z)dxdy, 
2itJ ttj 

dG G 

where (n,r 2 ) G {(1,0), (0, 1)} andw G C 1 (G;C)nC(G;C), the Cauchy- 
Pompeiu representations 



u(z) 



u(z) 



1 



2m 



«(C) 



d( 



1 



<)(i 



C, — Z IT J ^ Sy C — z ' 



<0 



d^drj 



2vri7 (-Z vr 

<9G G 



<"c(0 



d^dr] 



for z G G result (see [1]). An iteration of these formulas leads to a 
higher-order representation in terms of integral operators of a certain 
hierarchy (see [5]). To formulate this representation accurately, the 
following definitions are useful: 

Definition 1 For m,n G Z with m + n > and (m, n) ^ (0, 0) Zei 

f (-l) m (-m)l m -, „ i 

7 z m-i-„_i m < 



-ft-m,n\Z) ■ — * 



vr(n-l)! 

(^gzf^-^-i, „ <0> 

7r(m — 1)! 



7 m— l~r;n— 1 



7r(m-l)!(n-l)! 



m— 1 -. n—1 ^ 



1 < m,n. 






Definition 2 For uj G Li(G) and m, n G Z wit/i m + n > Zei 
Tg,o,qw(z) :=w(z) /or (m, n) = (0,0), 



T GymyTl uj(z) := / K m ,„(z - ()u(()d£dri for (m, n) / (0, 0). 
b 
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Now everything is prepared to state 

Theorem 1 Let to G C n (G; C) n C^^G; C) and 

(fJ-m,v m ), 0<m<k, 

be a chain of bi-indices with fj,o = vo = 0, \x m -\ < [A m , v m -i < 
u m , Hm-i + v-m-i + 1 = /im + %, 1 < m < k. Then for z G G 



Xd [(iQ^rn+l-^m^Q^m+l-Hmj 



2 The general representation formula 

The statement of Theorem 1 successively applied to each single vari- 
able of G n gives (see [6] ) 

Theorem 2 For n G IN and kj G 1ST, 1 < j < n, let 

WmpvLj), O^nij^kj, 
be chains of bi-indices with 

(// ,^) = (0,0), 



Mm,-1 + "Li-l + l = Vmi + v L V l < m j < k j, 



and Gj C C be bounded domains with smooth boundaries. Then for 
every function 

w : d G n UG n ^C, G" := Gi x . . . x G n , 

(where doG n := 9Gi x . . . x dG n denotes the distinguished boundary 
of G n ) with the differentiability conditions 



d^d-^u = / mi eLi(G n ;C), 0<mi<fci,..., 

n 

P =i 

1 < j < n, 2 < n, 
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in G, 



d^Kl —1 r\ fci —1 



M fe -1 c^ko-l 






UJ 



%-i,,k»-i-ieC(8b6 B ;i 



on <9oG n , mi/i 



dzbd^f mi 

, n y n 

U 2n °2„ imi,...,m„-i 



/mi,fe, 0<mi < fci-1,..., 

Jmi,...,m n -i,k„i U S Wlj S ny — -L) 
1 < j <n-l, 



it ZioWs 



w(z) 



e (-i)'+^n(T Gj ,^; w 

(Pl,-,Pn)e{0,l} n j = l v J J ■ 

(P1,...,P„)^(0,...,0) 



7 7 



/ J J 



n k\ «(z) 



i=i 



+^ri£ /n^ + „i itl fe-o) 



X JJd 



j ,-=l f n i =0 9oGn j=l 



n^'SL mj 'o;(0 



(iQ) '" i 



V" ._L_1—V\ 



m;+l ""!,• 



(-<,) 






where the abbreviation 



n kj — 1 fei-1 fen-1 

IIE-E £ 

ji=lmj=0 mi=0 m n =0 



is used. 
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Proof For n = 1 the statement of the theorem coincides with the 
formula in Theorem 1 . For an additional chain of bi-in dices 

(/Ct+i > Ct+1 ) > ° < m n+l < kn+1 , 

with the properties (1) let ui : c?oG n+1 U G n+1 -^Cbea function with 
the differentiability conditions 

dfrd^io = f mi eU(G n+1 ;C), 0<mi<fci,..., 

n+l 

p=\ 

1 < j < n + l, 1 < n, 

in G™ +1 , 

^ 1_1 4 1 " 1 « = ^-ifW^C),.., 

n+l p p 

J]^- 1 ^-^ = Wl _ 1 ,..., fc „_ 1 eC(9 G"+ 1 ;C), 
P =i 

on a G" +1 , with 

9z 2 2 d^ 2 2 f mi = f mi ,k 2 , <rai < fci- 1,..., 

Q R n + 1 O K n+1 <■ _ j: D < m ■ < t ■ — 1 

w 2n+i ^n+i Jmi,...,m„ — Jmi,...,m n ,k n +ii u — '"-J — ^J x > 

1 < i < n. 

Then 10 is according to (2) in G n x G n +i representable as 

LO\Z\, . . . , z n , z n +i) 

Pi 



(3) 



e (-i) i+E ^nK^T 

(pi,...,p„)e{o,i} n j=i v j j/ 

(Pl,...,p„)^(0,...,0) 

X II ( 9 */ ^ ) W(Z1 , . . . , 2„ , Zn+i) 

n fcj — J- y\ 
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II 3 <;7 J ^ W (& ,---,Cn,Z n 



xf[d 

3=1 



+1; 



(*0) i+1 'HC,-)""' 



Cm,-+1 ^ m j 



Because of (3) all partial derivatives of 



n+l n+l ™ j j 



ccnw* 6«^ 



i=i 



exist in G n +i. Therefore the function 



II 5 c7 J ^MCl, ■ ■ • . Cn, Zn+l) 



3=1 



has via Theorem 1 in G n +i the representation 



II 9 C™ J ^MCl, ■ • • > Cn, Z n +l) 



i=i 



-1 ..n + l n 



,Mfc ' , 1 „"i 



n + l .."+1 



• p . ,,n + l ,.n+l 
ft n+l re n+l 

k n+ l — 1 



3=1 



C+rC+r II Cv w ^' • • • ' c - ^ 



i /■ 

^ ' Z J ^m n + 1 +l> m n + 1 + l 



"ln + 1— qq 



n+l 



n + l ,,n + l 



-%+i d Cn+i 11% % w(Cl,...,Cn,Cn+l 



xd 



— ,, n + 1 _,, n + 1 

«n+l)" m "+ 1+1 " mn+1 (-<n+l) " +1+1 ™ +1 



Inserting (5) in (4) leads to 

LO{Zl, . . . , Z n , Z n +l) 



e (-d i+e -" n (t Gj , ; .; n 

i,...,p„)e{o,i}™ j=i v J J/ j=i \ 



(5) 



nr, vi \ 



(Pl,-.-,Pn)^(0,...,0) 
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x u(zi,...,z n ,z n+ i) 

l+l k j~ l ,. n+l 



a i ™ — n J „- 1 J J 



j=l mj=O doG n+i 3=1- 



ra+1 



X J] d ^ 3d { lj w (Cl, • ■ ■ ,Cn, Cn+l" 
n+l 



X 



IP 



i=i 



« 



\"rai+l ^ m 



•3! 



ki-l 



(-<,) 



\ X m.A^\ V"" 



+-TT V / tt Kj , ( % -o 

^nllZ^ / J-J- *C. +i,^,+i v 3 J 

„■ 1 „ — n J a i J ■> 



j=l mj =O f . fin j=l 



xT 



^ _U 9 G" 



n+l ..n+l 



X_ + \ »Z +1 " 






C+rC+T 1 II C J v- (Cl ' • • • ' c - Zn+l) 

3=1 ' 



3 = 1 



[i(jf m J +1 vL U 



<:, 



3 J 



In terms of Definition 2 
n kj-1 

2'~ 



-ft y / ttk, ,- (zj-Cj 



j=lmj= Q doGn j = ] 



1+1 .." + 1 1 






3 = 1 



[iC,j\ "-i 



V" ..i-K 



m; + l m 



i=i 



J (-<,') Mmj+1 ^ 



K n + l ^n + 1 (Z n +1 — Cfl+l) 

Pfe n + l' fc n + l 



in+1 



n kj — 1 n 

-TT y / TTk, i u-o) 

w 11 Z^ / 11 aC.+i,*4.+i v j sj; 

n j j ,,n + l v n + 1 

xnCV^? 1 ^ lw (Cl,...,C«,CrH-l) 

J=l ' " +1 
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n* 



(iC-)"' +1 raj (-»Ci) 






> d^ n+ i(iry n+ i 



holds. Representing 



:T fc 7i + l O fc n+l 



d"«+id"" +1 u;(^---,*n,Cn + i) 



with the help of (2) in G n shows 



K n+l ^n+1 (z n +l — Cn+l) 

Pfc n + l' fc n+l 



G n ^ 



fc,-l 



m 11 Z^ / 11 m^.+i,^.+i v J SJy 

i=lm,=0 (9o - / Gn i=l J J 

n Cv^C^ 1 ' • • • ' c ™' Cn+i) 






y mj +i ^, 



(i0) - J+1 -,(-<.) 



Pm.j + 1 Vm-j 



d£, n +idr) n+ i 



n+l n+l 



K n+l n + l (Z n +1 - Cn+lK 9 C l^d-, " fl U;(zi, . . . ,2„, Cn+ly 

Pfc n + l' fc n + l | S + W+l 



in+1 



E 



( Pl ,..., P „)e{o,i}™ 

(pi,...,p„)^(0,...,0) 



3=1 V J J 



Vj 



x n ( d *i j K 3 ) c+tct^ 1 ' • • • ' Zn ' Cn+i) f^+ idr? «+ 



K u n+1 u n+1 ( z n+l - Cn+l) 
^fc n+1 ' fc„ +1 



G n -( 



n+l ^n+1 

-^ fc n+l o fc n+l, 



x a c "+'9- n+1 w(zi, . . . , z n , ( n+1 )d£ n+ idr) n+ i 

[ Kn +1 +1 ( Zn+1 -Cn + l) J2 ("l) 1+E - lPj 

J 'n+l' fc n+l , , , 



i»+l 



(pi,-,Pn)G{0,l}>' 
(pi,...,p„)^(0,...,0) 
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n / \PJ n ( u? v 3 \ Pj 

*Il(*°H<0 Il(#tf) 

xd c ™ +1 «9- n+1 u(zi, ...,Zn, (n+l)d£ n +ldr) n+1 

sn+1 U+i 

Hl +1 up 1 

= T G n+ „^\ ,„J+V d^lt 1 d- z : + \^{ Zl , ..., z n , z n+1 ) 

(p 1 ,...,p„, Pn+1 )e{o,i} n + 1 

(Pl,...,p„)^(0,...,0) 

n+l , v ft .n+l / ^ ^\B 



7 = 1 V J J/ 1 = 1 \ 



Since for p n +i = 1 

(_l)£"=iw = (_i)i+Pn+i+E?=iW = (_i)i+£?iX 

the proof is finished. □ 



3 An application 

To give an application of the representation formula (2) for n £ IN the 
following special chains of bi-indices are considered: 



(nl,^) = (0,0), (/4X) = (o,i), (/4,^) = (i,i), 

(4,4) = (0,0), (/i{,^) = (1,0), (£,4) = (1,1), (6) 

Furthermore let Gj C C, 1 < j < n, be bounded domains with smooth 
boundaries and 

lj e C 2 (G"; C) n C 1 (5 G n U G"; C), 

where the preceding symbol denotes a function u : 9oG™ U G n — ► C 
with continuous 

n^) pl (%)^ fOTau ((^>P2),---,w,p?))e{{o,i} 2 r 

i=i 
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in G n and continuous 

n 

Widz/ 1 {tk/ 2 u forall ((pi,J&,...,(^p?))€{(0,l),(l,0)} n 

in 9oG n U G n . These assumptions together with (6) show that uj is a 
solution of 



d^d^oj 



n 



df mp d u ™ p 



u> 



/ mi €Li(G n ;C), 0<mi<2,..., 

/m 1 ,...,m„eL 1 (G n ;C), 0<m j <2, 
1 < j < n, 2 < n, 



in G, 



ajfi-i^i-i^ = Wi _ ie c(SoG";C),..., 

P =i 
on 9oG™ with the compatibility conditions 



d%$£fmi = /mi ,2, < mi < 1, . . . , 



,n , ,ra 



C 2 C/-i, 



,m„_i 



/mi,...,m„_i,2, < fflj < 1, l<i<n-l. 



Hence w meets the requirements of Theorem 2 and is therefore 
represent able as 



w(«) 



e (-i) i+ ^ iw n( T ^i,i) w n( 5 ^r^) 



(Pl,...,Pn)S{0,l} n 
(Pl,...,p n )^(0,...,0) 

n 1 



i=i 



i=i 






3=1 



(iCj)"^' +1 ^(-iCj)^ +1 M ' mj 
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This can be transformed into a more explicit form. A simple induction 
shows first 



£ ( -i)i+£y =1 « n (T Gi ,i,i) w n (*A,r *<*) 

(pi,...,p„)e{o,i} n j=i j=i 

(Pl,...,p„) 9 4(0,...,0) 



7^' / / C^iCi/j ■••C^tCk 

t=1 l<^i<...<t , T<™ r 1 r 1 

T T 

x Yl log |C«/ P - Zvf II dtv p dr] Up , 

p=\ (9=1 

where in the last expression the £„ . 's, which are not integrated upon 
are understood as 2„.'s. With 

Definition 3 For 

(pi, . . . ,p„) G {0, f} n , C = (Ci. ■ ■ -Cn) € C n and z = (z 1} . . . , z n ) G C n 
let 

jj(pi,...,p„) 



acf< 2 ...9c^' 

Pi = 0, 



" (Zl ' Pl) := < logkxl 2 , Pi = l, 

1U 6 I ~? I ) Pj ~~ X ) 



' /(Cl ' • ' dCi, pi = l, 

*Pi N \ ._ J ^Cjj Pj = 0) 



«<r> =- u j :s=i: 2 ^-- 



and 



(zi - Ci) *, Til = o, 

mj+i'%+1 1 " 1 SJ/ I log |^i — Ci| 2 , fn\ = 1, 



^mL ,,,1/1 ,,( Z 1 ~Cl) "l ,_, |. , 12 



^K , ,- (z 7 - - G) = { \ Zj , Cj) A mj " ?' , 2 < j < n, 
^■+1.^+1 v J sj; \ log|zj — C? I , mj = 1, ~ 



where the kernels 



^mj+l'^mj+l 
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for j = 1 in the case of m\ = correspond with dC,\ and in the case 
of mi = 1 with d(,i as well as for j > 2 in the case of rrij = with d£- 
and in the case of rrij = 1 with dQ, and the fact that every sum of 

n 1 

iie «» 

t=1 m T =0 

posseses exactly two summands, so that in total the number of sum- 
mands of (8) equals the number of summands of 

E • 

(pi,.., P „)e{o,i} n 
it holds 

n 1 



1 



iie /nv^, ( ^- ( ')n^<"»'« 

r=lm r =0/ r „i=l 3 J j=l 



xf[d 

3=1 

_ (-l) n+1 

~~ {2m) n 



i(jY mj+1 3 



HC,0 



E 

d G n (Pi.---.Pi) e {°: 1 } r ' 









x IIO- 

Hence in connection with (7) the following theorem holds. 

Theorem 3 Every to G C 2 (G";C) n C^SbG" U G n ;C), Gj C C, 
1 < j' < ri, bounded domains with smooth boundaries, is for z £ G n 
representable as 

n 

T=l 



w t ? c ? (0 

l<i/l<. ..<i/ T <n r , r , 



'(*) = E(-!) r+1 E 

r=l l<i/i<...< 

T T 

x n log ic P - ^pi 2 n ^"p^ 

+ w/ E K -Mo)flH(,-^ 

dnG" (pi,-,Pn)6{0,l}" J = l 



Pj> 



n^c 






i=i 
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Remark The statement of Theorem 3 corresponds to a (n — 1)— times 
repeated Iteration of 

dG dG 



+± J log \( - z\\- ( (()dtd V 



with 



2m J ( - z 2tti J 

dG 8G 

+ lj i g \( - z \^ Cc (0^dr, 



G 

in G" (see [3]). 
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HIGHER ORDER GREEN FUNCTION... 



1 Introduction 

The Green function for an arbitrary entire power of the Laplace oper- 
ator was given in explicit form in [1] for discs. They were used e.g. in 
[5,6] to treat boundary value problems for polyharmonic functions in 
plane domains. In [3] this Green function was used to modify higher 
order Cauchy-Pompeiu representations, see e.g. [2], by replacing the 
higher order Cauchy kernel by proper derivatives of a related polyhar- 
monic Green function. 

Here the higher order Green function is defined for the upper half 
plane and its properties proved which later will be used to develop 
and modify higher order Cauchy-Pompeiu formulas for this particular 
unbounded domain. 

2 Basic properties of the Green func- 
tion 

The Green function for the upper half plane H of the complex plane 
C has the following properties. For any fixed £ S EI as a function of z 

(1) G(z, C) is harmonic in HI\{£}, 

(2) G(z, C) + log |C — z\ is harmonic in H, 

(3) lim^ t G(z, C) = for all t G dW. 

Green functions exist for other domains than just for the upper 
half plane. The existence is related to the solvability of the Dirichlet 
problem for harmonic functions in the domain. 

Twice the Green function of the half plane H = {z: zG C, Imz > 
0} of the complex plane C is 

Gi(^C)=log|f^| 2 , 
C-z 

where z,(6i,z/(. For convenience G\ is used instead of G and in 

the sequal G\ is called the Green function of H. 

Definition 1 Let for 1 ^ n and z,(£i, z/( 



(n-l)! 2 G n (z,C) = |C-^| 2( ^ 1) log|$- 



'C 

n—l 






z\ 2(n - x - v \i-l) v {z-z) 1 
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G n is called the Green function of order n for EL 
Lemma 1 The function G n satisfies G n (z, Q = G n ((, z) and 



n-l 



2 



(n — l)!(n — 2)1 Q — z 

, n-2 

£ -(c - z) n - 2 - u (c - zf^ic - cnz - zf 



(n-l)!(n-2)!^i/ 

1 (C _^)n-l (2 ._^n-l 

(n-l)! 2 C~« ' 

d z d- z G n (z,() = G n - 1 (z,0 + { ^ { „_ 1 x n _2 ) i^- z ~^ ( 3 ) 
for z,(£i, z ^ Q, and for ^ p < n 



* G "fr C) = (n - 1 iX - 1)! (C - ^"" P " 1(C - ^ bg ' C^ ' 2 

^W l j (n-l-i/)!(n-l)! lP J 

111 " -1 1 
x( (C -*)'-" " (C -*)'"* ) + (n-l)! 2 ^ ^ (C " ^ 

min{p,n-l-i/} / \ / -, \i 

x v f p) f (n ; 1 ~ v) - r C - z)- 1 — (c^)- 1 - 

V i \aj (n-l-u-a )r ' y ' 

cr=max{0,p—v} 

x !^" (*_*)-***. (4) 

(i/-p + a)! 



Proof For p = obviously, (4) holds. Applying the Leibniz rule for 
l^p^n— lby differentiating 

Gn(.,C) = r ^IC-^| 2( "- 1) log|f^| 2 

(n — l)! z Q — z 

1 n_1 1 

+7^w2E-ic--i 2( "- 1 ^ ) (c-o^-^ 
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one gets 

+7 r^i^ TTT(C-^) n - p - 1 (C-^) n - 1 ( ' ' 



(n-l-p)!(n-l)!^ ' v ^ ' y (-z C-z' 

^W (n-2-i/)!(n-l)! l/ ^ J 



!/=0 

1 1 



p-I/ 



^ W l j (n-l-^!(n-l)! lP J 
1 1 



(£_ z )p-^+l (£_^)p-Hhl 



n— 1 -, min{p,n—2—v} 



+(^i F Ei(c-<T E (-D' +1 (:) 



a+i/V\ (n-l-i/)! 



(ra-l)! 2 ^z/^ ^ ^ v ' V ay (n - 2 - i/ - cr)! 

v—\ a=maxi0.o—i/\ 



-n-l-u V\ 



x( C -,r- 2 — (c-*) ' " ( ,_; +a)! (^-^r p+CT 



n— 1 1 min{p,n— 1— ^} 

( n _lj2 2^(C~C)" 2^ ^ ^ i CT y ( n _ i _ „ _ CT )| 

v v=l cr=mairl0.o-^+ll 



" ' — maa;{0.~ ■ ' ' ' - 

x (c - z)- 1 — F?- 1 " ^^ ^ - a)-"- 1 -* 

' " 1)P+1 " -^-i-P-iTTE^^^wiEZ^i 2 



(C-^-^-^C-z) log 



(n-l-p-l)!(n-l)!^ 7 v 7 C~* 



(n-l-p)l(n-l)!^ 7 v ^ 7 U" 2 (-z 



^ / ^ \ ('A _\n— 1— f 



p v n^cc-^r- 1 -"^-^ 



ra-l 



^V" -1 / (n-l-i/)!(n-l)! ^ J 

1 1 

{(-z)p-»+ 1 ~ (t-z)P-"+ 1 
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^ W l ' (n-l-«/)!(n-l)! {p > 

1 1 



-. n-l 1 min{p+l,n-l-v} . . 

x (c - r i -(R ,, - 1 - > (i/ _^ l ff _ 1)[ (, - .-r^- 1 

.. n-l - rran{p,n-l-i/} / \ / i \i 

x (c - r 1 - (c^r" 1 " ,/ (l/ _ p : ! 1 _ ff) , (^ - ^-r- 1 ^ 



(n — l)l 2 ^—* v " t—-' \o I (n — 1 — v — o)\ 



-CC-*)"- 1 -"-^-*) log 



(n-l-p-l)!(n-l)! v> 7 v 7 C~^ 

^ ' V " / (n-l-f)l(n-l)! lP ' 

-i -i -i n—\ 



z)P +i-J + ( n _ 1 )j2Z^ l/ (C C) 



(C _ z) p+i-, ( £_ z) p+i-^ (n-1)! 2 ^ 

mm{p+l,n-l-^} / , i\ / i \i 

cr=max{0,p-v+l} \ / \ / 

! 



-ra-l-z/ Z/! 



x(c-z) n - 1 -'- ,T (c-*) __ 7 1 — ^{z-zy-p- 1 -. 

[v — p — 1 — ay. 

This is (4) for p + 1 rather than for p. Thus (4) is proved by 
induction. Applying (4) for p = n — 1 gives 



n— 1 



v 7 (n-l-i/)!(n-l)! v 7 
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x V (c - z) n - i - p (c - z) n - i - u 

+(^pf;i«-o'<-i)-~ („:;!„) 

(n — 1 — v}\v\— ^n-l-j/ 

x- r^ ^~ z 

t^K^r-'iogi^i^B-irf"- 1 )^^ 

n — 1 )! f — 2 \ v J n—l — v 

v ' !/=0 



-n—1 



„«-«) , 1 



(n-1)! K {C-z) n - l - v ((- z )n-l-v 
n—1 / -, \ n _i_j, 



i " * / i \n— 1— ;/ 

+ t v — (c - crw 



n— 1— f 



(n-l)!^-f 



n-l n-2 



F^T)! (C " } gl C^' + (n-l)! ^ ^T3 



n — 1 
x ' 

v 



r [ c-z ) j+ (n-i)! ^ v Vc^y 



Corollary 1 For any n e N 



m-l ^ n -! 



(n- 1)! (- z Q-z 

Proof Differentiating the preceding formula shows 

-l)"- 1 — -n-l / 1 1 



"-— ' (n-l)!^ ~' \(-z C-z 

n-2 



[n — 1)! 

n-2 , ^ 

+E(->r'(";) 

x(c _ z) n-2-,U > 



(n-l)! \{C,-z) n ~ x - v (C-zY 1 - 1 -" 

n-2 , x 

+b-«'(": 1 ) 

i/=0 v 7 

xtc-z)™- 1 -^"^ f ! ' 



(n-l)! \(C-z) n - v (Q-z) n - u 
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n-l , s 

D-»"(:)« 



m- 1— v 



n— 1 



gE5_ r i L 

(n-l)! l (C-z)"^ (£-*) 

rfl—l n-l 



(C-*) 



n 



brB-D'Qp 



1 



(C-*) 



n— 1 



2 _\ n ~ l 

l-z A-: 

n— 1 



(n-l)!(C-z) 

7 rfl— 1 

(C - g) i 

(n-l)! C-« 

rn-l 



n—1 /• \ n—1 

D-»-(;)-E(-> 



/' / n \ iC g\n 



[(l-l) n -(-l) r 



-i + £-^ N ) +(-i)"] 



( C _ z ) (-I)""! C-Z 



(-i)"-i (C-C)" / (C-^) 

(n-l)!(C-z) V C-^ ^ " (n-l)! |C-z| 2 I C-^ 



(-i) n -\C-C w (C-*) 



n—1 



-(^r 



(n-l)! v C-z 7 C-« 
Lemma 2 For ^ p < n, 2 = z, d§G n (z, () = 0. 
Proof If z = z and ^ p < n then from (3) 

d£G n (z,0 

!/=0 



x 1 



j^y (n — 1 — v)\ (n — 1)! 

C- z^' 



C-z 
p 



^«-<w(A) 



„/ p \(n-l-i/)! 



(n-1)! 2 ^ 

V !/ = l 



p — z/y (n — 1 — p)! 



x(C _ zr -i-P (C _ z) 



rt— 1— v 



B-i: 



_„/A (x-i)! K-^-'-'K-z) 



p-k 



i/=i 



x 1 



//! 



n-l 



z^y (n — 1 — p + zv)! (n — 1)! 



C-z 
C-z 
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xic-zr-^ic-zf * "(c-cr 
x(,-i)!( n ^7)(p-,)!(c-,r-^(c^r-^(c-cT 

x(c - z)™- 1 -^^ - z) n_1_ ' i (C - CY 



follows. From 
p 



follows 



b-^CiOC-") 



v — 1 \ / n — 1 \ in — 1 — v 

p- ll 



^^,o = - r - ± fTB »-ir 1 -("" 1 "'') 

X (C - ,)"- 1 -"(C - zY-^{t - (Y + 7^72 D" 1 



p 



P-( n P\, -\ n - l -p(7_-,\ n - 1 - v ( 



x-(" - ''Hs-r^'K- :)"- 1 -"(C-C)" = 0. 
Lemma 3 For 1 ^ /? < n 

(0z0*)'G n (z,C) = G n _ p (z,C) 

+E (n _;_ 2 )^_ ( ,_ 1)! (^r"g-^.o. (6) 
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where G n (z,Q *s some function satisfying 



d z d z G n (z, Q = (z- z) n - 2 (^— ~ 7^) = (z- z) n ~ 2 gi(z, 0- (7) 

C-z Q-z 



Proof If p = 1 then 

(n - l)l 2 d z G n (z, C) = (-n - 1)(C - zr-'iC^T 1 log | 

n-2 

-(n - 1) x; -(c - ^) n - 2 -"(c - ^r- 1 -"^ - znc - o" 
(^-zf-^c-cr -1 



3 Z 5 2 -G n (z, C) = (n - l) 2 G„_!(z, C) + (n - \){z - z) n " 2 (C - C) n_1 

x(J—--^—_) = (n-lfG n . 1 (z,C) 
(- z Q-z 

+ (n-l)((-() n - 1 d z d- z G n (z,(). 
By an induction argument from (6) follows 

(d z d z y +1 G n (z,() = d z d g G n - p (z,Q 

p_1 (/■ — f\n-n-l 

+ ^(n-^-2)!(n-,-l)! ( ^ 2J 

xC^, C) = [(n - p - l) 2 G n _ p _i(z, C) 

+(n - p - 1)(C - C) n ~ p_1 ^-<W*, C)] 

+ E 7 ^T-7 ^-Ad^r-^Gn-^z, o 



G n _ p _!(z,o + ,„ r „y,„ „ ^, d z d z G n - p ( Z ,o 



(C-C) ""^ 1 

(n-p-2)!(n-p-l)! 

+ E 7 ^T-7 ^(^^"-^^^(^C) 

^(n-/i-2)!(n-M-l)! 

= G n _ p _i(z,C) 

+ E 7 ^T-7 T T T (^^-)"-' i+1 G n _ /i (z, C). 

^ Q (n- p-2)\(n- p-l)l 

This is (6) for p + 1 rather than for p. 
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Lemma 4 For 2 ^ 2p ^ n — 2 

(d z dz) p G n (z, o 

2p 



lV >+i v- (w-2)i (P-1)! / n ,^ 

X ) 2.(^3^1^-*) (M _ p _i)-^+ 2 P-^0, (8) 



where 



^ c) =(T^ + (^ (9) 



/or a// a G N. 

Proof For p = 1 we have 

then differentiating (8) 



0*(0*a*rGn(*,C) = (-i) p+1 f; [ ( " 2)! 



Un-u-lV. 



,z — z 



,n— /J,— 1 



x (z^- 1 )' i 1 

Qu-p-i)(C-z) 2 + 2 ^ J 

and 

(n-2)! ^ „ n _ M _! (p-1)! 



x 5l+2p _ / ,(,,C)+ (n _ Ai _ 1)! (,-,") (/1 _ p _ 1}l 

x(1 , o, u) t^ | ("~ 2 ) ! (z ~ z) n-,-l 



(p-p-l)P ^ ^(^_ z )2+2p- M J 

^ (n-2)! 2 (p-1)! 

^i("-^- 2 ) ! (^-p-l)! 5l+2 ^ ( "' C) 
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( " '~ ; ~ ! ' (z - z) n -»- \} P : 1)! (1 + 2 P - »)g 2+ 2 P -»(z, C)] 



(ti-m-1)! 

2p+2 



(m-p 



(-i) p Ei£-§k* -*)"-" 



/z=p+3 



(n-ju)! 



(P-1)! 
(M-p-3)! 



53+2p- M (^,C) 



2p+l 



+(-iy E 



(n — 2V (n - IV 



p=p+2 

= ("1) P 

2p+l 



(n-/i)! 

(n-2)! 



(n-p-2)! 



(M-P-2)! 
(*-z)»-^2(p-l)! Wp+1 (*,C) 



E 

/i=p+3 



(n-2)! 
(n-/i)! 



(* - z) 



n—jj, 



(P-1)! 
(P-P-2)! 



[/x - p - 2 + 2 + 2p - p] 



x 53+2p -,(,, + ^^(, - ,T- 2 - 2 |^ 5l (^C) 



-i)" 



(n-2)! 
(n-p-2)!' 



z — z 



x(z-z) n -^ 



,n-p- 



p\ 



-2P[ 

,z! 



2p+l 



5p+i(^,o+ E 



p,=p+3 



(n-2)! 
(n-u)! 



(P-P-2)! 



53+2^-^(^,0 



{n - 2) ' d.-tr+-'$inM 



(n-2p-2)l 

2p+2 



p! 



(_l)P+2 J- ^_Jll (z _^n-,« 



p=p+2 



(n-fi)\ 



(P-P-2)! 



53+2p- M (^,C) 



follows. This reproduces (8) with p + 1 replacing p. 
Theorem 1 For 2p < n — 1 



(P-P-1)! 



(d z d s )"G n (z,0 = G n - p (z,0 

p—l p—l—v 

^ ^ l ' ( n -„-p-l)!(n-l-/i)W 

x(C - C) n -" _1 (* - ^) n -"- 1 -^p-M-^(^ 0- 



(10) 
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Remark 1 (d z d s ) p G n (z, () = on z = z for 2p < n i.e. < p < [^f 1 ] 
because < n — p— 1 — z/ i.e. u < n — p— 1, asz/^p— 1 < n — p — 1. 

Proof From (6) and (8) 

(C-CT"- 1 



p-1 



(0z3*)'G n (*,c)-G n _„(*,c) = E 

2(P-M) 



" ' S ' ^(n-/i-2)!(n-M-l)! 



(_1)P-M-1 



E t~*~ 2 l (*-*r^ v - 



V=p-[l+ 



1 (n-fi-v)\ 



(p-p-1)! , . 



(P-M-1)! 



p-1 p-1- H 

^ ^ y ' (n - u - l)\(n - p - v - l)\v\ 

p=0 i/=0 v / \ i / 

x(C - C)" - " -1 ^ - a)"-'-"- Va.-*(*> o 

p-l p-l 

p=0 v=n 



(p-p-i)\ 



(n — 1 — p)l(n — p — 1 — v + p)\(v — p)\ 
x(C - n ^-\z - zY-P-v+^g^iz, C) 

(p-U + fi-l)\ 



p— 1 1/ 

EE(- i r 1 

j/=0 p=0 



— 1+p— 1/_ 



(n — 1 — ^ + p)\{n — p — 1 — p)!p! 



x(C - cr - "*" -1 ^ - ^) n - p - 1 -%-,(^ 0- 



Lemma 5 For ^ o", p, a + 2p ^ n — 1 

di{d z d,YG n {zX) ' 



(n-l-p)! 2 



d°G n - p (z, C) 



p— 1 p-l—;/ 

+E E (-ir 1 *- 1 

i/=0 /i=0 

(n — p — 1 — z/)! 
(n — p — 1 — z^ — <t)! 

min{a— l,n— p— 1— f} 

£ 



(p-p-i)KC-O 



71 — p— 1 



(n — p — 1 — z/)!(n — 1 — p)M 



>-z)"-"- 1 -^-%_ M _ 1 (^C) 



A=0 



x(z - z) 



(n — p — 1 — z/)! (p — p — is + a — \ — l)\ 
(n — p — 1 — v — A)! (p — p — z/ — 1)! 

1 



n— p— 1— v— A 



(£ _ z ~)p-M-^+cr-A 



(11) 
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Proof Formula (11) follows from (10) by differentiation. 
Corollary 2 If a + 2p ^ n — 1, then 

& T z {dzd s YG n {z,0 = Q 

for z = z. 

Proof Because a ^ n — p — 1 then d%G n - p (z, Q = for z = z. From 
a + 2/9 ^ n — 1 if follows o<n — 2p^n — p — l — v for ^ ^ ^ p — 1 
i.e. < n — p — 1 — v — A for 0^A^cj<n — p — 1 — ^. Hence setting 
z = z in (11) and applying Lemma 2 the result follows. 
Remark 2 The result of Corollary 2 can be reformulated: if p + v ^ 
n — 1 , then 

d$d?G n (z,Q = 

for z = z. 
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Preface A 



Part A contains a selection of papers partly associated with the 
special session on wavelets, other multiscale methods and their appli- 
cations at the 995th AMS Meeting in Athens, Ohio, March 26-27, 2004, 
and the special session on the multiscale methods and sampling in time- 
frequency analysis at the 1000th AMS Meeting in Albuquerque, New 
Mexico, October 16-17, 2004. 

The papers cover topics such as path-connectivity of tight frame 
wavelets, blockwise-shrinkage wavelet estimates, biorthogonal spline 
wavelets, and framebased nonuniform sampling. 

There are many people who provided valuable assistance during 
the various stages of this issue. We would like to thank our guest 
editors Joe Lakey of the New Mexico State University, Las Cruces, En- 
Bing Lin of the University of Toledo, and Xiaoping Shen of the Ohio 
University, Athens, for their fantastic editing work. Thanks are also 
due to George Anastassiou, the Editor-in-Chief, and Tian-Xiao He, the 
Associate Editor of the Journal of Applied Functional Analysis. Most 
of all, we are grateful to all of contributors to this issue. 



Editors of the Special Issue: Joe Lakey, En-Bing Lin, Xiaoping 
Shen, and Tian-Xiao He 



JOURNAL OF APPLIED FUNCTIONAL 

ANAL YSIS,VOL.2,NO.4,309-316, COPYRIGHT 

2007 EUDOXUS PRESS, LLC 



The Path-Connectivity of s-Elementary Tight 
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Xingde Dai and Yuanan Diao* 

Department of Mathematics and Statistics 
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Abstract 

An s-elementary tight frame wavelet is a tight frame wavelet whose 
Fourier transform is of the form —^=XE for some measurable set E C 



M. It is known that the frame bound of an s-elementary tight frame 
wavelet is an integer. In this paper, we prove that for any integer 
k > 1 , the set of all s-elementary tight frame wavelets of frame bound 
k is a path-connected component of the set of all s-elementary tight 
frame wavelets (which is itself a non path-connected set). 

1 Introduction 

The topological property of various families of wavelets is an interesting 
topic in the study of wavelet theory. The question concerning the path- 
connectedness of the set of all orthonormal wavelets was first raised in [7]. 
Similar questions were raised and studied in [5, 8, 9, 10, 11] about the set 
of all MRA-wavelets, tight frame wavelets, MRA tight frame wavelets and 
s-elementary frame wavelets. In [8, 11], it is shown that the set of MRA- 
wavelets is path-connected. In [10], it is shown that the set of s-elementary 
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wavelets are path-connected. The proofs of these theorems were based on the 
complete characterizations of the MRA-wavelets and s-elementary wavelets. 
While the complete characterization of the s-elementary frame wavelets is 
still an open question, it has been shown that the set of s-elementary frame 
wavelets is path-connected as well [5] . In this paper, we will prove the path- 
connectedness of the s-elementary tight frame wavelets (with the same frame 
bounds). 

A set S C L 2 (R) is said to be path- connected under the norm topology of 
L 2 (IR) if for any two members f,gES, there exists a mapping 7 : [0,1] — >■ S 
such that the function 7(2) is continuous in the norm of L 2 (IR) and 7(0) = /, 

7(1) = <7- 

Let T and D be the translation and dilation unitary operators acting on 
"K defined by 

(Tf)(t) = f(t - 1) and (Df)(t) = y/2f(2t), V/ E L 2 (R) 

and let 5F be the (unitary) Fourier-Plancherel transform defined by 

(3D0 = -F= /-{(),V{e£(lOnl/ 



if 1 



?({) is sometimes written as / as well. 

An orthogonal wavelet of L 2 (IR) is a function ip(t) in L 2 (IR) with unit 
norm such that {2?^(2 n i - £) : n,£ E Z} = {D K T £ V : k,£ eZ} constitutes 
an orthonormal basis for L 2 (IR). Let W be the set of all orthonormal wavelets 
of L 2 (R). The set of the well known MRA-wavelets is a subset of W. It is 
shown that the set of MRA-wavelets is path-connected [8, 11]. However, the 
path-connectedness of TV remains an open question at this time. 



2 The s-elementary Frame Wavelets 

A function if) e L 2 (IR) is called a frame wavelet for L 2 (IR) if there exist two 
positive constants < a < b such that for any / G £ 2 (IR), 

< £i</,i7*TV>r<&ii/ir. (2.1) 
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A number a with this property is called a lower frame bound of vb and a 
number b with this property is called an upper frame bound of vb. Let a^ 
be the supremum of all such numbers a and let bo be the infimum of of 
all such numbers b. If a$ = bo, then vb is called a £ig/i£ frame wavelet and 
the number ao = bo is called the tzg/it frame bound of ■0. Furthermore, if 
oo = &o = 1) then ■?/> is called a normalized tight frame wavelet. Let .E be 
a Lebesgue measurable set of finite measure and xe be its corresponding 
characteristic function. If the function vb E G L 2 (IR) defined by vb E = -j=Xe 



/2-k / 

is a frame wavelet, a tight frame wavelet or a normalized tight frame wavelet 
for L 2 (IR), then the set E is called a frame wavelet set, a tight frame wavelet 
set or a normalized tight frame wavelet set for L 2 (R) respectively. The 
corresponding function vj E is called an s- elementary, an s- elementary tight 
or an s-elementary normalized tight frame wavelet. Let us denote the set 
of all s-elementary tight frame wavelets with tight frame bound k by W,(). 
By a result from [3], the tight frame bound of an s-elementary tight frame 
wavelet must be an integer, i.e., fceN for each W,(). In particular, Wr() is 
the set of all s-elementary normalized tight frame wavelets. It is shown in [6] 
that W,() is path-connected. In this paper, we will show that in general, for 
any k > 2, the set W,() is also path-connected. We will need the following 
concepts and results for this purpose. The details can be found in [3]. 

Let E be a measurable set. x,y G E are 5-equivalent if x = 2 n y for some 
integer n. The <5-index of a point x in E is the number of elements in its 5- 
equivalent class and is denoted by Se(x). Let E(S, k) = {x G E : Se(x) = k}, 
then E is the disjoint union of the sets E(5,k). Furthermore, each E(S,k) 
(k > 1) is Lebesgue measurable and is a disjoint union of k measurable sets 

{Ei(5,k)}, l<j<k, such that EP(6,k) ~ E^'(5,k) for any 1 < j, f < k. 
If we let A(E) = U neZ 2 n E, then we have A(E) = A(U fc >iE 1 (5, k)). A set E 
is called a 2- dilation generator of R if E — E(S, 1) and A(E) = R. 

In the case of translation, we say that x,y G E are 27r-translation equiv- 
alent if x = y + 2nir for some integer n. The r-index of a point x in E is 
the number of elements in its 2-7r-translation equivalent class and is denoted 
by Te(x). Let E(r,k) = {x G E : t e (x) = k}. Then E is the disjoint 
union of the (measurable) sets E(r, k). Define t(E) = U ne z(E fl ([2mr, 2{n + 
l)7r) — 2wr)). This is a disjoint union if and only if E = E(t, 1). Finally, 
each E(r, k) is a disjoint union of k measurable sets {E^\t, k)}, 1 < j < k, 
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such that E®(t, k) ~ E j '(r, k) for any 1 < j, f < k. 

The decompositions of E (5, k) (resp. E(r, k)) into E^{5, k) (resp. E^\r,k)) 
are not unique in general. However, one of them is guaranteed by the proce- 
dure of construction in [4] and the set E(t, 1) is uniquely determined by E. 
However in this paper we will not be dealing with the decompositions hence 
there shall be no confusion. 

The following theorem is quoted from [3], which characterizes the tight 
frame wavelet sets (hence the s-elementary tight frame wavelets). 

Theorem 2.1 Let E be a Lebesgue measurable set with finite measure. Then 
E is a tight frame wavelet set if and only if E = E(t, 1) = E(6, k) for some 
k > 1 and A(E) = R. In particular, the frame bound of an s-elementary 
tight frame wavelet is a positive integer. 



3 The Path-Connectivity of Tight s-elementary 
Frame Wavelets 

Let us recall that the path-connectedness of the set W,() means that for 
any two tight frame wavelet sets E, F and their corresponding tight frame 
wavelets ipE, ipF, there exists a continuous mapping 7 : [0, 1] — ► W^() such 
that 7(t) e W|() for each t and 7(0) = ip E , 7(1) = i>F- We say that {E t } is 
a path connecting E and F if \E t is a continuous (in the L 2 (IR) norm) path 
connecting xe and xf- The following lemma is immediate and its proof is 
left to the reader. 

Lemma 3.1 LetipE andipF £ Wr() be two s-elementary tight frame wavelets 
of frame bound k with E, F being their corresponding tight frame wavelet sets. 
Then the following statements are equivalent: 

(A) ip E and ipp are connected by a path in W,() that is continuous in the 
L 2 (IR) norm; 

(B) There exists a path {E t } connecting E and F; 

(C) For each t G [0, 1], there exists a measurable set E t such that: (1) E t 
is a tight frame set of frame bound k for each t; (2) Eq = E and E\ = F; 
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(3) E t is continuous in t, that is, for any to G [0, 1] and any e > 0, there 
exists o ei > such that for any t G [0, 1] fl (t — €i,t + ei), we have 
n(E t \ E to ) + (J,(E to \ E t ) < e, where u, is the Lebesgue measure. 



Lemma 3.2 Let E be a tight frame wavelet set of frame bound k and c G 
(0, 7r). Then for any e > 0, there exists e x > such that for any measurable 
set A C [-7T, -c) U [c,7r], if fi(A) < e 1; then u,(E n A(A)) < e. 



Proof. Since .E = -E(r, 1), it follows that /i(-E) < 27r. Hence for any e > 0, 
there exists M > such that //(£ n [M, oo)) + //(E n (-oo, -M]) < |. On 
the other hand, it is clear that there exists a constant N > such that 
/i(A(A) n [-M,M]) < N ■ /jl(A). Thus if pi(A) < e x = ^, then we have 

MA(£)) < c 

From Lemma 3.2 we immediately have the following 

Corollary 3.3 Let E be a tight frame wavelet set of frame bound k and c > 
be an arbitrary given positive number. If F t C [— n, — c) U [c, n] is continuous 
in t, then so is E fl A(F t ). 

We are now ready to state and prove our main theorem. 

Theorem 3.4 The set W f () is path- connected. 



Proof. By Lemma 3.1, it suffices to show that any s-elementary tight frame 
wavelet set E of frame bound k is connected to the tight frame wavelet set 
/ = [-7T, -|r] U [Jf , 7r]. For each t G [0, 1], define 

h = [-7T,-(l-^)7r)U [(l-^TT), (3.1) 

J, 1 = /nA(/ t ) = U_ (fe _ 1) < n < 2"J t , (3.2) 

Fl = EnA(I t )=EnA(Jl). (3.3) 
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Observe that the set Gt = J} U (E \ F^) satisfies the condition Gt = 
Gt(S,k). However, G t may not be an s-elementary tight frame wavelet set 
since G t = G t (r, 1) may not hold. In other word, we cannot use G t as the 
path we need yet. We will now make modifications to Gt in order to obtain 
an s-elementary tight frame wavelet set. 

For any measurable set A, define 7(A) = U\ e z(A + \k) and let H\ = 
(E \ F}) n 7(3)- Observe that J\ n (E \ F, 1 ) = since J/n£c F t \ It follows 
that H\ C (— oo, — 7r] U [it, oo). We now define J t 2 = / fl A(Hj-) This process 
can now be repeated: 



F 2 t = 


£nA(j 2 ), 


H 2 t = 


(E\F?)n7(d), 


J! = 


/nA(# 2 ), 


F? = 


EnA(jf), 


Hi = 


(E\F?)n7(d), 


7 4 - 

■ J t — 


inA(Hf), 


We will leave it to our reader to verify that: 


j\^-n- 


= whenever i ^ j ; 


and 


M^r 1 ) < ^r 



So in general we have 
Finally we let 



(3.4) 
(3.5) 



KJt) < ^z~M J t)- (3-6) 



J t = U^Jf, (3.7) 

F t = EnA(J t ) (3.8) 

E t = J t U(E\F t ). (3.9) 

From this definition, it is immediate that E = E and E\ = I . By Lemma 
3.1, it suffices to show that E t is a tight frame wavelet set for each t and is 
continuous in t. 
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For any t 2 > t±, it is clear that J tl C Jt 2 so J tl \ Jt 2 = 0- On the 
other hand, we have J t2 \ Jt x = J[ x t 2 where J' t t2 is similarly defined as J t 



by replacing I t with I' tiM = [-(1 - |)tt, -(1 - f )vr) U [(1 - f )tt, (1 - 
Using the same argument to obtain the inequality (3.6) above, we have 



7T 



KJt2 \ Jtl) = KJt U t 2 ) 

< Mi' tl , t2 ) 

= A(t 2 -h)ir. 

It follows from this that Jt is continuous. By Corollary 3.3, F t is continuous 
hence E t is continuous. 

Firstly, to see that E t = E(t,1), assume that it is not true. Then we must 
have some x G Jt such that x + 2nir e E\F t for some non-zero n G Z, since 
J t and E\F t are both 2-7r-translation redundancy free sets. By the definition 
of Jt, we have x G J\ for some i > 1 so x + 2n7r G T(<J). On the other hand, 
since x + 2mr £ F t = E n A(J t ), x + 2rm g F* = E D A(J'i) C E D A(J t ). It 
follows that a; + 2n7r G Hf = (E\F*) 07(3), hence x + 2nir G A(J t i+1 ) by the 
definition of J l t +1 . But this contradicts the fact that x+2mi G" F t — EC\A(J t ). 
This proves that E t = E(r, 1). 

Secondly, we need to show that E t = E(5,k), that is, each point in E t 
must have 5-index k. Let x G E t . There are two situations: x G Jt or 
x G E\F t (notice that Jt and E\F t are disjoint sets). 

Case 1. x G J*. Thus x G J t l for some i. Since J% = I D A(/J t * _1 ), it 
clearly contains all of the k points in / that are 5-equivalent to x (including 
x itself), thus the <5-index of x in E t is at least k. Furthermore, J t is a subset 
of /, so the 5-index of x in E t is at most k. 

Case 2. x G E\F t . Since re G" A(J t ), none of its other fc — 1 (^-equivalent 
points (that are in E) is in A(J t ) either. Thus SE t (x) = k as well. 

Finally, we need to show that A(E t ) = 1R (modulus a zero measure set). 
Since A(E) = R, for any y G R, we have x E E such that 2 p x = y for some 
p£ I If a; G" A(J t ), then x E E t and we are done. If x G A(J t ), then 
2% G J t for some q E Z and y = 2 p ' c '(2 ci x) G A(J t ) C A(E t ). This finishes 
our proof of the main theorem. 

We will end this paper with the following remark. 
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Remark 3.5 For any k\ ^ h^ € N, the se£W,()UW,() is not path-connected. 
In fact, for any ipE 1 £ Wr() and tpE 2 £ W,(), there is no path in W,() U W,() 
connecting them. We leave this to our reader as an exercise. 
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Abstract 

A spike function plays an important role in the theoretical analysis and numerical 
study of adaptive wavelet regression estimates. This article uses this function to develop 
nonasymptotic lower bounds for the mean squared error of popular blockwise-shrinkage 
wavelet estimates including Efromovich-Pinsker, Stein and James-Stein blockwise-shrinkage 
adaptive estimators. The new feature of the lower bounds is that a single spike function 
is used to analyze vast classes of blockwise-shrinkage estimates while before a spike func- 
tion depended on a studied estimator. As a result, the obtained lower bounds allow 
one to deduce minimax lower bounds and describe classes of estimates that cannot at- 
tain optimal rates of the mean squared error convergence. The developed nonasymptotic 
lower-bound methodology bridges minimax and numerical approaches traditionally used 
for the analysis of wavelet estimates. 

AMS(2000) Subject Classification: 62G07, 62G20. 

Keywords and Phrases: Adaptation; Non-asymptotic; Regression; Stein shrinkage. 
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1 Introduction 

Asymptotic minimax lower bounds for the mean squared error of wavelet regression es- 
timates have become an important statistical tool in assessing optimality of adaptive 
wavelet estimates; see a discussion in [2,9,11,14,15]. In this article a special class of adap- 
tive wavelet estimates - - blockwise-shrinkage wavelet estimates - - will be considered. 
These estimates have become popular in theoretical and applied statistics because they 
are asymptotically sharp minimax, superemcient, have nice plug-in properties for esti- 
mation of both linear and nonlinear functionals, robust toward distribution of regression 
errors and the design of predictors and perform well for small sample sizes; see a discussion 
in [1-6,8,13.15]. 

A traditional asymptotic minimax study of wavelet estimates is based on exploring a 
global minimax lower bound where the maximum is taken over a wide class of possible 
estimated functions (Holder function class is a popular choice in the literature) and the 
minimum is taken over all possible estimates. Such a study may imply minimax rates of 
convergence over a considered function class and then allow the statistician to define an 
estimate as a minimax one if its risk attains the lower bound; see a discussion in [6,8,14]. 
Recently, it has been suggested in [9,10] to complement known asymptotic lower minimax 
bounds by nonasymptotic bounds calculated for a given estimated function and a class 
of blockwise-shrinkage estimates that are known to be minimax in the traditional sense. 
Following [6,11], two main types of estimated functions are considered in those references. 
The former is a smooth background where all major results can be established for a no- 
signal case; see a discussion in [9]. The latter is a spike function which is considered in this 
article so let us comment on why it is of a special interest. First of all, this function plays 
a pivotal role in applications because non-zero wavelet coefficients are sparse and thus 
a reliable recovery of spikes is paramount for an adaptive wavelet estimation; see [6,14]. 
Second, spike is a traditional test-function used in numerical studies; see a discussion 
in [8,14]. As a result, if a wavelet estimate does not perform well on a spike function 
then the statistician should raise a question about its feasibility. Third, a spike function 
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has been always used in the asymptotic minimax literature to establish minimax lower 
bounds for mean squared errors of different statistical estimates including kernel, spline 
and orthogonal series ones. The interested reader can find an interesting discussion in [8, 
ch.7]. 

First known nonasymptotic lower bounds for estimation of spike functions by blockwise- 
shrinkage estimates were suggested in [10]. Let us recall that there exists a vast class of 
these estimates, in terms of different portfolios of blocks, thresholds and shrinkage proce- 
dures, that are sharp minimax under the Mean Integrated Squared Error (MISE) criteria 
as well as under the Mean Squared Error (MSE) criteria for no-signal estimated function; 
see [3,6,9,15]. On the other hand, a minimax approach under the MSE criteria allows the 
statistician to dramatically shrink a class of admissible wavelet estimates; see a discussion 
in [2]. The lower-bound methodology, suggested in [10] for the case of an estimated spike 
function, has shed a new light on the issue and it also developed a set of necessary condi- 
tions for a blockwise-shrinkage estimate to attain desired rates of the MISE convergence. 
On the other hand, main deficiency of those results is the utilization of spike functions 
specifically designed for each studied estimate. As a result, it has been impossible to 
suggest a universal lower bound, based on a single estimated function, which could imply 
a corresponding nonasymptotic minimax lower bound. 

It is definitely desirable to develop nonasymptotic lower bounds that allow the statis- 
tician to analyze a whole class of wavelet estimates via a single underlying test-function; 
note that this is the approach used by numerical methods. Theoretical results of this 
article allow the statistician to do this and they justify and shed a new light on the theory 
and methods developed in [10]. Let us also note that, among known publications in the 
wavelet literature, the methodology of [12] (where smart numerical methods are used to 
calculate exact risks of wavelet estimates) is probably the closest one to the considered 
methodology. 

The context of the article is as follows. The setting and studied estimates are explained 
in Section 2. Lower bounds and corollaries are presented in Section 3, and their discussion 
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is placed in Section 4. Section 5 contains proofs. 

2 Setting and wavelet estimates 

Consider a classical homoscedastic regression model YJ = f(l/n) + v l / 2 ei, / = 1,2, ... ,n, 
where / is an unknown bounded regression function, e\,...,e n are zero mean and unit 
variance random variables, and v is the known variance of regression errors. Under mild 
assumptions, this model is equivalent to a series model written in a wavelet basis domain. 
The wavelet basis is assumed to be periodized and orthonormal on [0, 1], and it is generated 
by a pair of compactly supported scaling function and wavelet function, the latter will 
be denoted as ip. For a jth resolution scale set ipj t k(x) := 2^ 2 ^(^?x — k), x E [0, 1], and 
assume that the primary resolution level j is large enough to ensure that the supports of 
the scale and wavelet functions at level jo are not the whole of the unit interval. Because 
we are exploring lower bounds, we can always restrict our attention to regression functions 
that are expanded into a wavelet series 

oo 2 j 

g(x) = Y,Y, 0j,kiJj,k( x ), x e [o, i], (i) 

j=jo k=l 

where Oj^ = J g(x)i(jj ) k{x)dx are wavelet coefficients. The introduced function g has no 
scaling component (all its scaling coefficients are zero), and as we shall see only finer 
resolution scales will be used for obtaining wished lower bounds. 

The statistical assumption is a traditional one: the sample size n is dyadic and for all 
Jo < j < ^og 2 {n/ \n(n)) and all k considered there exist statistics 6j y k (empirical wavelet 
coefficients) such that 0^ = Oj^ + v l l 2 n~ l l 2 ^j^ where {£-,,£;} are independent, zero mean 
and unit variance random variables (that are typically assumed to be normal but this 
assumption is not necessary in the considered lower-bound analysis). The interested 
reader can find more about wavelet bases and the assumptions in [8,11,14]. 

This article studies blockwise shrinkage estimates. These estimates employ a special 
shrinkage factor for empirical wavelet coefficients. The factor mimics a benchmark factor 
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n* ±J j,m 2-*teBj tm u j,t Q / n 



used by an oracle that knows some functionals of underlying wavelet coefficients. Thus, 
let us begin with the oracle's shrinkage factor. Consider a particular wavelet coefficient 
Ojk and assume that it is estimated using a block {#•/,*, t G Bj rn \ of empirical wavelet 
coefficients. In what follows it is always assumed that k G Bj m , each wavelet coefficient 
(index) belongs to a single block and only consecutive coefficients from the same scale are 
included into a block. Let us denote the cardinality (size, length) of a block B^ m by L^ m . 
Then, according to [6,8], the benchmark blockwise-shrinkage oracle is 

Lj >m J2teB J!m Qj,t + vn 

Two statistical procedures, mimicking the oracle, are suggested in the literature. The 
first one is 

k* = L ^f^ Jlt ~r~ x ^ £ ~ e l >(i + %j™%*> ( 3 ) 

L j,m lst£B j>m "j,t teB ii7n 

and it is referred to as Efromovich-Pinsker (EP) blockwise shrinkage. Here {A? } are 
positive parameters that are called thresholds (some authors refer to 1 + A| m as the 
penalty). Note that EP procedure combines a naive mimicking of (2) with the idea of 
hard thresholding; a comprehensive discussion of the procedure can be found in [7,8] . The 
second blockwise shrinkage procedure combines a naive mimicking of the oracle (2) with 
the idea of a soft thresholding, 

h* = LZ " tE "^^" (1 y j ' m)W " 1 /(^ E 0% > (I + Hm )vn--)~6 hk . (4) 

L j,m l^teB J}Tn "j,t teBj, m 

Here parameters /J,j jTn , that are not necessarily positive, also referred to as thresholds. In 
particular, if /ij >m = —2/Lj >m , Lj jm > 2 then the shrinkage (4) is called the (positive-part) 
James-Stein one, and the shrinkage with \Xj, m > 0, L^ m > 4 is called the Stein shrinkage. 
This type of shrinkage is very popular in the classical multiparameter estimation literature, 
and the interested reader can find a discussion of the soft-thresholding procedures in 
[2,3,6,11,15]. 
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Now we are in a position to define estimates of the regression function. A correspond- 
ing to the shrinkage (2) oracle for estimation of the regression function (the benchmark 
pseudo-estimate) is 

/•(*)= Y Y Y 0i*1>iM, are [0,1]. (5) 

3=30 m k£B 3>m 

Here and in what follows the summation over m is taken over all blocks on jth scale. Let 
us also note that the cutoff log 2 (n/ ln(n)) is a traditional one in the literature because it is 
sufficient for minimax estimation of regression functions from all studied in the literature 
function classes; see [6,14]. 

A corresponding to the shrinkage (3) Efromovich-Pinsker (EP) estimate is 

log 2 (ra/ln(n)) ^ 

/>)= E E E h^iM, xe[0,i]. (6) 

3=30 m k£B jtm 

A Stein estimate, corresponding to the shrinkage procedure (4), is defined as 

^og 2 (n/ln(n)) 

fs(x)= E E E h^iM, are [0,1]. (7) 

3=30 m keB jtTn 

In what follows, an estimate (7) with the special James-Stein thresholds fj,j yfn = — 2/L^ m , 
Lj jjn > 2 will be referred to as a James-Stein estimate fjs- The main difference between 
EP and Stein shrinkage procedures is that the former uses a hard thresholding while 
the latter a soft one. A minor difference is that Stein shrinkage may use non-positive 
thresholds; let us note that Stein estimates with positive thresholds may be also referred 
to as penalized Stein estimates. 

3 Lower bounds for estimation of a spike function 

We are using the Mean Squared Error (MSE) criteria for the analysis of blockwise- 
shrinkage estimates; the interested reader can find a discussion of this classical criteria in 
[8,11,15]. Because the class of estimates is specified, similarly to the methodology of a 
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numerical study we can choose a particular underlying regression function and then even 
assume that this function is known to the statistician. Keeping this in mind, the MSE is 
evaluated at a point x G (0, 1) and the estimated regression function will be a known (to 
the statistician) spike function 

h(x) := dil> it r(x). (8) 

Here 6 > is a wavelet coefficient and % is a scale, jo < i < log 2 (n/ln(n)) that will be 
specified later. The shift index r := r(i,xo,ip) is defined from the relation ipf r {xo) = 
maxfc ip? k (xo) ■ Also, we define Bi >q as a block to which r belongs, that is, r e B^ q with 
q :=q(i,x ,i/;). 

Let us comment about the spike function (8). On finer scales this function does 
resemble a spike; see examples in [14]. This function is of a particular interest because 
typical signals considered in the statistical literature have sparsely located significant 
wavelet coefficients; see a discussion in [6,14]. Since on each scale several wavelet functions 
may be nonzero at the point Xq, it is natural to chose a wavelet function which takes on 
largest absolute value at this point. 

Assumption 1. A wavelet basis satisfies the assumption formulated in the first para- 
graph of Section 2, and also for some positive constant c* the wavelet function ip satisfies 

maxmin^ 2 ^-^ — k) > c*/s, j > jo, (9) 

where s is the rounded up support of the wavelet function ip . Empirical wavelet errors {^-,fc} 
are symmetrically distributed about zero, unit variance, independent and not necessarily 
identically distributed. 

It is shown in [10] that assumption (9) holds for all wavelet functions traditionally 
used in statistical applications. Also note that under Assumption 1 the errors are not 
necessarily Gaussian (which is a traditional assumption in the regression literature) and 
this will make our results robust toward the distribution of empirical wavelet errors. 

In what follows we shall need the following result established in [10]. 
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Proposition 1. (i) Suppose that Assumption 1 holds, consider estimation of the spike 
function (8) at the point x$, and denote := 9 2 / ' L^ q . Then the mean squared error of 
the oracle f* , defined in (5), can be calculated by the formula: 

E{(f*(x )-f 1 (x )) 2 } 

Q^n- 1 (vn^fe 2 -, /2 . . Q 2 vn- 1 _ /2 . . 

(G + vn-i)* + (e + vn~^ iXo) + (G + vn~^ Jg^ ^ m 

(ii) If additionally 9 2 < \ 2 A L iq vn~ l , then the mean squared errors of EP and Stein 
estimates, with \i^ m = X 2 m , satisfy the lower bound 



mm 



in (E{(f(x ) - f\(x )) 2 },E{(fs(x ) - f\(x )) 2 }) > f 2 (x )/4. (11) 



Now let us present a new lower bound which improves known ones of [10]. 

Theorem 1. Let Assumption 1 hold and additionally {£j,fc} have uniformly bounded 
fourth moments. Suppose that 9 2 > 2X 2 L iA vn~ x for EP estimate, 9 2 > 2n ijq L ijq vn~ 1 for 
Stein estimate and 9 2 > for James-Stein estimate. Then there exists a constant c\ < oo ; 
depending only on max.,-^ El^j k and the support of the wavelet function ip, such that the 
following lower-bound oracle inequality holds for EP, Stein and James-Stein estimates: 



mm 



(E{(f(x ) - Mxo^j^Ufsixo) - Mxo^j^EHfjsixo) - A(x )) 2 } 

> E{(f*(x ) - fi(x )) 2 }[l - Cl L^ 1/2 (l + vsjsliUal) 

AQ + vn- 1 ) 1 ' 2 Q + vn- 1 (Q + vn- 1 ) 1 / 2 ^ 
^ (vn-iy/ 2 + L y q 2 vn-i + {L~ q W f2 "' { ' 

Here vsjs — for EP estimate and vsjs — 1 f or Stein or James-Stein estimate. 

Note that the lower bound (12) can be called a lower-bound oracle inequality because 
the oracle's MSE is the factor in this lower bound. Let us recall that an oracle inequality 
traditionally means an upper bound which contains, as a factor, an oracle's risk. As we 
shall see, lower-bound oracle inequalities nicely complement the traditional upper-bound 
ones. 
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Now we are in a position to present main results of this article, namely several universal 
corollaries that, in particular, will allow us to consider a non-asymptotic minimax lower 
bound. Define a function class 7i w (a, 5, x ), a > 0, 8 > such that wavelet coefficients of 
a function from this class satisfy the inequality 

max max \6 jk \2 j{a+1/2) < C H . (13) 

Here K(xo,8,j) is a set of indices k such that intersection of (xq — 5, xq + 5) with the 
support of ip{2^XQ — k) is not empty, and Cn := C(a, 5, xo) < oo. This class is introduced 
and discussed in [10] , and in what follows we need only to know that if the wavelet function 
ip is sufficiently smooth then this class is a subset of a classical local Holder class of order 
a (thus all minimax lower bounds established for Ti w (a, 8, xq) also hold for the Holder 
class), and that the corresponding adaptive minimax rate of the MSE convergence for this 
class is 

R H := (\n(n)n- l ) 2a/{2a+t) . (14) 

Note that only the parameter a affects the adaptive minimax rate; a discussion of (14) 
can be found in [8,14]. 

Now we can introduce a "universal" spike function. Define a scale 



max 



{ J : ^ ~ Ub n Hn)vn-^ /i2a+1) ' 3 ° ~ j ~ to 82(n/ln(n))}, (15) 

where a positive sequence b n is such that b n — *• oo as slowly as desired when n —* oo, and 
introduce 

hn{x) := {b n \u{n)vn- l ) l/2 ^ r , r {x). (16) 

It is easy to verify that both f ln and \/2fi n belong to TC w (a, 8, x ), that is, they satisfy 
(13). Also denote d := (C$ i v 2a /2) l/(2a+1 \c* /8s). Let us stress that the spike function 
(16) does not depend on a considered wavelet estimate; the interested reader can compare 
it with spike functions studied in [10] which crucially depend on blocks and thresholds of 
analyzed wavelet estimates. 
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Corollary 1. Suppose that Assumption 1 holds, and consider the problem of esti- 
mation of the spike function fi n (x) under the MSE criteria at the point xq. Introduce a 
class Si of EP and Stein estimates satisfying X 2 L Tq > b n ln(n) and fi Ttq L Tq > b n ln(n), 
respectively. Then, 

inf E{(f(x ) - f ln (x )) 2 } > C 1 (b n ln(n)n- 1 ) 2a ^ 2a+1 \ (17) 

fe£i 

Corollary 1 allows us to analyze blockwise-shrinkage estimates with relatively large 
thresholds and/or blocks. There are suggested vast portfolios of blockwise-shrinkage 
estimates that are covered by this corollary; see [2,3,6,8]. On the other hand, many 
known estimates, including James-Stein one, cannot be analyzed via (17). Our next 
corollary is devoted to a complementary class of blockwise-shrinkage estimates that may 
include relatively small and even negative thresholds. 

Corollary 2. Suppose that Assumption 1 holds, fourth moments of the errors {£j,fc} 
are uniformly bounded, and consider the problem of estimation of the spike function 
V^fin(x) at the point x$. Introduce a class £2 of EP, Stein and James-Stein estimates 
such that X 2 L T)Q < b n ln(n) and fi T)q L Tyq < b n ln(n) for EP and Stein/ James-Stein esti- 
mates, respectively, and let additionally L Tq > b n \n(n) for all these estimates. Then 

inf E{(f(x ) - f ln (x )) 2 } > dil-^brMnjn- 1 ) 2 ^ 2 ^, (18) 

fe£ 2 

where 7n := (^(n))"^^ + 2(6 n ln(n))^ 1 / 2 ) + 9]. 

We shall discuss the obtained results in the next section. 

4 Discussion 

1. This article is solely devoted to the study of blockwise-shrinkage estimates. Let 
us explain why these estimates have such a prominent place in the statistical literature 
and why the study of these estimates is a hot topic in the literature. First of all, they 
have excellent asymptotic properties of being adaptive minimax under global and local 



328 EFROMOVICH 



criterion like MISE and MSE and over vast function classes of both smooth and spatially 
inhomogeneous functions. Second, a typical adaptive nonparametric estimator, like kernel 
or spline one, requires a numerical optimization; blockwise-shrinkage estimates employ 
no optimization at all. Third, while wavelet blockwise-shrinkage estimates are probably 
more popular among applied statisticians, the same algorithm can be applied to any 
orthogonal basis including trigonometric, polynomial and multiwavelet; see a discussion in 
[8]. Fourth, these adaptive estimates are known for their property to mimic performance 
of oracles and being superefficient; see [1,2,8]. Finally, in the theory of estimation of 
functionals of a regression function and solving inverse problems, the estimate is known 
as an optimal plug-in one. We can conclude that blockwise-shrinkage estimates possess 
a unique bouquet of statistical properties unknown for other statistical procedures. 

2. Let us show that the obtained results, due to the universal spike function, easily 
imply nonasymptotic minimax results. As an example, let us consider the lower bound 
(18). It was noticed earlier that the spike function V2f\ n is Holder of order a, it belongs to 
7i w (a, 5, xq), and this spike obviously depends on neither an estimated regression function 
nor an employed blockwise-shrinkage estimate. This immediately yields the following 
minimax lower bound: 

inf sup E{(f(x ) - f(x )) 2 } > mf E{(f(x ) - V2f ln (x )) 2 } 
/e£ 2 feH w (a,8,x ) /e£ 2 

> C 1 (l- ln )(b n Hn)n- 1 ) 2a ^ 2a+1 \ (19) 

Thus, any blockwise-shrinkage estimate from the class £2 is not adaptive rate optimal 
in the sense of not attaining the adaptive minimax rate (14). 

As an example, let us compare this result with the well-known (and established in a 
traditional manner) minimax result of [2]. In that article Stein estimates with constant 
thresholds and blocks of identical length were studied, and it was established that if length 
of blocks is proportional to [ln(n)] 1+ ^, v > then the minimax MSE of this estimate over 
a Holder class of order a could not attain (14). This was a pioneering result in the study 
of blockwise-shrinkage estimates via the MSE criteria. The lower bound (19) extends 
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that result in three important directions. First of all, a dramatically larger class of blocks 
and thresholds is considered, in particular thresholds are not necessarily constant and 
let us recall that the sequence b n can increase as slowly as desired (not necessarily as 
a logarithmic function). Second, a minimax approach does not explain what are the 
functions that are most difficult for the estimation. On the other hand, the lower bound 
(19) points upon the spike function which prevents all estimates from the considered class 
£2 to attain the optimal rate (14). Finally, the lower bound is nonasymptotic. 

In a similar way the interested reader can deduce a minimax lower bound from (17). 
Note that typically a lower minimax bound is the most technically involved part of a non- 
parametric regression analysis. The suggested methodology of obtaining a lower minimax 
bound is probably the simplest one known in the literature. 

3. The practical and pedagogic value of the minimax result (19) is as follows. In a 
minimax game between the nature and the statistician, the nature chooses a function 
and then the statistician observes corresponding empirical wavelet coefficients. A typical 
nature's strategy, implying a worst case scenario for the statistician, is to choose the 
function at random from a set of functions known to the statistician; see a discussion in 
[8,11]. The interesting feature of the game (19) is that, whenever the statistician uses a 
blockwise-shrinkage estimate from the class £2, the nature's choice is a fixed spike function 
known to the statistician. In other words, the nature plays with open cards. Such a game 
is known, for instance, in the parametric theory of uniformly minimum variance unbiased 
estimates, but it is new in the nonparametric literature. On the other hand, the nature's 
strategy resembles the methodology employed in traditional numerical studies of wavelet 
estimates where performance of estimates is studied for a finite set of estimated functions. 

4. Blockwise-shrinkage estimates are traditionally studied under the MISE criteria. 
Under this criteria, there is a huge pool of blocks-thresholds-shrinkages that imply sharp 
minimax convergence of the MISE. The interested reader can find a discussion in [3,7,8]. 
As we have seen, using the MSE criteria allows the statistician to dramatically shrink 
this pool of estimates but it still remains relatively large. It is an open problem to add 



330 EFROMOVICH 



an extra criteria (or criterion) that will lead to a single optimal estimate. A discussion of 
this problem can be found in [2] where an optimal Stein estimator for a class of constant 
thresholds and blocks with identical lengths depending only on the sample size is sug- 
gested. An interesting numerical study and a discussion of Bayesian ideas can be found 
in [5]. 

5. The interested reader can use software package of [8] to test performance of different 
wavelet estimates on a spike function. Several numerical examples and results of intensive 
Monte Carlo experiments can be found in [10]. 

6. It is an interesting and open problem to extend the obtained results upon more 
general regression settings (like the one with not uniform design considered in [4]) as well 
as upon other nonparametric problems (like the probability or spectral density estimation) 
traditionally considered in the wavelet literature. 

5 Proofs 

Proof of Theorem 1. Denote A := 6/(6 + vn' 1 ), Qj tTn = HkeB m {9 2 j,k ~ vn~ l ), and 



A ._ EfcgB j , m (^,fc vn ) T( >r- 22 ^ /-, _,_ X 2 \ T n -u 

Aj,m •- — J 2 n 2^ U j,k > U "+■ X j, m ) L j,m Vn ) 

l~,k€B jtm "j,k keBj 



J ],m 



Write 

E(f(x ) - h(x )) 2 = E(f(x ) - f*(x ) + f*(x ) - h{x«)) 2 

> E(f*(x ) - h{x Q )f + 2E(f(x ) - r(x ))(r(x ) - /i(x )). 
The first term can be evaluated using (10). Write, 

E(f(x )-r(x ))(r(x )-f 1 (x )) 

= vn- l A i:q E{(A hq - A^)[ £ ^, k ^i, k (x )] 2 } + (vn- 1 ) 1/2 eA i ^l r (x )E{(A ijq - A^)&, r } 
+6 2 {A hq - l)^j 2 r {x )E{A itq - A i>q ) + {vn- l ) l ' 2 {A is - l)6^ r {x )E{(A itq - A^&^fao)} 
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=: T 1 + T 2 + T 3 + T 4 . (20) 

Now we recall two familiar relationships (see, for instance, (34)-(35) in [10]) 



A iq -A iq \<2 ] -^ — ^LL. (21) 



hi 

and 

E{Qj, m - 0,, m ) 2 < c 2 LT>n- 1 (40 iiTn + 2vn- v ). (22) 

Here c 2 is a finite constant that depends only on maxj^ EC,f k ; moreover c 2 = 1 for Gaussian 
empirical errors {£,,&} and in this case we have equality in (22). 

Using these results to estimate 7\ we get (in what follows C's denote generic positive 
constants) 

T 1 = vn~ 1 A hq E{(k hq -A hq ) £ £>- fc (xo)} 



>-!«-%,, £ ^ fc (xo)^ 1/2 (A„-A i>(? ) 2 ^ 1/2 {L max g fc f} 



-(^n- 1 ) 2 ^,^) r C(9 + wr 1 ) 172 

> (0 + ^-1)2 I L 3/2 ( ^_ 1)1/2 

In the last inequality we used SfceBi V'lfcC^o) < ^fr^o) based on the definition of r and 
the supposed bounded support of the wavelet function ip. 

To evaluate T 2 , T3 and T4 we may use the following known lower bounds of [10]: 

i (vn~ 1 ) 2 9 2 ^ r (x ) t Q + vn-\ 



To > -C- 



(Q + vn~ r ) 2 Li yq vn 



-1 



(^n- 1 ) 2 6)V? r (xo) 1/2 (9 + vn-y/ 2 
3- u (Q + vn- 1 ) 2 [ l ' q (vn- 1 ) 1 / 2 J 

Xvn- l fe 2 ^l r {x Q ) (Q + vn- 1 ) 1 ' 2 ^ 



T d > -C- 



(Q + vn- 1 ) 2 L L i)g eV2 
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Combining the results and using (10) we get 

E(f(x ) - h{x )f > E(f*(x ) - h{x Q )f 
-i/2/(0 + vn- l fl 2 Q + vn- 1 (0 + vn- 1 ) 1 / 2 



cl; 



i,q v 



(vn-^y/ 2 L ]/ 2 vn -i (^0)i/ 2 

This verifies (12) for the case of EP estimate. Now we are considering the case of Stein 
and James-Stein estimates. The difference between these two estimates and EP estimate 
is in the using of a specific shrinkage factor 



A 



i,q ■- 



— I{Qi, q > fii, q VTl ) 



©i, 9 + vn~ 



in place of A i>q . As a result, to make the proof shorter by employing the previous proof, 
we need to modify (21)- (22) for the considered case. Write 



^i,q i,q 



vn 1 (<S>i, q - 0», 9 ) 



(Qi^ + vn-^iQ^ + vn- 1 ) 



— I(G i:q > Hi^vn x ) 







l.q 



®i,q + vn 



— I(®i,q < Ui :q vn x ) 



IXinVn 



©»,<? + vn 

:A 1 + A 2 . 



-I(<3>i,q > l^i,qVn X ) 



(23) 



The term A\ has been studied in the earlier proof for EP estimate; it gives us the 
special addend in (12) that corresponds to vsjs — 0. The term A 2 explains the other 
extra addends in (12). Let us denote by T[, T^, Tg and T' A the corresponding addends for 
Ti, . . . , T4 caused by A 2 and then evaluate them in turn. Write 

T[ := vn- 1 A i , q E{A 2 [ £ ^.fc^o)] 2 }- 

k£B l:q 

Note that T[ > for James-Stein estimate, hence we need to find a lower bound for T[ 
only for the case of Stein estimate, that is, for the case [ii A > 0. Then a straightforward 
calculation yields 



T[ > 



(tm- 1 ) 2 ^^) - (Q + vn - 1 ) 



(Q + vn- 1 ) 2 



L 



-1N1/2 



/,,</ 



L\' q 2 {vn-^YI 2 
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Similarly we obtain 



T' 2 > 



vn- 1 ) 2 e 2 iPl r (x )rC\^ q \(e + vn- 1 ) 



(Q + vn- 1 ) 2 



r 1 / 2 -l 



The third term is 



Hi, q vn 



T', := 6 2 (A hq - l)1% r ( Xo )E{-£* -/(©,, > ^ q vn- 1 )}. 

+ v n l 

It is nonnegative for Stein estimate because A^ q — 1 < 0. For James-Stein estimate we 

get 



rpl > 

J 3 — 



(vn- 1 ) 2 9 2 ^l r (x ) l \^ q \(e + vn- 1 ) ] ^ (vu^fe 2 ^,) f 6(0 + vn' 1 ) 

(0 + OT?,- 1 ) 2 



> 



(Q + vn- 1 ) 



-n2 



L^ura 1 



(1 +/ij,g)wn- 1 

In the last inequality we used the assumption Li A > 2 for James-Stein estimate 
The last term to consider is 

-i 



T':-- 



(vn- 1 ) 1 / 2 (A hq -l)e^ r (x )E{ 



Hi >q vn 



-7(6 ii9 > fii^vn 1 )^, r V'i 1 r(aJo)}- 



A simple analysis of this term reveals that it is positive for Stein estimate. Thus, only 
the case of James-Stein estimate should be considered. Write, 



T 



+ v n^ 1 



E{ 



+ vn~ 



-I(®i, q > Hi, q vn v )} 



m- 1 )^?^) r (^- 1 ) 1 / 2 (0 + vn- 1 )^ 



(Q + vn- 1 ) 2 
Consider the last expectation, 



E{ 



6 



0j. o + vn 



'i,q 



-I(9i, q > Vi, q vn x )} 



E{ 



©i.o + vn~ 



't,q 



+E{ 



-i(e i , q >» i>q vn 1 )} = Q-^ i 
(© - 0*,„)& 



-£{& j7 J(0 ii9 > ^ >g vn x )} 



,g/Si,r 



— I(Bi,q > j^i, q Vn 1 )}. 



(0 ii g + wn- 1 )(0 + wn- 1 ) 
Using this together with # 2 = L ig we get: 



Ti> 



(0 + wn- 1 ) 



-1^2 



L 1/2 0i/2 

t,q 
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(^n- 1 )V2(e + ra - 1 )|/i lig |c2 /2 Lr 1/2 ( ra - 1 ) 1 /2(4e + 2m' 1 ) 1 / 2 



> 






(O + vn- 1 )- 



L!{ 2 ev2 



',<; 



Recall that \x 



i,q 



-2/Lj j9 for James-Stein estimate and thus 



T[> 



(vn-ye^lrixo) rC(0 + 1;^ 1 ) 1 ^ 



(9 + ot?,- 1 ^ 



L? /2 ev2 



v/ 



Combining the results we get (in what follows vjs is the indicator of the James-Stein 
estimate) 



vn^ye^Kxo) 



x 



ci^l ^ri(i 



(0 + fn- 1 ) 2 

(0 + wn- 1 ) 1 / 2 e + vn~\ fJQ + vn- 1 ) 1 ' 2 6(0 + ot^ 1 ) 

L}?( W -i)i/ a ) + " T775 ~^ ) + r/Si _ 



r 1 / 2 -i 



L iig wn 1 



> 



(vn- 1 ) 2 e 2 jjl(xo ) [ C\^ q \(e + vn- 1 ) 
(Q + vri' 1 ) 2 



+ vjs[C 



i,q 

{Q + vn- 1 ) 1 ' 2 6(0 + VU- 1 ) 



Li, q vn x 



This together with (10) finishes the proof of (12). Theorem 1 is verified. 

Proof of Corollary 1. It is plain to check that the spike function f\ n {x) —: 6ip T)r (x), 

9 2 = b n \n(n)vn~ l satisfies the assumption of Proposition 1. Indeed, 9 2 < A 2 L r ^vrC x 
and 9 2 < fi 2 L TA vn~ x for EP and Stein estimates from the class S±, respectively. Then a 
direct calculation shows that 



ff n (x )/A = (l/A)b n ln(n)vn- L 2 T ^ 2 (2 T x - r) 



> (l/4)6 n ln(n)wn- 1 (l/2) 



r 2 



l/(2a+l) 



e/s) 



-2& n ln(n)i>7i -1 - 

= C^ {2a+1 \c*/8s)(l/2)(2b n \n(n)vn- 1 ) 2a ^ 2a+ ^ = C 1 (6 n ln(n)n- 1 ) 2 °/( 2a+1 ). 

This proves Corollary 1. 
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Proof of Corollary 2. It is easy to check that the considered spike function V2fi n (x) = 
6ip T)r (x), 6 2 := 2b n ln(n)vn~ 1 satisfies the assumption of Theorem 1. Then (10) and a di- 
rect calculation show that for the considered class £2 of estimates we can write 



-V\2o2 



vn- r ) 2 9 



E(r(x ) - s/2f ln (xo)) 2 > m ,j !_ -n 2 2^ 2 (2-x - r) 

{p z /L T ^ q + vn 1 ) z 



2b n \n(n)v n x 



a 



2 



l/(2a+l) 



> — '"*" w — (1/2) ^Ji ■■■■■- ■-'((,*/-) 

~ (1 + 2b n \n{n)/L Ttq y K ' ' hb n ln^un" 1 J K ' ' ' 

>Cj /(2a+1) (l/18)(26 n ln(n)t;n- 1 ) 2a/(2Q+1) (c7s) 

> Ci(8/18)2(6 n ln^n- 1 ) 2 "/* 2 ^ 1 '. 

Also a direct calculation shows that 

6 + v n~ l 2b n \n(n) 



vn l L Tjq 

and 



+ 1<3, 



Q + vn- 1 2b n \n(n)L; 1 + 1 1 1 



q - < 



L Tq Q 2b n ln(n) L TA 2b n ln(n) ~~ 2b n ln(ra) 

Another plain observation is that fj, T>q < b n ln(n)/L Tyq < 1 for the considered Stein esti- 
mates. Using these facts, we note that the factor F in square brackets of (12) can be 
evaluated from below as follows: 

/ &njn(w) w3^ 3 3 1 / 2 x 

" Cl V + L TA ^L T>q + 2b n \n(n) + (L T>q 2b n ln(n))^ ) 

dZ 1 ' 2 9 c 1 (18 + 2(6„ln(n))- 1 / 2 ) + 9 



L T) g(26„ln(n)) 1 /2 b n \n(n) b n \n(n 

Combining the results we prove Corollary 2. 



336 EFROMOVICH 



Acknowledgments 

The research was partially supported by NSF Grant DMS-0243606. 



WAVELET ESTIMATION 337 



REFERENCES 

1. L.D.Brown, M.G.Low and L.H.Zhao, Superefficiency in nonparametric function esti- 
mation, Ann. Statist. 25, 2607-2625 (1997). 

2. T.Cai, Adaptive wavelet estimation: a block thresholding and oracle inequality ap- 
proach, Ann. Statist. 27, 898-924 (1999). 

3. L.Cavalier and A.Tsybakov, Penalized blockwise Stein's method, monotone oracles and 
sharp adaptive estimation, Mathem. Methods Statist. 10, 247-282 (2001). 

4. E. Chicken, Block thresholding and wavelet estimation for nonequispaced samples, J. 
Statist. Plann. Inference 116, 113-129 (2003). 

5. D.DeCanditiis and B.Vidakovic, Wavelet Bayesian block shrinkage via mixture of 
normal-inverse gamma priors, J. Computat. Graph. Statist. 12, 812-825 (2004). 

6. D.L.Donoho and I.M.Johnstone, Adapting to unknown smoothness via wavelet shrink- 
age, J. Am. Statist. Assoc. 90, 1200-1224 (1995). 

7. S.Efromovich and M.Pinsker, A learning algorithm for nonparametric filtering, Autom. 
Remote Control 24, 1434-1440 (1984). 

8. S.Efromovich, Nonparametric Curve Estimation: Methods, Theory and Applications, 
Springer, New York, 1999. 

9. S. Efromovich, Analysis of blockwise shrinkage wavelet estimates via lower bounds for 
no-signal setting, Ann. Inst. Statist. Math. 56, 205-223 (2004). 

10. S.Efromovich, A study of blockwise wavelet estimates via lower bounds for a spike 
function, Scand. J. Statist. 32, 133-158 (2005). 

11. I.M.Johnstone, Function Estimation in Gaussian Noise. Sequence Models. Draft of 
Monograph, Stanford Univ., 1998. 

12. J.S.Marron, S.Adak, I.M.Johnstone, M.H.Neumann and P.Patil, Exact risk analysis 
of wavelet regression. J. Comput. Graph. Statist. 7,278-309(1998). 

13. A.Nemirovski, 2000. Topics in N on- Parametric Statistics, Lecture Notes in Mathe- 
matics, 1738, Springer, New York, 2000. 

14. B.Vidakovic, Statistical Modeling by Wavelets, Springer, New York, 1999. 



338 EFROMOVICH 



15. L.Wasserman, All of Nonparametric Statistics, Springer, New York, 2005. 



JOURNAL OF APPLIED FUNCTIONAL 

ANAL YSIS,VOL.2,NO.4,339-360, COPYRIGHT 

2007 EUDOXUS PRESS, LLC 



Construction of Biorthogonal B-spline Type 

Wavelet Sequences with Certain 

Regularities 

Tian-Xiao He* 

Department of Mathematics and Computer Science 
Illinois Wesleyan University, Bloomington, IL 61702-2900, USA 

the@sun.iwu.edu 



Abstract 

In this paper we study a refinement equation of the form (j)(x) = 
^2nez h n (f>(2x — n), where {h n } is a finitely supported sequence. 
Let the symbol of the sequnce m(z) := \ ^ n h n z n take the form 
m(z) = { l -±^) N z k ' J2 k J=0 a jZ i where ^ a, = 1 and £^(-1)%, + 

0. Under the assumption \J2o<oddj<k\ a J I ) +[T,o<evenj<k \ a j\) 
< 2 we show that the corresponding <fi is in L2. Then the 

B-spline type wavelet sequences that possess the largest possible 
regularities and required vanishing moments are characterized. 

AMS Subject Classification: 39A70, 41A80, 65B10. 
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series, generating function, Euler's series transform. 



1 Introduction 

We start by setting some notations. We define a low-pass filter as 

*The author would like to thank the Illinois Wesleyan University for a sabbatical 
leave during which the research in this paper was carried out. 
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m 



(fl = 2" 1 £ ce"**. {1A) 



Here, we assume that only finitely many c n are nonzero. However, some 
of our results can be extended to infinite sequences that have sufficient 
decay for \n\ — ► oo. Next, we define by 

0(0 =nf = 1 m (2- J '0- (1-2) 

This infinite product converges only if m (0) = 1; i.e., if Y2 n c n = 2- In 
this case, the infinite products in (2) converge uniformly and absolutely 
on compact sets, so that is a well-defined C°° function. Obviously, 
0(0 = m o (£/2)0(£/2), or, equivalently, <f>(t) = J2 n c n (p(2t — n) at least 
in the sense of distributions. From Lemma 3.1 in [2], has compact 
support. 

We now consider the simplest possible masks ?7io(0 with the follow- 
ing form. 

Definition 1.1 Denote by $ the set of all B-spline type scaling func- 
tions 0(t) that have Fourier transform 0(0 = mo(£/2)0(£/2). Here the 
filter 

m (0=2- 1 ^c n e-^ 

n 

is in the set M that contains all filters with the form 

<®=(^—) F (0, (1-3) 

where 

k 

F(0 = e-^J>e-^. (1.4) 

3=0 

Here, all coefficients of F(£) are real, F(0) — 1; N and k are positive 
integers; and fc'sZ. Hence, the corresponding can be written as 

/l + e -it/2\ N 
<P(0= —, F(£/2)0(£/2). (1.5) 
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Clearly, is a B-spline of order N if F(£) = 1. Thus, we call 

as defined by Def. 1.1 a B-spline type scaling function. The vanishing 

moments of are completely controlled by the exponents of its "spline 

( -n\ N 
factor," f 1+e 2 ' J . In addition, the regularity of is justified by the 

factors F(£), and is independent of its vanishing moment. 

Let both and be B-spline type scaling functions defined by Def. 
1.1. Then 

0(C) = m o (£/2)0(£/2), 0(0 = m o (£/2)0(£/2), 
or, equivalent ly, 

0(0 = J2 c «<K 2t - n ) > kt) = J2 ~ c ^ 2t - n ) ' 

n n 

at least in the sense of distributions. Here, both m (£) G M and fho(C) £ 
M satisfy Eqs. (1.3) and (1.4). Thus, 



14- ~ i €\ N 

»'o(0 = "',,(0 = (^^J *X0 (1-6) 

™o(0 = <(0= ^r— J *X0> (i-7) 



where 



fe fc 



^(0 = e"*'* £ a,e"^ F(£) = e~** £ a.e" 



*?€ 



3=0 3=0 



From Lemma 3.1 in [2], and have compact support. 
We also define the corresponding -0 and i/j by 



^(0 = e*/ 2 mo(e/2 + 7f)0(e/2), <K0 = e^ 2 m (£/2 + 7r)0(£/2), 

(li 
or, equivalent ly, 



ix — n). 



■>!>(?) = ^(-l) n " 1 5-n-i0(2x-n). ^(x) = ^(-l)"- 1 c_„_ 1 0(2 3 

n n 

(1.9) 



342 



Tian-Xiao He 

Since vanishing moment conditions J x e ifj(x)dx = 0, £ = 0, 1, • • • ,L, 
are equivalent to -^jip\^=Q — 0, £ — 0, 1, • • • , L, we immediately know 

that the maximum number of vanishing moments for ip and ^ are N —1 
and iV — 1, respectively. Therefore, the vanishing moments of and 
are completely determined by the exponent of their "spline factors" 

( l+e 2 ) and ( 1+e 2 ) . In addition, as we pointed out before, the 

regularities of and will be justified by factors F(£) and F(£) and 
are independent of their vanishing moments. 

Ingrid Daubechies, in her book "Ten Lectures on Wavelets," wrote: 
"What is more important, vanishing moments or regularity? The an- 
swer depends on the application, and is not always clear." She also 
pointed out that achieving higher regularity by increasing vanishing mo- 
ments is not efficient, because 80% of the zero moments are wasted. In 
[Hel998], we gave a method for constructing biorthogonal wavelets with 
the largest possible regularities and required vanishing moments based 
on the established condition. In the next section, we give a condition for 
the coefficients Oj (j — 0, 1, • • • , k) of F(£) such that the corresponding 
is in L 2 (M). By using the condition we improve the results in [6]. In 
Section 3, we will give a method for constructing a sequence of B-spline 
type scaling and wavelets from either an orthogonal sacaling function 
or a pair of biorthogonal scalings by using their convolutions with cer- 
tain B-splines. In particular, if both the method and the lifting scheme 
of Sweldens (see [11]) are applied, then all of the pairs of biorthogo- 
nal spline type scaling functions shown in references [2] and [4] can be 
constructed from the Haar scaling function. 



2 Construction of biorthogonal B-spline type 
wavelets 

Denote 



E h - E <* 


Em E »> 


k;even j 0<even j<k 


k,odd j 0<odd j<k 



We now establish the following main results of this section. 
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Theorem 2.1 Let G $ be defined as in Definition 1.1; i.e., 

where toj^(£) G M is defined by (1.3) and (1.4): 



n,. ,'1 + e-* 



an 



N 

mZ(t) = [^— ) no 

d F(0 = e~ ik 't Ei=o dje~ iK , N,keZ + and k' G Z, w/iere F(0) = 1. 
If F(k) t^—1 and £/ie coefficients of F(£) satisfy 

a[k]=( E hi) +(E l«il) <22JV_1 ' ( 21 ) 

\k;even j / \k\odd j / 

then (j) is in L 2 (R). 

Remark 2.1 Consider the example shown in [2] (see PP. 542-544 in 
[2]), we find that the function = H^^q (2~i £) with the mask 

is not in L2(R). 

It is easy to check that mj(() satisfies 

£ N) +(E n) =5 = 2— + 3, 

\k\even j / \k\odd j / 

where N — 1. This example shows that a necessary condition for G $ 
being square integrable is 

\k;even j / \k;odd j / 

where $ is the set defined in Definition 1.1. 

Condition (2.1) can be replaced by stronger conditions, 



EKi<2"-§. 



3=0 



due to the obvious inequality a 2 + b 2 < (a + b) 2 for all a, 6 > 0. 
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Proof. It is sufficient to prove the boundedness of the following integral 



i*i>>r 

£=1 - / 2*- 1 7T<|e|<2 £ 7T 



1 + e" 



-i2~'£ 



N 



J^J2 t - 1 TT<\t\<2 e TT 



1 - e - * 



1 



2.V 



n-|F(2-^)r^ 



F(2~ j 



d£ 



«* W N 



Iif =1 \F(2-^)Vdi 



~p[ J2 l - 1 ir<\Z\<2 l i 

oo 



€=1 

< cE 4 



, 22OT A<-.,<ia<2«, ' 



£iV 



€=1 



n' |F(2-'fl|'d£. 



(2.2) 



2<- 1 7r<|C|<2^7r 



We now prove the boundedness of the last integral in inequality (2.2). 
Denote 



Tjd) 



f 



Fl- 2 ^ 



/(|+»). 



Hence, for any 27r-periodic continuous function /, we have 



/ 



f(2-'z)n'\F(2-iz)rdS 



2 e - 1 n<\£\<2 e TT 

T"f{i)di < Vto\\T<f\\ L 2 < VtoWfWvWT* 



Let p{T) be the spectral radius of the opertor T. Since F(0) = 1 and 
F(ir) 7^ — 1, it can be shown that p(T) > (see also [1]). For every 
e > 0, there is an integer £(e) such that 



\T e \\ < (p(T) + e) 



>t{e). 
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It follows from (2.2) that 

. t(e) oo 

/ \m\ 2 ^<Cj2^ m \\T e \\+C J2 4~ m (P(T) + ef ; 

so p(T) must be estimated if we are to choose an e > small enough 
for the series to converge. Regardless of how small an e > is chosen, 
the contribution 

/(e) £(e) 

cj2^ m \\T e \\<cj2^~ m \\ T \\ e 

e=i e=i 

is finite, although possibly large. 

To evaluate p{T), we consider the conjugate operator, T*, of T. It 
is easy to find that 

T*/(0 = 2|F(0| 2 /(20- 
In fact, for any 27r-periodic continuous functions / and g, 

(Tf,g) 

S 1 12/ (S \ -/mj/- i / I 77i / S \ 1 2 £ I S 



\F ( | ) 1 2 f I | 1 ^(Ode + / |F I | + vr I | V I | + tt ) mdt 



— 7T 



2 1 / V(0i 2 /(05(20^+ [ 3 ' 2 \F(o\ 2 f(omn 

J-Tv/2 Jn/2 

= 2 r \F(o\ 2 f(omn 

J—k/2 

= 2 [* \F(Z)\ 2 f(Z)g(2Z)dt=(f,T'g). 

J —n 

If we consider the Fourier expression 

k 

e=-k 

then the matrix of T* restricted to E^ = {J2 e= _ k Qe*^, (c-k, • • • ,Ck) € 
C 2k+1 } is given by 
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2H = 2 (bj-2 



3 ^ t HJ=—k,--- ,k 



It is clear that bt can be written as 



k-\t\ 

bt = 2_^ a k-\t\-jO,k-j, t 
3=0 



~ K j ' ' ' j K . 



(2.3) 



Hence, b t = 6_ t , for all t = —k, ■ ■ ■ , k. It is also obvious that b^ is 
an eigenvalue of H with multiplicity 2. To estimate bounds of the 
eigenvalues of H, we consider the maximum column sum matrix norm 
II • ||i of H = Hk for k = 2m and 2m + 1: 






\H 2 m\\i = max > \bj-2i \— max 



m— 1 



-k<j<k 



/ , rj- 

i=— k 



^ M, Y. I 6 2ml!>, (2.4) 



t=—m t=—m 



where 



J2 \ht\ = 2j2\b2t\+b 



t=—m 



t=\ 



m 

t=\ 


2m-2t 

/ 0'2m-2t-jO'2m-j 
3=0 


+ 6 


t=\ 


>m-2t 

i=o 


+ &0 



(2.5) 



In (2.5) we substitute £ = 2m — j and obtain 
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m m 2m 2m 

,2 



^ l&2t[ < 2 ^^ \ae- 2t ae\ + Y' 

t=l t=2t t=0 

m m 

2 2_^ 2s I a 2w-2ta2«| + 2 2_^ 2_^t l a 2M-2i+l a 2M+l| 



t=~m t=l t=2t t=0 

mm m m—\ 



t=\ u=t t=l u=t 

m m—1 

+ Yl °2* + Y °2<+l 
t=0 j=0 

mm mm 

— 2_^t Z_^ l a 2«-2t a 2u| + 2_^ Z-^t l a 2«-2t a 2«| 
t=0 u=t t=l u=t 

m—1 m—1 m—1 m—1 

+ 2_^ Z_^ l a 2M-2i+l a 2M+l| + 2_^ /_^ l a 2M-2i+l a 2M+l| 
i=0 u=t t=l u=t 

m u m u 

— 2_^t Z_^ l a 2«-2t a 2u| + 2_^ Z-^t l a 2u-2*02n| 
m=0 t=0 m=1 t=\ 

m—1 u m—1 u 

+ 2_^ Z_^ l a 2M-2i+l a 2M+l| + 2_^ /_^ l a 2M-2t+l a 2M+l| • (2.6) 
m=0 t=0 m=1 t=l 



In the rightmost equality of (2.6), substituting u — t = j yields 



m m u m m—1 

t=—m u=0 j=0 u=l j=0 

m—1 m m—1 m—1 

+ 2^ 2^ |02j+l||02u+l| + 2_^ Y, l a 2j+l||a2M+l|- 

M=0 j = M = l j = 



Then, we switch the two sums of the second summation and the fourth 
summation on the right-hand side of the above equality and combine 
the new second summation with the first summation and the new fourth 
summation with the third summation. Thus, we obtain 
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m m u m—1 m 

Y M < EEm^i + E Y WK'I 

t=—m u=0 j=0 j=0 u=j+l 

m—1 u m—2 m—1 

+ EEl a2u+1 ll a2 -?' +1 l + E Y I a 2«+i||a2j+i| 

U=0 j=0 jr'=0 U=j+1 

m u m—1 m 

= 2_^ z_^ I ° 2u 1 1 a 2j I + 2-^i Z-^ I a2u 1 1 a2j I 

ti=0 j=0 u=0 j=u+l 

m—1 u m—2 m—1 

+ EEl a2u + 1 H a2 J+ 1 l + E Y I a 2«+i||a2j+i| 

u=0 j=0 u=0 j=u+l 

m m m—1 m—1 

= YY\ a2u W a2 i\ + EE l a 2«+i||a 2 j+i| 

M=0 j=0 U=0 jr'=0 

n \ 2 /rn-1 \ 2 

Ew + (£k+i|) • (2 - 7) 

Similarly, we have 

m—1 / m \ /m—1 \ 

J] ikt+ii < E ki + E i a ^+ii • ( 2 - 8 ) 

t=-m \i=0 / \j=0 / 

From (2.4), (2.7) and (2.8) we find the spectral radius of H 2m as 

(m \ 2 /m—1 x 2 

Ei a 2ji ) + ( E i a 2i+ii 
j=0 / \j=0 

By using the same argument, we find that 

(m \ 2 An-1 x ' 

Ei^i ) + E i 02 ^ 1 ' 
j=o / \i=0 

It follows that 



n \ z /m—1 

p(T) = p(T*) = 2p(H) < 2 ( E Kl + 2 E l° 2 ^- 
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If (2.1) holds, i.e., 



f m— 1 N " 



E^'l + E^ 1 ' ) < 2 
d=0 J \j=0 

then p(T) < 2 2N . So we choose 



2N-1 
■ 



e = \ (2 2N - P(T)) . 



Therefore 

p(T) + e < 2 2iV , 

and we obtain the estimation 



The tail of the series is a convergent geometric series, thus completing 
the proof of the theorem. 

By using Theorem 2.1 and noting Remark 2.1, we immediately have 
the following improvement of Theorem 2 in [6] . 

Theorem 2.2 Let <p = n°° =1 m£ {2~ j £) and <j> = Tif =l rh% (2 - ^) be two 

B-spline type scaling functions defined by 1.1, and let m^ (£) andm^^) 
be in the form of (1.6) and (1.7), respectively. If 



<[*] - ( E n) + ( E 

\fc;ei>era j / \k;odd • 



\dj\ i < 2 



2JV-1 



, j / \k;odd j 

2 / \ 2 



fi[jfe] = J^ \aj\ + E l 5 J'l <2 2Ar ~\ anrf 
W ^i=M Z^=o 2^~=o {j-i-k'j \j+2n-e-k')°'e a £ = * "™o, 
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where \i = min{k', k'}; v = max{N + k + k',N + k + k'}; S n o is the 
Kronecker symbol; and n = 0, ±1, ±2, • • • . Then we have (j), (f) e L 2 (R) 
and (4>(t) , <p(t — i)) = <5^ f or a ^ i S Z. The corresponding ip and ijj 
define biorthogonal wavelets (biorthogonal Riesz bases) and are in C a 
and C a , respectively. Here a and a are more than 

1 



N - - log 2 (2a[k\) andN - - log 2 2a[k] 



respectively. 



Proof. By using Theorem 2.1 and arguments similar to that in the proofs 
of Lemmas 4, 5, and 7 in [6], we can complete the proof of the theorem. 

The algorithm shown in [6] for constructing biorthogonal scaling 
functions and with the largest possible regularity and the required 
vanishing moments can be improved by the following optimization prob- 
lem of finding suitable F(£) and F(£), or, equivalently, suitable coeffi- 
cient sets, a = {ao, • • • , afc} and a = {ao, • • • , dk}, of F(£) and F(£), 
respectively, such that a[k] and a[k] are the minimum under conditions 
(i) and (ii) of Theorem 2.2. For wavelet analysis of spline approximation, 
we usually assume F(£) = 1; i.e., the corresponding <fi is the B-spline 
of order N . Consequently, the optimization problem can be written as 
follows. 



mm 



a[k] 



E 

\k\even j 



+ E 



yk;odd j 



(2.9) 



subject to 



Y^(-l)'a j + l) >0, 

~a[k] < 2 2 *-\ 

k max{N,N+k+k'} 

E E 

j=k' 



e=o 



N 



3 



N 
k'J \j + 2n 






(If 



(2.10) 
(2.11) 



(2.12) 



where object (2.9) will give the largest possible regularity, condition 
(2.10) is from the definition of F, and conditions (2.11) and (2.12) come 
from conditions (T) and (ii) of Theorem 2.2. 
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As examples, we consider mo(£) = ( 1+e 2 ) ; i.e., is the B-spline of 

order 1. If we choose TV = 1 and k — k' — 0, then the solution of problem 
(2.9)-(2.12) is a = 1 and we arrive at the Haar function. If we choose 
N — 2, k — 1, and k' = 0, then the solutions are So — 3/2 and d\ = 

— 1/2. Hence, the corresponding is defined by 0(£) = H^m^ - -^), 

where m^) = ( 1+ 2 J ( 3 ~^ J . The regularities of and are more 
than 0.5 and 2 — log 2 (5)/2 = 0.839036, respectively. 

If we choose N = 2,N = 2,k = 2, and k = — 1, then the solutions of 
the optimization problem are fio = —1/2, 5,2 = 2, and 03 = —1/2. Hence, 

the corresponding is the B-spline of order 2, and is defined by 0(£) = 

Uf =1 ml{2-i(), where m§(£) = e* ( i± f !i ) (~| + 2e"^ - ^e- 2i «). The 

regularities of and are more than 1.5 and 2 — log 2 (5)/2 = 0.339036, 
respectively. 

3 Construction of sequences of biorthogo- 
nal B-spline type scaling functions 

In this section, we will give a a method for constructing a sequence of 
B-spline type scaling functions and wavelets from either an orthogonal 
sacaling function or a pair of biorthogonal scaling functions by using 
their convolutions with certain B-splines. 

Denote B n (t) the B-spline of degree n — 1 having nodes at 0, 1, • • • , n; 
i.e., B n (t) = Q n (t) = M(t; 0, 1, • • • ,n), which is defined by (1.1) on page 
11 of Schoenberg [12]. The Fourier transform of B n (t) is 



l* -^(-^)--(^)\ (3,, 

Another type of B-spline functions we need are denoted by C n (t) (n = 
1, 2, • • • ) that are defined as 

C n (t) = M(t; -n," • ,-1,0), (3.2) 

where function M is given in (1.1) of [12]. Therefore, the Fourier trans- 
form of C n (t) is 
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0,(0 = e"*" [~ij^ ) ■ ( 3 - 3 ) 

Comparing the above expression with Eq. (3.1) yields 

K(0 = S(0- (3-4) 

Eq. (3.4) can also be derived from the symmetry of B-splines. The 
symmetry C n (t) = B n (—t) leads to the Fourier transform of C n (£)(£) = 

In this section, we denote by <f)(t) an orthogonal scaling function that 
satisfies the dilation equation (or refinement equation) 

<j>(t) = ^c k <!>(2t-k), (3.5) 

k 

where the constant coefficients Ck satisfy the following four properties. 
(i) c fc = 0forA;£{0,l,... ,2p-l}; 
(ii) Efe c fc = 2; 
(iii) ^Z k (-l) k k m c k = for < m < p - 1; 

( iv ) Efc c kCk-2m = 2<5 0m for l-p<m <p- 1. 

If and are biorthogonal scaling functions with refinement expres- 
sions 

0(£) = ^c n 0(2£-n), 0(t) = ^c n 0(2t-n), (3.6) 

n n 

then the coefficients c k and Ck satisfy 
(i)' c k = c~ k = for k i {0, 1, • • • , 2p - 1} and fc £ {0, 1, • • • , 2p - 1}; 

(ii)' Efe c fc = Efe c fc = 2; 

(iii)' Efc(- 1 ) fc * ;m c* = Efcl- 1 )^™^ = for < m < p - 1 and 
< m < p — 1; 

( iv )' Efe c fc c fc -2m = 2<5 0m for 1 -p < m < p - 1. 
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Let <j>(t) = Efc=~o 1 c fc 0(2t - k) and <j>{t) G L 2 (R). We define n : = 
4>*B n . Clearly 0„ is in L 2 (IR). We also have the following results on <f> n . 

Theorem 3.1 Let <f>(t) = Efe=^ c k <f>(2t - k), and let <f>(t) G L 2 (R) 
satisfy (i)-(iv). Then <p n := <fi * B n satisfies the dilation equation 

2p+n-l 

4= E h^ n (2t-k), (3.7) 

fc=0 

where 



n 
» 



*r = ^£( ■ W ( 3 - 8 ) 

i=o v J 7 
In addition, h^ as shown in (3.8) possesses the following properties. 

(i)» hf ] = for k £ {0, 1, • • • , 2p + n - 1}; 

(n)"E k hP = 2; 

(Hi)" Efc(-!)^ m 4 n) =0/orO<m<p + n-l. 

Proof. Denote the mask of by m^(^). Then from (3.1), the mask of 

m n (O = f — y~\ m M)- 

Consequently, 



n / \ t 2p-l 

-ifc£ 



'»*„«> = ^E(;)«-*5? 



c fe e 

j=0 v " y " fe=0 

2p+n-l / fc 



- E ^E, 

/c=o \ j=o - 



Ck-j I e 



-ifc£ 



Noting (^ )=0 for ,>„, we have Eq, (3.7) and (3.8). 

From items (i) and (3.8), we immediately obtain (i)". Item (ii)" also 
holds because 
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2p+n— 1 2p+n— 1 n 



77 



E 4 n) = E 4Ei i r '- 



2"^\ J 

fc=0 fc=0 j=o ■ 



■3 



n , x zp+n-j-l n , x zp-l 

= E^u) E c ^ = E^(^)E^ = 2 

j=o v 7 fc'=-j i=o \ J / fc / =0 

Finally, we prove item (iii)". For m — 0, 1, • • • , p + n — 1, 



E (- 1 ) fc * m ^ 

fc=0 

2p+n~l n , v 

i £ E(-l)'* m ( " ) *-, 

/c=o j=o \ J / 

1 « / \ 2p+n-j-l 

^E ■ E (-!)*■'■(* +#% 

i=o v J 7 k=-j 

-. n , n 2p— 1 m / x 

sD-iy ! " )E(-d**E (7 )*' 

i=o \ J / fc=0 i=0 \ / 

FE(T)fe(-«'(")r-')(E(-i)W 



2 

Hence, for < % < p — 1, the sum in the second parenthesis in the last 
line of the above equation is equal to zero (see item (iii)). For p < i < m, 
we have < m — i < m — p < p + n — 1— p = n — 1. Therefore, from 
the identity 



E(-i) j '( ") f = (-ir^n 



(£ = 0, 1, • • • , n), the sum in the first parenthesis in the last line of the 
above equation becomes zero. It follows that the right-hand side of the 
last equation is equal to zero. This completes the proof of theorem. 

From Theorem 3.1, we know that c/> n is a scaling function with the 
approximation degree p + n—1. However, it does not satisfy orthogonal 
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condition (iv). Thus, we need to define a biorthogonal scaling function, 
(j) n , with respect to (j> n by 

C n *0 n )(£)=0(£). (3.9) 

Taking Fourier transforms on both sides of Eq. (3.9) while noting Eq. 
(3.3) leads to 

^ll^yy-fc). (3 ,o) 

Theorem 3.2 The function <p n is well defined by Eq. (3.9), and it 
satisfies the following dilation equation. 

Tn(0 = m~ K (i ) Tn (| ) , (3.H) 

where 



and m^ is the mask of <f>. 

In addition, let <p n be defined as in Theorem 3.1. Then {<f) n (t — 
k)}kez an d {4>n(t — k)}k£i are biorthogonal sets; i.e., (p n and (f> n satisfy 
(0 n (£),0 n (£-£;)) =5 0k - 

Proof. To derive dilation equation (3.11), we start from Eq. (3.10) and 
apply Eqs. (3.4) and (3.9) to give 



MZ/2) Cn(0 ^/l) B n (t) m ' V2 



1 + ey m \2 

Hence, Eq. (3.11) is established and n is well defined by (3.9). 

To prove the biorthogonality of {4> n (t — k)}k& and {<fi n (t — k)}kez, 
we use the General Parseval's Relation, substituting expressions shown 
as in (3.1) and (3.10), and noting relation (3.4), we have 
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{(t> n {t)An{t-k)) 



1 

2tt' 



2vr c n (0 



n{i)An{i)e- iH ) 
1 



2tt 



^(0(0,0(0) 



= (<j>(t),<j>(t-k)) = 8 6k , 
where the last step is due to the orthonormality of {(pit — k)}kez- 

Similar to Theorem 3.1, we derive the following properties of the 
dilation coefficients of <f) n . 

Theorem 3.3 Let 0(t) = Y^=q c k<f>(2t - k). Then n; n < 2p - 1, 
defined as in (3.9) satisfies the dilation equation 



2p-l 
4>n=Y, li k ) 4>n{2t-k), 
k=n 

where dilation coefficients, {h k }k, satisfy 



(3.12) 



<'k 



n 

-Y 

j=0 



h (n) 
n k+j 



for k — n, n + 1, • • • , 2p — 1. 



;w 



More properties on h k (n < k < 2p — 1), the dilation coefficients 
of (f) n , and computation of the coefficients will be discussed in a later 
paper. In the following we shall determine the classes the functions <p n 
(1 < n < 2p — 1) may be in which. 



Although e L 2 (R) leads to 



B n *(beL< 



, it cannot guaran- 



tee that <p n is also in L 2 (IR). However, if <p n is the distribution solution 
to the dilation equation (3.12), then n (O) = 1, and from [14], <p n G H~ s 



for s > log 2 J2h 



(n) 



— 1/2. The proof follows from the fact that 



m 



<c(i+iei) 



M 



where M = log 2 J2 k 



(n) 



Therefore, scaling function 
H- s . 



1, and hence <p n G H s for s > M + 1/2. 
j> n generates a multiresolution analysis of 
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Using Theorem 2.1, we now give a condition for the orthogonal scal- 
ing function, <fi e $, defined in Definition 1.1 such that its corresponding 
n is in L 2 (R). 

Theorem 3.4 Let <fi be defined as 

oc 

a = n<(2- j £), 

where m^(£) = f^f^) F(0 u»& F(£) = e" ifc '« £j =0 a j e ~ ij( ls de- 
fined by (1.3) and (1-4)- If F(ir) 7^ — 1 and the coefficients of F(£) 
satisfy 

'z m) + (e n) < 22JV_1 > ( 3 - 13 ) 

\k;even j / \k\odd j / 

then (j) is in L 2 (M), w/ii/e 60^/i and <p n (n < N) are in L 2 (IR) when 

E l%l) +(E Kl) <2 2 ^-)- 1 . (3.14) 

\fc;ei>en j / \k\odd j J 

We now extend the results for the orthogonal scaling functions to 
the the biorthogonal scaling functions. 

Theorem 3.5 Let f(t) = J2l=o c k f(2t- k) and g(t) = EJJ" 1 d k g{2t- 

k) be biorthogonal scaling functions (i.e., (f(t),g(t — £)) = 5 i) with 
approximation degrees p and p, respectively. Then functions f n and g n 
defined by 

f n (t) = (B n *f)(t), and(C n *g n )(t)=g(t), (3.15) 

where B n and C n are B-splines, are also biorthogonal scaling functions 
with approximation degrees p + n — 1 and p — n — 1, respectively. 

In addition, if f E L 2 (IR), then f n is also in L 2 (IR). // the Fourier 
transform of g can be written as 

oc 

?(o=n<( 2 ~^)> 
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1±! f i ) F(£) with F(£) = e- ik '^J2 k j= o a J e ~ iJ( is de- 
fined by (1.3) and (1-4), with F(ir) ^ — 1 and the coefficients of F(£) 
satisfy 



£ w + Eh <2^-»»-, 

\k;even j / \k;odd j / 

then both g and g n are also in L 2 (IR). 

Example 3.1. Considering the examples given in [2] and [4] (or see 
the examples shown at the end of Section 2), let n4> and N j^4> be a pair 
of biorthogonal scaling functions with masks nit^o and N j^rho, respec- 
tively. It is easy to check that N<P n (t) =N+n 4>{t — k) and N ^(j> (t) 
= N+n N-n fitt ~ Q ( n < N) for some integers k and £, where f n and g n 

are defined by Eqs. in (3.15). Denote the masks of N<f> n (t) and N ^4> if) 
by mjv+n and rh N+n ft_ n , which can be found using Theorems 3.1 and 
3.3. We have therefore given an easy way to derive sequences of pairs 
of biorthogonal spline type scaling functions shown in [2] and [4] (and 
in Section 2). For instance, the masks of i<p and i : 30 are respectively 



i™o(0 



e -X 



and 



i,smo(0 = ~Q- + ^) 3 (l - 4e~* + e" 2 *). 
Id 

Then the masks of \<f) n and i,30„ for n = 1, 2 are respectively 



M (l + e-^) 2 (f . (1 + e^) 3 

m 2 , 2 (0 = -^(1 + e^) 2 (l - 4e"* + e" 2 *), 

o 

m 3 ,i(0 = -J(l + e"*)(l - 4e"^ + e" 2 *), 

which are respectively 2^0, 3^0, 2,2^0, and 3,1^0 (a different factor 
gjfeg ^ g ^ merely shifts the function support) shown in papers [3] 
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and [4]. In addition, by using Sweldens's lifting scheme (see [11]), we 
can construct masks N n +2 ™o from N j^rriQ. Therefore, starting from the 
mask of the Haar scaling function, imo =1,1 fho, we can obtain all n m 
(n = 2, 3, • • • ) using Theorem 3.1 and all B| po using both the lifting 
scheme and the method supplied by Theorem 3.3. Specifically, from 
i,imo we have all masks l^n+ifflo (n — 1, 2, • • • ) by applying the lifting 
scheme, and all e,2n+2-t™o for £ = 2, 3, • • • , 2n + 1 can be found by using 
the formulas in Theorem 3.3. 
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Abstract 

This paper involves an extension of some ideas in papers of K. Grochenig 
and his collaborators where frame-based algorithms are developed for 
the reconstruction of bandlimited signals on the line from nonuniformly 
spaced samples. We first develop a version of this algorithm which applies 
to certain important finite-dimensional subspaces of the Paley- Wiener 
space PWq. Then it is shown how to extend these techniques to the 
approximate reconstruction of bandlimited, approximately timelimited 
signals from finitely many nonuniform samples. An estimate of the al- 
gorithm's complexity is also given. 
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1 Introduction 

The classical space in which to study all aspects of sampling is the space V of 
finite energy signals "bandlimitcd" to [—51/2,51/2]: 

V = {/ G L 2 (R) : /(0 = for |£| > Jl/2}. 

Here the Fourier transform / of / G L 1 (]R) is given by /(£) = J^° f{t)e~ 2mt ^ dt 
and if /e L 1 (E),thcn/ may be recovered by /(i) = (/) v (t) = /^ /(£)e 27 ™* 4 d£. 
Because of its role in the celebrated Palcy- Wiener theorem, V is often called 
the Paley- Wiener space and denoted PWq. The Classical Sampling Theorem 
states that if / G PWn , then / admits the expansion 

OO , s. 

/W= E /(^)smc(ta-n) (1) 

... sin7ri . 

where sine it) = is the cardinal sine function. 

v ; -Kt 

The Paley- Wiener spaces provide a good model for many phenomena. On 
the one hand, many natural and synthetic signal generators can only output 
slowly varying signals. On the other, many natural and synthetic processors 
can only process bandlimitcd signals. For example, the human ear cannot pro- 
cess/amplify signals beyond, say, 20 kHz. The Classical Sampling Theorem is 
fundamental in digital signal processing since it provides a means of converting 
an analog signal / to a digital signal {/(||)} in a lossless way, and a means of 
reconstructing / continuously and uniquely within PWn via (1). 

The slow decay of the cardinal sine causes numerous problems in the appli- 
cation of (1). It is preferable in many respects to sample at a rate faster than 
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ft samples per unit time (the Nyquist rate) if the cardinal sine function can be 
replaced in (1) by a function with more rapid decay. This can be done as follows 
([2], [4], [15]). 

Theorem 1. Let ip G L 2 (R) have Fourier transform ip satisfying 

i if |£| < ft/2 

vUJH (2) 

if |£| > Aft/2 

for some A > 1. Then each f G PWq admits the expansion 

Proof. Since / is supported on [— Aft/2, Aft/2], we have by the Fourier inversion 
theorem and the fact that {(Aft)~ 1 / 2 e 27 ™ fc £ / '( AS1 )}^_ 00 is an orthonormal basis 
for L 2 ([- Aft/2, Aft/2]), 

-An/2 



to) - E ^( / /(^^AlV 



27rzfe77/(ASl) Wr) ] p -27rifc£/(A£l) 

Aft 



fc=-oo'- ---^/ 2 



-27rifc£/(Afi) 



AfT V Aft 

fc= — CO ' 

for |C| < Aft. Hence, since $(£) = 1 for |£| < ft/2, 



AfT VAft, 

k— — oo 

and the result follows by taking the inverse Fourier transform of both sides of 
this last equation. □ 

It is a simple matter to construct functions satisfying (2). As an example, 
let -Bjv be the iV-th order i?-spline centered at 0, i.e., if \ = Xf-1/2,1/2] then 
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Bn = X * X * ' ' ' * X i s the TV-fold convolution product of \ with itself and 
Sjv(0 = sinc^). Further, B N is supported on [-N/2,N/2] and V;v(0 = 
— — B N ( — — - ) is supported on [— fi/4,fi/4]. Finally, 

V a At) = -smc(— jsmc-^j (4) 

has Fourier transform tp^ = X[-3f2/4,3f2/4] * V"jv satisfying (2). Notice that 
I ¥>"(<) I < (2iV/fi) Ar (7r|t|)- Ar - 1 . By choosing TV large, the asymptotic decay of 
(fix may be made arbitrarily fast in contrast with the 0{t~ l ) behavior of the 
cardinal sine as t — > oo. However, for the algorithms we present in this paper, 
the improved rate of decay of ip^ is still insufficient. The growth of the constants 
in the decay estimates is also a concern in applications. In [21] it is shown how 
certain dilates of i?-splines Bm converge to Gaussians along the lines of the 
Central Limit Theorem. Unfortunately, the dilation factors arc inappropriate 
for our purposes. 

There are fundamental constraints on the decay of functions whose Fourier 
transforms satisfy (2) that may be viewed as manifestations of the uncertainty 
principle. Firstly, if (p is to satisfy (2) then ip may not be compactly supported 
since by the Fourier inversion theorem it is clear that ip must be analytic on 
the entire complex plane. Also, ip cannot be dominated by a Gaussian, for if 
\<p(t)\ < ce~ at for all t and any positive constants a and c, then the Fourier pair 
(p,<p) would violate Hardy's inequality [9], [12], [20]. If \<p(t)\ < ce~ a l'l then by 
the Fourier inversion theorem, ip is analytic in the strip |Im (z)| < a and cannot 
therefore be compactly supported. Natterer [16] gives a function ip on the line 
with root exponential decay for which the Fourier transform ip satisfies (2): 
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Theorem 2. Let ip be given by its Fourier transform 

else 
with a = I f_ 1 exp I —^ I <i£ I . Then 




\tp{t)\ < 16\/2o7r|t| exp ( 1 + — / = - ^2Tt\t\) for \t\ > 1/2tt. 

— 4 ~/4£\ — 

Now let ipn(0 = ttV' 77 ) so that -0n is supported on [—51/4,0/4]. Define 

i £ \ i L I 

ipa on the line by ipa = X[-3n/4,3f2/4] * Vto- Then ipn satisfies (2) with A = 2 
and if |t| > 1/{ttQ), 

QQ 

\fn(t)\ = -y|sinc(3fit/2)||^(t)| < batt exp(- v^rfl\t\/2) (5) 

with b a constant independent of f2 and a. 

In [16], Natterer discusses the application of functions such as ipQ in the 
(uniform) oversampling result Theorem 1. While ipn has improved decay over 
that enjoyed by the cardinal sine, or any of the spline examples (4), it suffers 
from a serious difficulty namely that its exact values arc unknown. Hence 
equation (3) , although an attractive theoretical tool because of the rapid decay 
of (fQ, also poses computational difficulties. Natterer [16] employs piecewise 
rational approximations of tpn to implement (3) while Strohmer [18] uses Gabor 
expansions with Gaussian windows. 

As has already been observed, there is no (non-trivial) bandlimitcd function 
ip on the line with |^>(£)| < ce - "'*' for any positive constant a. Natterer [16] con- 
jectured the existence of non-trivial bandlimitcd functions ip a ,<r with J tj) a ,a = 1 
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and with subexponential decay, i.e., which satisfy IVv^WI < c Q]CT e~ Q '*' for all 
cr < 1. In an attempt to construct bandlimited wavelets with subcxpontial de- 
cay, the conjecture was settled in the affirmative by Dziubahski and Hernandez 
[7] using results on the Gevrey class of functions. In fact, it is shown in [7] that 
given a < 1, one may construct a function ip which is bandlimited to [—1/2, 1/2] 
such that -0(0) = 1 and 

|^(t)|<c2 1 /( 1 - CT )exp(-| 7 ri| CT ). 

II7 . , , , . , /fiA , , , 30 . /3fiA , , . 

With ipn(t) = VI y I and ipn{t) = —sine I — \ipn{t), we have 

|yn(*)| < ° 21 |^" g) exp(-|7rmr), (6) 

and ipn satisfies (2) with A = 2. 

While Theorem 1 and the work of Natterer and Strohmer effectively solve 
the computational issues that arise due to the slow decay of the cardinal sine, in 
many applications sampled data is not given uniformly. It is important then that 
effective algorithms be developed for the reconstruction of bandlimited signals 
from nonuniformly sampled data. Of course, to be computationally feasible, 
such algorithms can handle only a finite amount of data. However, the finite 
data requirement cannot be achieved with perfect reconstruction. 

Frames have long been recognized as useful in dealing with data obtained 
from nonuniform sampling of bandlimited signals. Seminal results on the rela- 
tionship between the density of a sampling set A C M. and the frame bounds 
associated with collections of translated cardinal sines {sincO(£ — A)}aga arc 
reviewed in this paper - see, for example, the result of Duffin and Schaeffer 
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(Theorem 3) and that of Seip (Theorem 4). Grochenig and his collaborators [1], 
[11], [18], [19] constructed frames for PWq which are adapted to the nonuni- 
form local geometry of the sampling set. The algorithm reconstructs / G PWq 
from nonuniform samples {f(X)}\eA in an iterative manner. Since PWq is 
infinite-dimensional, no finite collection of samples {f(^j)}j = i is sufficient to 
determine /, let alone be sufficient for reconstruction. Consequently, each it- 
eration of the algorithm requires an infinite number of samples be taken, and 
an infinite sum be performed - requirements which are computationally un- 
feasible. Other methods ([11], [18]) use approximations of signals in PWq by 
trigonometric polynomials of appropriate degree followed by the application of 
frame algorithms for the reconstruction of trigonometric polynomials from a fi- 
nite number of samples. Of course, the reconstruction approximates the original 
signal no more closely than does the approximating trigonometric polynomial. 
Furthermore, the trigonometric polynomial approximation is periodic so that 
the reconstruction will be poor away from the region in which the samples were 
taken. 

This paper represents an attempt to adapt the Grochenig algorithm to han- 
dle finite samples. Rather than approximate / G PWq, by a trigonometric 
polynomial, it is proposed that the approximation be performed in a certain 
natural, finite-dimensional subspace PW^ 1 of PWq. Finite frame algorithms 
for PWq are then applied to obtain an approximate reconstruction of / from 
finite samples. The use of PW^f rather than trigonometric polynomials appears 
to be more natural, and gives better behavior of the reconstruction away from 
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the sampling points. 

This paper is organized as follows. In Section 2 we outline the very ba- 
sic techniques of frame theory needed to understand the algorithms of later 
sections. Section 3 contains a discussion of results in nonuniform sampling of 
bandlimitcd signals, from the perspective of frame theory In particular, sepa- 
ration and density conditions on sampling sets which ensure the convergence of 
frame-based reconstruction algorithms are briefly surveyed. An adaptive frame 
algorithm (Theorem 5) due to Aldroubi and Grochenig is presented. Such al- 
gorithms give perfect reconstructions and therefore require an infinite amount 
of data. Section 4 introduces the finite-dimensional model subspace PW^f of 
PWq in which we work. Theorem 6 is a variation on Theorem 5 in which it is 
shown that / <G PW^f can be reconstructed perfectly (though iteratively) via a 
frame algorithm, with finite data. The complexity of the algorithm is estimated. 
Finally, in Section 5 the space J 7 (ft, t; e) of bandlimited e-timclimitcd signals is 
introduced. Through an uncertainty inequality due to Nazarov (Theorem 7) 
an appropriate relationship between F(£l,T;e) and PWq 1 is obtained (Lemma 
1). This leads, through several intermediate results, to an algorithm for the 
approximate reconstruction of signals / G PWq, from finitely many nonuniform 
samples. An estimate of the complexity of the algorithm is given, incorporating 
the bandlimit fi, an approximate timclimit T of /, and the approximation error 
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2 Frames and the frame algorithm 

The aim of this section is to lay down those fundamental aspects of frame 
theory that are of direct relevance to this paper. For more details, the reader 
is referred to the excellent books of Christensen [5] and Daubechies [6] and the 
tutorial article [14] by Heil and Walnut. 

Let Ti be a (separable) Hilbcrt space with inner product (•, •). A sequence 
{enj^Lo C 7i is a frame for Ti if there exist constants < A < B < oo such 
that 

oo 

^ii/ii 2 <£i</, e n>i 2 <B|i/ii 2 ( ? ) 

n=0 

for all / G Ti. The constants A and B arc the lower and upper frame bounds 
respectively. Associated with each frame is the analysis (digitization) operator 
D : Ti — > ( 2 {'^+) given by Df = {(/, e„)}^L and its Hilbert space adjoint 
S = D* : £ 2 CZ + ) — ► Ti which is known as the synthesis operator and is given 
by Sc = X)^Lo c ™ e ™' ^ ne f mme operator is the self-adjoint composition T = 
S o D : Ti — > Ti given by T f = ^2 n=0 (f, e„)e„. Equation (7) may be written as 

,4||/|| 2 <<Tf, /)<B||/|| 2 (8) 

i.e., AI < T < BL so that T is invertiblc with B" 1 / < T" 1 < A' 1 !. Each 



NONUNIFORM SAMPLING 371 



/ G 7i admits the frame expansion 

oo oo 

/ = TT-\f = J2(T-\f,e n )e n = ]T(/,g„}e„ (9) 



i-l. 



with g n = T 1 e„. The collection {g„}^ ^ s itself a frame (the rftta/ frame). 
Similarly we have 

OO 

f = T- 1 Tf=Y / (f^n)9n. (10) 

2.1 The frame algorithm 

Computation of the dual elements g n in (9) or (10) may be difficult, and de- 
sirable properties of the original frame elements such as smoothness and rapid 
decay may not be inherited by elements of the dual frame. Elementary results 
from functional analysis can be used to generate iterative algorithms for recon- 
struction of / € H from its frame coefficients (/, e n ) without reference to the 
dual frame. 

By (8), \((I - 2T/(A + B))fJ)\ < ((B - A)/(B + A))\\ff so that by the 
sclf-adjointncss of T, 



A + B 



(§t4i ■■■>■ 



Hence, the inverse of T may be computed via the convergent Neumann series 

T- 1 = Af ( ! ~ t^rT) 1 ■ (12) 

A4-R £^i\ A 4- R I y ' 



A + B^\ A + B' 

3=0 



Since / = T^Tf, (12) gives 



/ = T-T/ = — £(/-— TJT/ (13) 

j=0 v ' 
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cf. (10). Letting /„ be the n-th partial sum on the right-hand side of (13) gives 
the iteration 



■f°=JTB Tf; f^=fn+J^T(.f-fn). (14) 



Notice that by (11) and (8), the error / — /„ satisfies 

11/ "/nil = 



, 2 T (l A 2 T\ 3 Tf 

A+B ^ V A+B J 

j— n+1 v / 

A \ B t (f;i)wi-« 

j— n+1 v ' 


^«-i\ n+1 


v«+i; 



j— n+1 v 7 v ' 

where k = S/./4 is the condition number of the frame, so that /„ — > / geomet- 
rically as n — > oo with the rate of convergence determined by n. 

There are two difficulties that arise in the application of (14) to the recon- 
struction of / € 7i from data {(/, e n )}^L . Notice that if the frame is tight 
(i.e., if K = 1) then by (15), / = f = {2/{A + B)) £~ =0 </, e„)e„, a for- 
inula reminiscent of an expansion in an orthonormal basis. However, if k is 
large, so that p = (k — l)/(/c+l) ~ 1, then the convergence /„ — » / is slow. 
In fact, the number of iterations required to ensure that ||/ — f n \\ < e\\f\\ is 
n > (log(l/e) + log k) / \og(l / p) which is of course large for p w 1. 

The second difficulty is that applying (14) assumes knowledge of the frame 
bounds A and B. In fact there arc many examples of systems for which the 
existence of frame bounds is known, while their precise value is not. See, for 
example, Theorem 4. In these situations, the reconstruction (14) is useless. 
Poorly conditioned frames (those for which k = B/A 3> 1) provide slow con- 
vergence of the iteration (14). Relaxation and acceleration techniques [10], [15] 
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help alleviate these problems but their consideration is beyond the scope of this 
paper. 

3 Nonuniform sampling in PWq, 

Sets {X n }n=-oo C K for which the collection e„(£) = e 27rlA "« (n € Z, |£| < 0/2) 
is a frame for L 2 ([— 0/2,0/2]) are crucial in the sampling theory of Palcy- 
Wiencr spaces. In fact, if (p n (t) = OsincO(i — A„) (n G Z) and / G PWn, then 
by the Parseval relation, 

J-a/2 
and therefore 

oo oo oo 

E l/( A «)| 2 - E K/.Vn>| 2 = E K/,e„X[-n/2,n/ 2] }| 2 

ro=— oo n— — oo n=— oo 

so that {e n } c £' = _ 00 is a frame for L 2 ([— 0/2, 0/2]) with frame bounds A and B if 
and only if {</3n}^_oo is a frame for PWf2 with the same frame bounds, which 
in turn is equivalent to 



Mf\\l< E l/(An)| 2 <S|l/li 



for all / G PWq. In this case, signals / G PWq may be reconstructed from 
samples f(X n ) using standard frame algorithms. 

The frame radius R — R(A) of a subset A C K is defined to be 

R(A) = sup{r : {e 27 " A? } AeA is a frame for L 2 ([-r,r])}. 
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A subset A = {A n }^° = _ 00 C R is (uniformly) separated if infj^fc \\j— Xk\ = a > 
in which case a is said to be the separation constant of A. If A is separated, it 
has uniform density d if there exists L > such that \Xk — k/d\ < L for all k. 

An seminal result on frames of exponentials is due to Duffin and Schaeffer 
[8]: 

Theorem 3. If A is separated with uniform density d > then i?(A) > d/2. 

In particular, if d > ft, then {sincft(- — A/ s )}^__ 00 is a frame for PWq. A 
more refined result uses the lower Beurling densities and is outlined below in 
Theorem 4. 

Given a discrete set Act, let 

n~l(r) =sup|{An [x - r/2, x + r/2]}|; n^{r) = inf |{A n [x - r/2,x + r/2]}\, 

where \A\ denotes the cardinality of the discrete set A. Then the upper and 
lower Beurling densities of A are, respectively, 

V+{K) = lim U ^- 2?7(r) = lim ^l 

r — >oo r T — >oo V 

A sequence A is relatively separated if it is the finite union of separated sequences. 

The following result is due to Seip [17]. 

Theorem 4. If {e 27riA ™ ? } Ari£A is a frame for L 2 ([-ft/2, ft/2]), then A is rela- 
tively separated and T>~(A) > ft. On the other hand, if A is relatively separated 
andV-(A)>fl, then{e 2niX ^} XneA is a frame for L 2 ([-ft/2, ft/2]). 

Suppose {e 2 ™ A " ? } A „ e A is a frame for £ 2 ([-ft/2, ft/2]). Then the collection 
{(fi n (t) = ftsincft(£ — A„)}a„ga is a frame for PWq and we may apply (10) to 
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reconstruct signals in PWq. In fact, since (/, <p n ) = f(X n ) for / G PWfi, we 
have 

/(t)=^.f(A n ). 9 „(t) 

with {g n }„ the dual frame to {(f n }n- By (12), each dual frame element may be 

computed by 

2 ~ / 2T V 

To make the calculation computationally feasible, this sum must be truncated, 
but it is important that the truncation be performed in such a way as to ensure 
high accuracy. Hence we compute 

- 2 ^/ 2T V 

^^a + b^V-a + b) *» 

3=0 

for iV(n) sufficiently large. Then an approximation of / is given by 

M 

/= E f^)~9n (16) 

n=-M 

for M sufficiently large so that ||/ — /||| < e||/||| fo r a prescribed accuracy e. 
Unfortunately this method proves to be computationally expensive and is fur- 
ther complicated by the absence of any information regarding the frame bounds. 
It is therefore preferable in many respects to use the frame algorithm for recon- 
struction since it avoids construction of the dual frame, although this too is 
problematic when the frame bounds are unknown. For this reason, as well as 
for accelerated convergence, the frame conjugate gradient algorithm is preferred 
[10], [15]. 

Grochenig and his collaborators (see [1] and references therein) proposed 
the use of adaptive frames for the reconstruction of bandlimitcd signals from 
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nonuniformly sampled data. The adaptivity refers to the way the frame elements 
are adapted to the local geometry of the sampling set A. We state a simplified 
version of a result in [1] : 

Theorem 5. Suppose A = {A;}^i_ 00 C M satisfies: 

(i) A/ < A; + i for all I, A; — > ±oo as I — ► ±oo, and 

(ii) <5 = sup, |A ;+ i - A;| < 1/fi. 



Let vi = (Aj+i-Aj_i)/2 and <^(t) = y/vi sinc£L(t- \ L ) (I e Z). T/ien {^/}^_oo 
is a frame for PWq. with lower frame bound A = (1 — (551) 2 and upper frame 
bound B = (l + Stt) 2 . 

Note that in Theorem 5, the sampling set A need not be relatively separated 
(cf. Theorem 4). The factor ^Jv[ in the definition of the frame elements ipi is 
the source of the aforementioned adaptivity of this scheme. Observe also that 
vi is the length of the Voronoi region surrounding the lattice point A; . 

In the context of the theorem, the frame iteration (14) becomes 

fo(t) = (1 + 1 6 2 fl 2 ) X>n/(An)8incfi(t- An), (17) 

fj+i(t) = fj(t)+ (l + l d2m Ettn(/(An)-/j(A n ))sincn(f-A n ),(18) 

and converges in PW n to / with ||/ - fj\\ 2 < (Sny +1 (l + 6fl)\\f\\ 2 by (15). 

By the Classical Sampling Theorem, complete knowledge of / <G PWq may 
be obtained from the uniform samples f(k/fl) (k e Z). If a^ = fj(k/fl), then 
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from (17) and (18) we have 



,(°) 



1 s2n2 ^2 Vnf(Xn) sine (QA„ - k), 



1 



l ' 
l 



where F^i — 2 2 J2 n v n sine (f2A„ — I) sine (f2A„ — k). While these itera- 
tions solve the problems associated with the nonuniformity of the data, again 
the slow decay of the cardinal sine function means that these infinite sums can- 
not be accurately truncated with reasonable computational cost for prescribed 
accuracy. 



4 Nonuniform sampling in PW^f 



In this section we develop a frame-based sampling technique for signals in an 
appropriate finite-dimensional subspace of PWn . 

Definition 1. With ft > and M a positive integer, define PW^f to be the 
subspace of PWci given by 

PW^f = span {sine (fit - k)}%L_ M . 

Equivalents, f e PW^f ^=^ / € L 2 (R) and 

M 

/(0 = X[-n/2,n/ 2 ](0 E «^ 2 ^ /0 

j=-M 

for some {a,j}fL_ M C C. Alternatively, PW^f may be thought of as the class 
of those signals f G PWq for which f(k/fl) = for all \k\ > M. 
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The dimension of PW^f is 2M + 1 since {sincf2(£ — k/£l)}^L_ M is an or- 
thonormal basis for this space. 

As in [1], a key ingredient in the sampling results we present is Wirtinger's 
inequality: if / £ L 2 (R), a,beR and f(a)f(b) = 0, then 

V(i)l 2 <ft<^^/V(*)l 2 dt. (19) 

^ J a 

For any sampling scheme to be truly implcmcntablc, it must use a finite 
number of samples {/(A n )}^ = _ w . In what follows we insist that the sampling 
points Ajy = {^n}n=-N b e drawn from an infinite set of sampling points A — 
{A„}^° = _ 00 satisfying the conditions of Theorem 5. 

Theorem 6. Fix a positive integer M, fi > and let A = {Ai}^._ 00 C K be a 
lattice satisfying conditions (i) and (ii) of Theorem 5 as well as 

(iii) n\(r) < ar for some r > 2M/Q, a > 1/8, and 

(iv) |A | < |Aj| for all I. 

Let vi = (A;+i — A(_i)/2 and P^f be the orthogonal projection of PWq onto 
PWq 1 . Then for all a e [1/2, 1) and w £ (0, 1 - S 2 fl 2 ), there exists a constant 
C independent of a,M,Ct,S,a,u> such that if 



(2aS-l)f nji 1 ( 8(M + 1) ( 2 2 / ff \(C^ 1/a ( 2 - ; 

~~ " 1 -a 



oil \ 2 it^uj ir 



then the collection 

<pf(t) = y/WtPg \sincSl(t - Aj)) (\l\ < N) 
is a frame for PW^f . 
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Note that the frame has frame bounds which we estimate in the proof. 



Proof. Define r\j (-N < j < N + 1) by tj-n = A_jv, Vn+i = -W and rjj = (Xj + 
A J _ 1 )/2 (1 — N < j < N). Define the sample and hold operator Qa n on C(K) 



,iV 



by Q\ N f{t) = J2i=~n f( x i)X[ m , m+1 )(t). Then, with (3 N = min{Ajv, -\- N }, 



\\.f-QA N f\\l= I \f(t)-QA N f(t)\ 2 dt+ I \f(t)\ 2 dt 



N 



N 



< I \f(t)-QA N f(t)\ 2 dt + 

IX-N J\t\>f3r 



lR\[\- N ,\ N ] 

\f(t)\ 2 dt = I + II. (20) 



From now on we assume / E PWq. Integral / in (20) may be estimated as in 
[1] with the help of Wirtinger's inequality (19): 



N 



Vl + l 



1 = E / l/(*)-/Ml a dt 

l=-N Jr >l 



N 



A; fVl + l 

2jj , I tU\ t(\.\\1 



E / \.f(t)-f(\d\ 2 dt+ 1 m-ftxofdt 

/ \f\t)\ 2 dt 
's\ 2 r n/2 

< I- / 47r 2 e 2 |/(0| 2 ^<^ 2 ||/ll 

V 7-0/2 



(21) 



Integral 7T requires a different technique. We employ the oversampling repre- 
sentation (3) with A = 2 and ip = ifa having subcxponcntial decay of the form 
(6). The point is that a may be chosen to be arbitrarily close to 1. For a positive 
integer L to be determined later: 



II < 



1 
W 2 



I*I>/3a 



E/ 

|fe|<L 



Q>M*~2<> 



2fi2 w ,£,/( 



|fc|>L 



k\ f k 
2fiM*"2fi 



* 



d* = Ji + J 2 
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An application of Cauchy-Schwarz to the sum in integral J\ and the subcxpo- 
ncntial decay of ipu gives 



Jl * is 



lfel<i 



V2f2 



|Z|<L 



|t|>/3jv 



¥>n * 



I 
2fi 



(// 



7T^ t 



29. 



< C2 2 /(i-)fi||/||| 2 / expf-2 

|,|< L J|t|>/3iv V 

< C2 2 /a-')||/||2 ^ cxp(-| 7 r(2fi/3 Ar - 0/2|') 

|/|<L 
rL+1 

< C2 2/{1 - a) \\f\\l exp(-\Tr(29(3 N -t)/2\ a )dt 

< C2 2 /a-')||/||| exp ( - i|7r(2fi^ - L - 1)/2|') . 



(11 



(22) 



It is important to note here that the constant C in (22) is independent of a since 
it is of the form C = Be 2 with B independent of sigma (since a > 1/2) and c the 
er-independent constant of (6). On the other hand, with gu — f\ — tt ]X|fei>Li 



dt 



the Planchcrel theorem 


gives 














Ji 


= 


2ffl % 


/ 

'|t|>/3iv 


OO 

A; — -co 


(*-5fi) 




< 


2SP, 


/■OO 


OO • 


_ A x 
29) 


2 








_ °° fc=-oo 






= 


29J . 


/•OO 
' — OO 


G 


\2nJ 


2 

l0n(OI 2 de 
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where G(£) = Y^kL-oo 9k e 2lx%k( - is periodic on the line with period 1. Therefore, 



J 2 < 



l -y 



00 r 2i1{l+l) 



2fi 



29? J Q 



1——QO 

,-2i'l 



2iH 



G {m 



G \2n 



J2 \MZ + Wl)\ 2 d(; 



2 00 



/ — — 00 



< 



20 



1 °° f 

— sup V \^{ v + 2m)\ 2 \ 

1 00 



G 



20 



d£ 



l = -c 



Now < n (O < 1 for all £ and n (£) = for |£| > il, so ££_„, \Mv 
2m)\ 2 < 1 for all 77, and 



■^sii^-sE 



V20 



|fc|>L 

However, we may apply the Classical Sampling Theorem to obtain 

M , . s 

2«> y ^ 'Hoy v 2 



and substituting this into (23) gives 



■'■■ ' r £ 



n 



M / . s 2 M 



J=-M 



E E sinc T ? 

l=-M\k\>L 



< 



4||/| 



j\/ 



E E 



1 



(2.? - fc) 2 



3 = -M 



< 



811/1 

7T 2 

211/11 

7T 2 VL 



2H/II 



j=-M|fc|>L 

£ 2 /4 - j 2 



2 M 

1 E 



A/ 



I 



log 



m L 2 /4 - x 
L + 2M 



dx 



7T 2 \L ' "° \L-2M 
Combining (20), (21), (22) and (24) gives 

||/-Qa n /||2<7||/II 



(23) 



(24) 
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with 



where 



~/ 2 = 5 2 n 2 + p+6 (25) 



p = C2 2 /d-) exp ( 4 W{M0n-L-1)/2\°) , 9 = \ ( y+log (L + ' UJ 



2 ' " v ""'"" " ' /' -k 2 \L"~°\L-2M t 

The collection {</?^}?L_jv ^ s a fr& me provided 7 < 1. Therefore we require 

p+ 9 < lo for < u) < 1 — (5 2 51 2 . This can be achieved, for example, by insisting 

p, 9 < u)/2. However, 

„ to 4 , / AM \ ir 2 u 

9 < - ^=^ - + log H < . 

2 L 8 V L-2MJ 4 

1 M 

Since log(l+.x) < x for all positive x, it is sufficient to insist that — I < 

L L — 2M 
2 

7T W 

— — - which in turn may be achieved by insisting that 

16(M + 1) , N 

i>2M+^ ^. 26 

7r z w 

On the other hand, 

p < - <=> fi/3„ > — - + log 1 '* 

2 2 7T \ LO 



which, by (26) requires 



nflv > m + 1 + g±H + ^ log-/- f "-'"-'c 1 . (27) 



Observe that since n^(r) < ar for r > 2M/Q, the lattice has upper Beurling 
density T)\ < a. However, the density condition |Aj+i — A; | < S implies that 
VX>5~ 1 , hence that ad > 1. Since by (27) 2/3 N > 2M/Q, we have n A (2(3 N ) < 
2a/3jv, i-e-, 

\{An[-f3 N ,[3 N ]}\<2af3 N . (28) 
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Without loss of generality, A^v < — \-n so that (3n = Xn- Then, since |A;+i — 
A/ 1 < S, we have 

\{An[-/3 N ,p N }}\>N+ f3 ^. (29) 

Combining (28) and (29) gives 

W n >(n- vw m 



SJ\2aS-l 
To achieve (27) it is therefore sufficient that 



{ N --s){2^i)^ M+ 2 + A ^r 1 + — log/ ( — ^ } 



Since log(a;) < x, it is sufficient to have N bounded below by 



(2aS-l)f 1 8(M+1) 2 2 l°\{C\ l, ° / 2 N 1/<J 



^TT^ M "2 



,. (30) 



Hence, if N is bounded below as in (30), then 

(1 - VS 2 ^+u;) 2 \\f\\ 2 2 < \\Q AN f\\t < (1 + V<J 2 fi 2 +o;) 2 ||/||i. (31) 

Notice that for all / e PW^f, ££_„ K/.vf >l' = IIQa^/HI, so that by (31), 
{(p¥}f = _N 1S a f ramc f° r PW^f with upper and lower frame bounds i? = 
(1 + \/5 2 n 2 + lo) 2 and A = (1 — V<5 2 ^ 2 + w) 2 respectively. In fact, the upper 
frame bound B may be taken as B = (1 + Sil) 2 . □ 

4.1 Frame algorithm 

Consider the frame {^f^ }^L_at of Theorem 6. The frame operator T^f takes 

the form 

m , n -. 

iff fit) = J2 ( E W ^ A ') sinc W - fiA ') ) sinc ( n * - J')- ( 32 ) 

j=-M ^l=-N ' 
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This leads to the following algorithm for the reconstruction of / <G PW^f from 
the finite collection of nonuniform samples {f(^i)}iL-N : 

f° = Y^f T uf'> ■^■+ 1 = fo + Y^f T ™^ ~ ^' 

Again, the frame algorithm may be cast in terms of uniform samples /(fc/f2) 
(|fe| < M). In fact if a£ = fj(k/$Y), then the frame iteration may be written 

4 i+1) = 4° + 4 0) - (F« U) h (1*1 <M,j> 0) (33) 

where F is the (2M + 1) x (2M + 1) matrix with (k, n)-th entry 

1 N 

F kn — 1 , 2 ^ vi sine (QXi-n) sine (k-CtXi). 



=-JV 



4.2 Complexity 



To estimate the complexity of the algorithm, observe that 

M 



fe=-M 



/j(A0= I] ajf'Wc (flA, - fc) 



so that computation of {/j(A;)}^_ w requires O(MN) operations. Furthermore, 

M / N 



(Fa^) k = y^i J2 a n } ( J2 vi sine (n-QXi) sine {k-QXt) 

i n=-M N=-iV 

1 N 

= ^— — o ^ u/sinc(fe-nAj)/j(A/) 

1 + 7 ^-^ 



JV 

so that the collection {(Fa^)k}^L_ M may be computed in 0(MN) operations. 
With 



N 

' l=-N 
,(0)iM 



1 ^ 

«i 0) = 1 2 Yl vif{\i)sinc(k-n\i), 



the collection {a^, }jf = _ M may be computed in 0{MN) operations. Hence the 
frame iteration (33) has complexity O(MN). The frame iterates fj satisfy (15) 



NONUNIFORM SAMPLING 385 



with A = (1-\M 2 Q 2 + oj) 2 and B = (1+\M 2 ^ 2 + lo) 2 . The algorithm is iterated 

until the J-th iterate approximates / with relative error e, i.e., \\f — /j||| < 

ell f II 9- With B and A as above, this may be achieved with J > — — . 

log(l/p) 



Now 



and 



_ B _ (1 + VS 2 n 2 +cu) 2 4 

'' ~ a ~ (i - ^s 2 n 2 Tw) 2 ~ (i - vs 2 n 2 + U) 2 



i _ b-a _ i + s 2 n 2 + u (i-V5 2 n 2 + uj) 2 

~p~ B + A~ 2V8 2 n 2 +u ~ + 2V8 2 n 2 +u; ~ 
so that, since log(l + x) > (log2)a; for < x < 1, 

Therefore, it is sufficient to have 

2 (\og{l/e) + log 4 + 2 log(l/(l - V<5 2 ft 2 + w)) 



log2V (l-\M 2 ft 2 + cj) 2 

log(l/e) 



O, 

,(1- y/5 2 n 2 +uj) 2 , 

provided e <C 1 — \/S 2 il 2 + w. Finally, the complexity of this algorithm in 
reconstructing / G PW^f from nonuniform samples {/(A;)}^ = _ Ar with relative 
error e is 0(MJVlog(l/e)(l - V5 2 fl 2 + uj)- 2 ). 

Since -PH 7 ^ has dimension 2M + 1 , the conjugate gradient frame algorithm 
[10], [15], each iteration of which is an 0(MN) operation, will reproduce / 
exactly after 1M + 1 iterations. Hence, this algorithm can be used to reproduce 
/ € PWf?f without error with complexity 0(M 2 N). Hence, the conjugate 
gradient frame algorithm becomes competitive (in terms of speed) when e is 
small or 8Q, is close to 1. 
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5 Nonuniform sampling of bandlimited, £-timelimited 
signals 

We now turn our attention to the approximate reconstruction of / € PWq from 
a finite collection of nonuniform samples {f{^i)}?L-N- There are several ap- 
proaches to this problem in the literature. Grochcnig [11] and Strohmer [18] 
use the samples of / to generate a best fit trigonometric polynomial, the coeffi- 
cients of which may be computed by solving a Toeplitz system. Xiao, Rokhlin 
and Yarvin [22] and Beylkin and Monzon [3] take an entirely different approach 
(see also Hogan and Lakey [15] for a review of these ideas). By expanding 
complex exponentials in prolate spheroidal scries, certain Gaussian quadrature 
properties of the prolate spheroidal wavefunctions may be exploited to obtain 
efficient sampling representations of bandlimited, e-timelimted signals. The dis- 
advantage of these methods is that the sampling points are very restrictive - 
in fact they are nodes of the aforementioned Gaussian quadrature scheme. On 
the other hand, the rapid decay of the eigenvalues associated with the prolate 
spheroidal wavefunctions give these sampling expansions good approximation 
properties, i.e., rapid convergence with relatively few samples. 

We take a different approach here, combining certain estimates of the local 
approximation power of sampling expansions in the spirit of Natterer [16] with 
the finite-dimensional version of the adaptive frame expansions of the previous 
section. 

The first step is to find T > for which L, >T \f{t)\ 2 alt < e\\f\\%. For this 
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value of T we say that / is e-timelimitcd to the interval [—T/2,T/2]. Our 
samples will be chosen in and around this interval. The idea is to choose M 
large enough so that ||/ — i 3 ^/ 1|| < ^ll/lli an d then approximate P^f f by the 
technique of the previous section. 

Complexity estimates benefit from certain uncertainty considerations. If / 
is a signal that is bandlimitcd to the interval [—51/2, 57/2] and e-timelimited to 
[— T/2,T/2], then decreasing e forces T to increase, as the following result, due 
to Nazarov [13], shows. 

Theorem 7. For all f E L 2 (R), we have 



ll/lli <Ce anT ( / \f{t)\ 2 alt+ / |/(0| 2 de) (34) 

\J\t\>T/2 J\£\>Cl/2 

with a,C positive constants independent of f . 



Let P(Cl, T; e) be the class of those / <E PWq for which J< s < >T/2 |/(s)| 2 ds < 

4f\\l 

Corollary 1. Let Q.T > 1 and f E f(Sl,T:e). Then CLT > ° g \ ' £ '„ , where 

a + log 6 

a, C are the universal constants of Theorem 7. 

Proof Since / E ^(fi,T;e), we have j^ |>n/2 |/| 2 = and ]j t|>T/2 |/| 2 < £ ||/|| 2 . 

Hence, with an application the (34), QT > — log (— -). By choosing any 

a C e 

nontrivial / E PWq and letting T — > in (34), we find that C > 1. Let 

F(e) = - log ( — ) and note that F(e) > 1 ^=^ e < . Let 

v ; a X C£ J ~ Ce a 

0(e) -™ =i(^ + l) (.>„). 

log(l/e) «\loge ) 
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and G'{e) = .^^ < 



since C > 1. Hence — < G(e) < — for < e < — — , i.e., if < e < 

a + logC ~ w ~ a Ce a 

1 111 
— — , then QT > F(e) = G(e) log (-) > — - log (-). On the other hand, 

O 6 £ CX. -f- log O £ 

if e > then log (-) < a + log C and fiT > 1 > log (-) . Hence, 

Ce a £' ' a + log C £' 



for all £ > 0, flT > J— - log (-) . 

~ a + logC v e ; 



□ 



For the sake of the efficiency of the algorithm outlined in section 5.1, it is 
important that M be not much larger than 51T/2. The following result provides 
an upper bound on M with suitable asymptotics. 

Lemma 1. If 1/2 < a < 1 and f e T(Q., T; e), then there exists M = 0(Q,T/2+ 
log 1/CT (l/e) + (1 - cr) _1/<J ) such that \\f - Pff '/||| < ce||/||^ with c independent 
off, Q and M. 



Proof. Let ipn satisfy (2) with A = 2 and the subexponential decay estimate 
(6). Since (po, = 1 on [— fi/2, fi/2], we have f(t) = J f(s)<pn(t — s)ds, so that 
with n > and M = /j, + Q.T/2, 



^ J2 i/(*/fi)i s 



V. 



\k\>M 



= 1 E 

|fe|>M 


/ 


f(s)<Pn( ^ -sjds 


2 




< 2 E 

|fe|>M 


/ f(s)<Pn o - s ) ds 

J\s<T/2 V" / 


2 


4: 

|fe| 


^ 

>M 


J\s>T/2 V s ' 


S 


)ds 



= K + L. 



However, by the subexponential decay of ipn and the assumption that a > 1/2, 
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an application of the Cauchy-Schwarz inequality gives, 

K < C2 2 /^-^n V ([ \f( 8 )\e-M k -W ds 

W>M \J\s\<T/2 

l-Q.T/2-k 



|fe|>M 



-fiT/2-fc 



< C2 2 / {l -^\\f\\l V / 

k = M +i J (k-ciT/2y 

oo 
= C2 2/{1 ~' y) \\f\\l V e -" <T (fe-^T/2)° 

fe=M+l 
/•oo 

< C2 2 /( 1 - CT )||.f||2 / e -(^)^y 



ri.s 



< C2 2 /( 1 - <T )||/||2 e -^( M - nT / 2 )V2 < eii/n 

SIT 2 1 / " /2 2 /( 1_0 ")C x 
provided M > 1 log /<T ] . /.( . 

2 7T V £ 



»-°(™ + **® + w^ 



On the other hand, integral L may be estimated by 



L ^o E 



(/X|«|>T/2) *<£n 



n 



However, (fx\s\>T/2 * fa) = (fx\s\>T/2) fa = for |£| > fi. Therefore, since 

105(01 < 1. 



L < 



20 



E 

fe= — 00 



(/X|s|>T/2) * fa 



29. 



= 4||(/x N>T/2 ) * ^|| 2 = 4||(/ X | s | >T/2 ) ^|| 2 < 4||/ X | S |>T/2||2 < 4e||/||i, 

since / <E F(Q,T;e). Consequently, the energy of the samples {/(fc/f2)} is 
localized near the interval [— T/2, T/2] in the sense that for some M = O' 



V 2 



log 1/o 



(l-cr) 1 ^ 



we have the inequality 

^ $] i/(fc/«)l 2 <c £ ||/i; 

|fe|>M 
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□ 

The data is a collection of samples {f(^i)}fL-N obtained from a signal / <G 
•F(f2,T; e). We want to reconstruct / approximately from these samples in an 
efficient manner. Before describing the algorithm, we review a few technical 

results. 

Lemma 2. Let Ajy = {\i}fL_ N ^ e as * n Theorem 6 and vi = (A;+i — A;_i)/2 
(\l\ <N-1). Iff E PWn then EiI-jv^|/(A;)| 2 < (1 + 6Sl)*\\f\\l 

Proof. In the proof of Theorem 6 we saw that Wirtingcr's inequality (19) implies 
that when Q A „f = J2i=-n f( x i)X[ m , m+1 ], 

\f(t)-Q AN f(t)\ 2 dt<5 2 n 2 \\f\\l 

-N 

Furthermore, \\QA N f\\l = YliL-N v l\f(^l)\ 2 so tnat 

N s 1/2 

£ Vl\f(M)\ 2 = WQAsfh < 11/112 + 11/ " QA W /I|2 < (1 + ^)||/|| 2 . 

J=-JV ' 

D 
As a corollary to Lemmas 1 and 2, we have 
Corollary 2. Lei A^r, vi and M be as in Lemmas 1 and 2. Then if f E PWn, 

N 

E "'l/M - Pjff(h)\ 2 < (1 + <K7) 2 ||/ - P^/U 2 . < ce(l + m 2 \\f\\l 

l=-N 

Lemma 3. Let Ajy = {^i}(L-N' v i (Kl — ^0 ^ e as * n Theorem 6 and let G 
be the (2M + 1) x (2A^ + 1) matrix with (j,l)-th entry Gji — ^Jv~isinc{j — QXi) 
Gil < A^j |'| < Af) acting as a linear operator from C 2Ar+1 to C 2M+1 6y matrix 
multiplication. Then G has operator norm \\G\\ < 2/v". 



NONUNIFORM SAMPLING 391 



Proof. Let a G C 2M+1 and define g € PW$f by 5 (t) = YljL-M a j sinc ( fii - J) 
so that g(k/Cl) = cik (|fc| < M). Then with G* the Hermitian adjoint of G, we 
have 

M M 

j=-M j=-M 

so that by Lemma 2, 

N 

\\G*a\\%= ]T ^|5(A/)| 2 <(l + ^) 2 ||.g||B^II«ll^, 

l=-N 

i.e., ||G*|| < 2/VQ and hence ||G|| < 2/VQ. D 

Lemma 4. Let Ajv, Vi, ¥?f^ &e as in Theorem 6 and 7 < 1 be as in (25). Let 
F be the (2M + 1) x (2M + 1) mairia; toiift (k,j)-th entry 

N 



F k j 



1 W 

— —J V w,«nc(fiA,-j)«nc(*-fiA,) (\j\,\k\<M). (35) 
1 + 7 *— ' 



l = -N 



Then\\l-F\\<-^<1. 

Proof. Given 6 e C 2M+1 , define .9 G PW^ by #(i) = E^-m b 3 sinc ( fif - .?')■ 
Then 

v 7 n=-M v 

k \ 1 \—v x—v ,„, N . ,, „. „ /n 



5 ( ft ) ~ 11 2 £ £ Vl sinc (^ _ n ) sinc ( fc ~~ fiA 0.9 

^ ' ' n=-Ml=-N 

f k\ 1 N 

9 {n) ~ I + -7 2 E ^.90z)sinc(fc-f2A;) 



l=-N 



^-IT7*»(5 
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where T^f is the frame operator associated with the frame {^f^JfL-N °f The- 
orem 6. Since g € PW^ 1 we may use estimate (11) to obtain 



\b-Fb\\l = J2 



l + 7 2f V 5 U 



fc=-M 

n 



1 x 2 , n _ N 2 



*<(r?Ta) II*- 



i + r 



n 



We are now in a position to describe an algorithm that treats signals in 
.F(fi,T;£). Given / e ,F(fi,T;e), choose M such that ||/ - P f f /||| < e||/|||. 
By Lemma 1, for each < a < 1, M may be chosen to be 0(f2T/2+log ' cr (l/e) + 
(1 — cr) _1 / cr ). Let A^v = {^i}fL-N t" 3 a sampling set satisfying the conditions 
of Theorem 6. If the nonuniform samples Pq /(A;) (\l\ < N) were fed to the 

algorithm of section 4 (/o = ^T^ 1 P^f f) then we could reconstruct the 

uniform samples P^f f(j/d) (\j\ < M) and hence recover P^f f. However, we 
only have at our disposal the samples /(A;) (|Z| < N). By Corollary 2, the 
(weighted) ^ 2 -error between these nonuniform samples is 

N 

2 



]T vi\f(\i)-P^f(\i)\ 2 <ce\\f\ 

l=-N 

Let a(°\a(°) e C 2M+1 be given by 

1 N 

4 0) = 1+ 2 XI ^/(A ; )sinc(fc-fiA ; ); 



AT 
1 N 

4 0) = ^r -2 E ^^/(AOsinc(fe-nA z ). 
Iterates a^* 1 , a'- 7 -' are defined by 

a U) = Ha U-i) + O (o) g tf) = ffa 0-i) + a (o) 
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with H = I — F and F as in (35). We want to estimate the difference between 
the j-th iterates a^> and a^>. 

Lemma 5. Let f e {F(fl,T;s), a^\a^ be as above, 7 < f be as in (25) and 



\\a^ -a^\\ £ 2. Then 



f + 7 2 
Ej < (1 _ 7)2 £o < cVe||/|| 2 . 



(36) 



Proof. First note that with G the (2M + f ) x (27V + f ) matrix of Lemma 3, 



|a< 0) -a<°>||/2 



f 



f +7 2 

f 

f +7 2 



M 



N 



J2 E v M^ - p nf(k)) sine (k - n\ t ) 

2 \ 1/2 



fc=-M i=-Af 
M AT 



2 \ 1/2 



£ £ G W (V^(/(A0-P^/(A,))) 



fc=-M J=-JV 

JV 



1 2 / JV .1/2 

- TT^THl S «"I/(Aj)-p^/(a,)| 2 J <cVi\\f\\ 



l=-N 



where the penultimate inequality is an application of Lemma 3 and the last 
inequality is an application of Corollary 2. Furthermore, a^> — afj' = H^aV -1 ' — 
aO' -1 )) 4. a(°) — a( ) j so that by Corollary 2 and Lemma 4 

£, < ||F||£,_i + £o 



< 



< 



< 



27 



27 / 27 



■1 9l-i, ^ £ /-2 + £ 

1 + 7 V 1 + 7 



£0 



j'-i 



Si 



;=o 



27 



I + 7 2 



n 



We sec then that at each stage of the finite-dimensional algorithm, the error 
in the j'-th iterate Sj is controlled by the error in the initialization Eq. 



394 HOGAN 



The sequence a^ converges geometrically to a <G C 2M+1 . In fact we have 
Lemma 6. Let f e f(Sl,T;e) and a^\ae C 2M+1 as above. Then 

||a0)-a||, 2 <^||/|| 2 



with 



87 . log £ 



(l- 7 ) 2 (l + 7 2 )' J -21og(2 7 /(l + 7 2))- 

Proof. Let F be the (2M + 1) x (2M + 1) matrix of Lemma 4 and H = I - F. 
Since a^) = X^=o H l a,(°\ we have 



|a-a«)|| /a < £ H^H'lla 



(0)1 



«=j+i 



1- u? 



ii« (o) h-< {^y^-M ^- (37) 



However, a (0) = 2 Gc with G the (2M + 1) x (27V + 1) matrix of Lemma 

3 and cj = ^/t^/(A;) (\l\ < N), so by Lemmas 2 and 3, 



1 / N \ 1/2 4 



Combining (37) and (38) gives the result. D 

Since, in general, / ^ PW^ 1 , the iterates a^ cannot be expected to converge 
to bk = f(k/Q). However, we have the following error estimate: 

Proposition 1. Suppose f € F(Q : T; e) and b E C 2M +! j s given by b^ — f(k/Cl) 
(\k\ < M) and a(°\a,W are as above. Then a^ -► a and \\b - a\\% < cefl\\f\\l. 

Proof. Let a^ be as above and a^ — ► a. Then 

\\b - a\\t? < \\b - ay + \\a - a w || £2 + \\a U) - a (i) \\p + \\a (j) - a\\ P . (39) 
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However, the first term on the right hand side may be bounded by 



m , , N / , x 2 



\b-a\\l= £ 



'Isj-^'U 



0||/-^/ll2<cfie||/||' 



fc=-M 

by Lemma 1. Furthermore, a"' — > a geometrically: 

M 
k=-M 

as j -» oo. Also, by (36), ||a^') - a ( ^||^ < ce||/||l. Finally, ||a - a^">|U 2 -► 



as 



j — > oo by Lemma 6. Combining these estimates with (39) gives the result. □ 

Finally we have: 
Proposition 2. Let f € F{Q.,T;e) and a^\b e C 2M+1 be as above. Then 

\\b-a^\\% <cefl\\f\\l 
for j = 0(logl/e). 
Proof. By Lemma 6 and Proposition 1 we have 

lib - a&y < \\b - ay + \\a - a^\\ e < cVifi||/|| 2 + ^Wfh- 

D 

5.1 Algorithm 

In summary, the algorithm for the approximate reconstruction of / G PWq 
from nonuniform samples {f(^i)}iL-N proceeds as follows: 
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Step 1. Let A be a doubly infinite sequence with density S as in Theorem 
6. Choose T such that / E f(Sl,T;e), < a < 1 and M = (9(fiT/2 + 
log 1/CT (l/e) + (1 - (r)- 1/a ) such that ||/ - Pg f\\% < e\\f\\\ as in Lemma 1. 
Choose N = 0{{M/lo + (1 - a)-^ a )/(Sn)) such that if 7 is defined as in (25), 
then 7 < 1. 

Step 2. Compute a^ e C 2M+1 by 

1 N 

—^ V vif(Xi) sine (fc - fiAj) (|*| < M). 
1 + 7 ^-^ 



a k 



Step 3. Compute the iterates a^ e ^2M+i defined by 

a 0) = ij a 0-i) + o (0) (40) 

with H = I — F and i* 1 as in Lemma 4 by splitting the process into two steps. 
Define first a vector w^ G C 2JV+1 by 



N 
n=-JV 



VJ a~' sinc(n — f2Aj), 

an O(MN) operation. Now 

1 W 

(Fa«) fc = — —J J] v,sinc(fc-Ittj)u>, 0) , 



l=-iV 

another O(MN) operation. Hence the iteration (40) is an O(MN) operation. 
Notice that we avoided computing the entries of F which would require 0(MN 2 ) 
operations. 



Step 4. Stop the iteration of Step 3 after 

"log(l/e) + log 4 + 2 log(l/(l - VS 2 n 2 + iu)) 



log 2 



(l-VS 2 n 2 +u;^ 
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iterations. Here [x] is the largest integer n < x. The vector a^ 7 ' is our ap- 
proximation of the desired vector b € C 2M+1 of uniform samples of /, i.e., with 
b k = f(k/n) (\k\ <M) we have ||6-a (J) ||l < C£rfi||/|||. 

5.2 Complexity 

To estimate the total complexity of the algorithm, notice that each iterate of 
the finite-dimensional algorithm requires O(MN) operations and we have de- 
termined that we require 0(log(l/e)(l — \/SHW+^lj)^ 2 ) iterations to obtain 
the desired accuracy. Hence the algorithm has complexity 0(MiVTog(l/e)(l — 
V5 2 n 2 +w)- 2 ). However M = 0(flT/2 + log 1/V (l/e) + (1 - cr)" 1/ff ) and 
N = 0(M/(u)6Ci)), so that in terms of CI, T, e, a and u>, the algorithm has 
complexity 

o( M21 °^ ) „((w+rt'°(m + (i-°)-><°) log{l/£] 

provided e«l- \/5 2 Cl 2 + u>. At this stage we can consider a e [1/2, 1) as a 
tuning parameter - we are at liberty to choose a arbitrarily in this range and we 
do so in an effort to simplify the statement of the complexity of the algorithm. 
In particular, if a = 1 — log - (1/e), then (1 — er)~ 2 / cr = log ' a (l/e) and we see 
that for £< 1- y/5 2 Cl 2 + u>, the algorithmic complexity simplifies to 

//n^ + lo gW <^/.,-n, (1/e) , , 

Vv u)6Q{i - VS 2 ct 2 + uj) 2 J w 7 

Furthermore, since CIT > Clog(l/e) by Corollary 1, the expression simplifies 

(nT) 2+1 /(21og(l/e)-l) log ( 1 / £ ^ 



further to O , 

w<jn(i - V(5 2 fi 2 + w) 2 
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Preface B 



Part B contains a selection of papers partly associated with the 
special session on wavelets, other multiscale methods and their appli- 
cations at the 995th AMS Meeting in Athens, Ohio, March 26-27, 2004, 
and the special session on the multiscale methods and sampling in time- 
frequency analysis at the 1000th AMS Meeting in Albuquerque, New 
Mexico, October 16-17, 2004. 

The papers cover topics such as biorthogonal wavelet basis, mul- 
tiresolution frames in higher dimensions, multiscale approximation in 
integral equations, and deconvolution and sampling problems. 
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Bing Lin of the University of Toledo, and Xiaoping Shen of the Ohio 
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due to George Anastassiou, the Editor-in-Chief, and Tian-Xiao He, the 
Associate Editor of the Journal of Applied Functional Analysis. Most 
of all, we are grateful to all of contributors to this issue. 
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THE CONSTRUCTION OF d-DIMENSIONAL 
MULTIRESOLUTION ANALYSIS FRAMES 

JOHN J. BENEDETTO AND JUAN R. ROMERO 



Abstract. We extend some of the classical results of the theory of multircs- 
olution analysis (MRA) frames to Euclidean space M. d ,d > 1, and provide rel- 
evant examples. In the process, we use the theory of shift-invariant subspaccs 
to bring new insights to the theory of frame multircsolution analysis. 



1. Introduction 

1.1. Background. Frames were introduced in the 1950s to deal with problems in 
nonharmonic Fourier series [20] . They are an appropiate tool to deal with problems 
where redundancy, robustness, oversampling, and/or nonuniform sampling play a 
role. This paper deals with wavelet frames. There are different techniques to con- 
struct wavelet frames such as Frame Multiresolution Analysis (FMRA) , Generalized 
Frame Multircsolution Analysis (GFMRA), Generalized Multircsolution Analysis 
(GMRA), the Unitary Extension Principle (UEP), and Mixed and Oblique Exten- 
sion Principles, e.g., [2, 3, 6, 7, 8, 9, 19, 24, 25, 32, 33, 34, 36, 37, 38]. 

The simplest and first of these construction techniques deals with FMRAs. The 
present work was initiated by an attempt to extend to M d ,<i > 1, a measure theo- 
retic characterization and accompanying construction of FMRA wavelet frames for 
L 2 (M.) found in [9]. This measure theoretic point of view appeared independently 
in [27]. It fits in naturally with the theory of FMRA, which, in turn, gives rise to 
the construction of a multidimensional Mallat-Meyer algorithm for multircsolution 
analysis (MRA) wavelet frames by tensor products [5, 29, 18]. The Mallat-Meyer 
algorithm is fundamental in several aspects of signal processing. As such, a fea- 
ture that makes FMRAs potentially useful in signal processing is the fact that the 
perfect reconstruction filter banks associated to them can be narrow band. Hence, 
FMRA filter banks provide a method and algorithm to obtain quantization noise 
reduction simultaneously with reconstruction of a given narrow-band signal [8, 9]. 

The aforementioned measure theoretic material and related algorithm are the 
subject of Sections 5 and 6. The results are incomplete and the work is ongoing. 
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However, in the process, we developed more definitive and quantitative results in 
the theory of multidimensional FMRA. 

1.2. Outline. Section 2 gives some definitions and preliminary results. In partic- 
ular, the notions stated in this subsection are defined in Section 2. In Section 3 we 
discuss shift-invariant subspace theory. 

In Sections 4 and 5 we generalize the theory of FMRA on R that were proved in 
[8, 9]. Our main results are Theorems 4 - 8 in Section 4. Theorem 9 in Section 5 is 
essential theoretically, but it is not sufficiently constructive in its present form for 
genuine implementation. Section 6 is devoted to the construction of wavelet frames 
for L 2 (R d ) in the spirit of the Mallat-Meyer algorithm. 

Theorems 4-8 provide the equations neccesary to state quantitative sufficient 
conditions in order that an FMRA should give rise to a wavelet frame for L 2 (lR d ) . 
In fact, Theorem 7, which summarizes Theorems 4-6, gives sufficient conditions for 
translates of a given finite set of functions to be a wavelet frame for a basic subspace 
Wo of L 2 (R d ) . Wo is defined below. Theorem 8 summarizes all these equations in 
a matrix equation, much in the spirit of the Unitary Extension Principle (UEP). 
Theorem 5 and Theorem 8 provide the equations neccesary to state quantitative 
conditions in order that an FMRA should give rise to a wavelet frame for L 2 (R d ). 

Theorems 4-8 can be viewed as the basis of a fast <i-dimensional wavelet algo- 
rithm resulting from dyadic FMRAs. In fact, these theorems show how two classes 
of filters defining such an algorithm arise. The first class, the analysis or decom- 
position filters, is used to analyze a given signal in various subbands. The second 
class, the synthesis or reconstruction filters, is used for the exact reconstruction of 
a decomposed signal. In this context, the main theorem of the paper is Theorem 6, 
which shows that the proposed fast wavelet decomposition algorithm is reversed by 
an exact reconstruction algorithm. Furthermore, the filters in Theorem 6 can be 
non-separable, meaning that they do not necessarily arise as linear combinations 
of the one dimensional tensor products of their respective filters. Moreover, the 
reconstruction filters are not necessarily the canonical duals of the decomposition 
filters in the sense of Li and Ogawa [30, 31]. This provide additional freedom in 
the filter design. 

Theorem 9 of Section 5 was proved independently by Benedetto and Treiber [9] 
and Kim and Lim [26, 27]. It states that a neccesary and sufficient condition to 
obtain an optimal wavelet frame (i.e., the number of wavelets required to construct 
a wavelet frame for L 2 (R d ) is no more than 2 d — 1) is that a set related to the 
spectrum of the core subspace Vb of the FMRA should have measure zero. This 
theorem also gives a lower bound for the number of wavelet frame wavelets in 
the worst case scenario, that is, when the set related to the spectrum of the core 
subspace Vb of the FMRA has positive measure. 

Although the reader can go directly to Section 2, the remainder of the Introduc- 
tion is devoted to perspective dealing with GFMRA and UEP. 

1.3. GFMRA and GMRA. A collection {U ? }°^_ oo of closed subspaces of L 2 (R d ) 
is called a Generalized Multiresolution Analysis [2, 3] if the following conditions 
are satisfied: 

• Vj C V j+1 , for all j e Z. 

• D(Vj) = V j+1 . 

• UjVj = L 2 (R d ) and HjVj = {0}. 
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• Vq is invariant under the lattice Z d , i.e., T n V) C Vq for all n e Z d , or 
equivalently, Vq is a shift-invariant subspace. 

We shall have defined a Generalized Frame Multiresolution Analysis if we change 
the last condition to the following one: "there is a set {ifi : i € 1} C L 2 (M d ), where 
/ is at most countable, such that {r n ipi : i £ I,n £ Z d } is a frame for Vb" [33, 34]. 
Weber has proved that GFMRAs and GMRAs are essentially the same if one is 
interested in semiorthogonal wavelet frames [40]. FMRAs are GFMRAs generated 
by a single scaling function. 

Since the core subspace Vq of a GMRA is shift-invariant, the action of the trans- 
lation group induced by 1 d on Vq can be seen as a unitary representation 7r of Vq. 
Following [1], there exists a projection- valued measure P on T d = R d /Z d , and 7r is 
the Fourier transform of this projection- valued measure, that is, 

e 2 ™ 7 dP (7) , neZ d . 

This operator-valued measure is uniquely determined by a nonnegative integer- 
valued function m, defined on T d , which is called the multiplicity function. The 
multiplicity function m plays the role of a scaling set of vectors in this context, be- 
cause it encodes all the structural information about Vq that a set of scaling vectors 
can provide [2, 3]. More specifically, the multiplicity function roughly counts how 
many times each character in T d occurs in n. Using the information the multiplicity 
function provides about 7r, we form the direct sum 

£ 2 (Si)0£ 2 (S 2 )e..., 

where 

^ = { 7 eT d :™( 7 )>. 7 }. 

The properties of m guarantee the existence of a unitary map 

00 
J-Vq^ 0i 2 (S*,) 
i=i 

which intertwines translation with modulation, that is, 

V/ E Vo, Vfc e z d , Jf (■ + &) = e 27Tlk -Jf. 

Setting ipj = J -1 ((..., 1^,0, ...)) , the set {tpj (• + k) : j > l,fc e Z d } is a Parseval 
frame for Vq [2, 3]. 

In the GFMRA theory, the starting point is a set of scaling vectors [33, 34]. The 
corresponding low-pass filter is a bounded operator-valued function. One recipe for 
a semiorthogonal wavelet set of vectors is therein proposed by means of a generalized 
Mallat-Meyer algorithm. 

Baggett et al. [2] give an algorithm to construct scaling functions and wavelet 
frames from what they call generalized conjugate mirror filters in L 2 (M. d ) [2, 4]. In 
particular, they are able to construct a non-MRA wavelet in L 2 (R) whose Fourier 
transform is C°° in an arbitary large interval [2]. The starting point for the con- 
struction of their generalized conjugate mirror filters is the prescribed multiplicity 
function. The scaling functions they construct form a minimal set of generators for 
the core subspace Vo- 

Weber [39, 40] developed a method to prove the existence of wavelet frames asso- 
ciated with GFMRAs by proving an extension of Robertson's wandering subspace 
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theorem. His construction starts from scaling vectors, and, using spectral multi- 
plicity, he provides an alternate functional analytic method, bypassing the step of 
producing low-pass filters. 

1.4. UEP. Ron and Shcn followed a different path [37, 38]. They start with a 
rcfinablc function %/jq <G L 2 (R) with essentially bounded periodization Wo (7) = 



E V-o (7 + k) 



such that 



lim Vo(7) = 1- 

7 — >o 



Then, they construct Parseval frame wavelets associated with the MRA structure 
resulting from tpo by means of the Unitary Extension Principle (UEP) [9, 19, 36]. 
We briefly describe one aspect of this principle. By refinable we mean that there is 
a 1-periodic function Hq such that 

V>o (27) = H (7) Vo (7) i a - e - in R - 

The fact that -ipo is essentially bounded, coupled with the previous equation, imply 
that Ho is also essentially bounded. Let Hi, 1 < i < m be essentially bounded 
1-periodic functions and define ipi, 1 < i < n, by tpi (27) = Hi (7) -0o (7) a.e. in R. 
Next, define the matrix 

^(7) = (^(7)) i=0f l,...,n i£ =0 1 l 

where H { ^ (7) — Hi (7 + §). If H* H = I 2X 2 a..e on 

[7 e § : 4)q (7 + k) ^ for some k € ZJ , 

then {2^ 2 tp l (2H - k) : j, k € Z, i = 1, ..., n} is a Parseval frame for L 2 (R). The 
wavelet frames produced by this principle are not necessarily semi-orthogonal, 
thereby generalizing a theorem by Lawton. A more recent generalization of Law- 
ton's theorem can be found in [4]. 

2. Definitions and preliminaries 
2.1. Definitions. 

• The Fourier transform f : R d — > C of / € L 1 (R d ) is defined by 

V 7 e R d , / (7) = / / (a;) e-^^dx. 



M. d is R d considered as the spectral domain of the Fourier transform, and 
x ■ 7 denotes the standard inner product on R d x R d . The map / — ► / 
restricted to L 1 (R d ) n L 2 (R d ) extends to a unitary map on L 2 (R d ) . 
• A frame for a separable Hilbcrt space H is a sequence {/i}iei C _ff, where 
I is a countable index set, for which there arc constants A, B > such that 



v/etf, A||/|| 2 <]T| (/,/,•) | 2 <b 



• A Parseval frame for a separable Hilbert space H is a frame in which 
A = B= 1. 
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• A Riesz sequence or exact frame is a sequence {/i}igi C H, for which there 
are constants A, B > such that 

2 



^Ei c «i 2 ^ 



/ , c n /r, 



<B^| Crl 



2 



for all sequences {c„} with finite number of nonzero entries. 
We define the map X in the following way: for / e L 2 (M d ) , 



*(/)(7) = {/(7 + *)} 



Then A" (/) (7) G Z 2 (Z d ) for almost every 7 in M d . 

' *l I Ml 2 

(Z<<)- 



• The periodization of \p\ is defined as <& (7) = \\X (ip) (7)||;2( Z d 



• r y is the translation operator defined by r y f (x) = f (x — y) . 

• A' (Z d ) is the linear space of all sequences of Fourier coefficients of bounded 
periodic functions. It is called the space of pseudomeaures on Z . 

• C°° is the linear space of measurable functions / : M. d — > C for which 



3B = B (/) such that V |r„/| < B a.e. 



l£_1 d 



Remark 1. It is clear that if ip e L 2 (R d ) , then f&ei 1 (T d ) ; and ||$|| L i/ T d) = 
|| < ^|li,2( R d) by the Parseval-Plancherel theorem. 

Definition 1. A frame multiresolution analysis (FMRA) (Vj,p)j e z of L 2 (M. d ) is 
an increasing sequence of closed linear subspaces Vj C L 2 (R d ) and an element 
V S Vo for which the following hold: 

(1) LLjVj = L 2 (R d ) and f\Vj = {0}, 

(2) /eVj^. Df e V j+1 , where Df(x) = 2 d / 2 f(2x), 

(3) VkeZ d ,feV ^T k feV , 

(4) {r^p : k G Z d } is a frame for Vo- 

2.2. Preliminaries. For p e i 2 (M d ), let Vo = span{r n <^ : neZ d } be the closed 
linear span of the sequence{r„(^} ngZd . Then it is elementary to prove that {r n p} 
is an exact frame (or a Riesz basis) for its closed linear span if and only if there 
exist constants A, B, with < A < B < 00 for which 

A < $ < B a.e. 

A similar result is true for frames of translates [6, 9, 16, 17, 36]. In order to 
state this latter result we use the"pullback" notation [/ > 0] to designate the set of 
points x in the domain of / for which / is positive. Then {r n p)} nl£ %d is a frame for 
its closed linear span if and only if there exist constants A, B, with < A < B < 00 
for which 

A < $ < B a.e. on [$ > 0] . 

This result can be generalized in the case of several p>iS in terms of the Gramian 
matrix 



Gxf^lE^h-^h-™)] = ((* (<Pk) (7) , X ( Vj ) ( 7 )» 1 < fc 

l<k,j<N 
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where X = {<fi} i=1 - Let m (7) , m + (7) , and M (7) be the smallest, smallest posi- 
tive, and largest eigenvalues of Gx (7) , respectively. Then {r n fi : n E l d ,l < i < iV} 
is a frame for its closed linear span if and only if there exist constants A, B, with 
< A < B < 00 for which 

A < m+ (7) < M (7) < B a.e. 

in a particular set called the spectrum of span fceZ d {jk^p : (f G X} [12, 13, 14, 15]. 
The definition of spectrum will be given in section 3. In the case that the transla- 
tions of elements of X form a Riesz basis, m + (7) can be replaced by m (7) , and 
the inequality holds a.e. 

3. Shift invariant subspaces 

We shall use the shift-invariant approach in Section 5 to prove Theorem 9, and 
we assemble some required results in this section. For more details about shift- 
invariant subspace theory we refer to [12, 13, 14, 15, 23]. 

If W C L 2 (R d ) and 7 G I d , we set 

X(W)( 1 )^{(X(f))( 1 ):feW}, 

and hence X (W) (7) C I 2 {if) for almost all 7. If W C L 2 (R d ) is a linear subspace 
of L 2 (R d ) , then, by the lincarlity of X, X (W) (7) is a linear subspace of I 2 (l d ) . 
Spx,i (W) is defined to be 

Sp X „ (W) = span {(A- (/)) (7) : / e W} . 

For W C L 2 (R d ) , we define S (W) as 

S(W) = mn k& *{T k f:f€W}, 

the shift-invariant space generated by W. If W is a finite set, we say that S = S (W) 
is a finitely generated shift-invariant space (FSI). The length of a shift-invariant 
subspace S is defined to be len S = mincardjIF : S = S (W)}. For S a shift- 
invariant subspace of L 2 (JSL d ) , the spectrum of S, a (S) , is defined by 

a (5) = {7 e T d : dim Sp Xn (W) > 0} , 

where dim indicates dimension. Note that <r (Vo) = [$ > 0] = {7 € T d : $ (7) > 0} 
for the case of an FMRA. Let H be a Hilbert space and let F be a linear subspace 
of _ff. Then F , the orthogonal complement of F on H, is defined as 

F ± = {xeH: V/ G F, (x, f) = 0} . 

The continuity of the inner product implies that F 1 - is a closed linear subspace of 
H. We now state some results which we shall need in section 5. 

Theorem 1. Let S be a finitely generated shift-invariant space and let T be a 
shift-invariant subspace of S. Then T 1 - is also shift-invariant and, for almost every 

7 G M. d , 

X (S) (7) = X (T) ( 7 )0 X (T-L) (7). 

Theorem 2. Given any FSI S, there is a finite subset W C L 2 (M. d ), for which the 
multi-integer translates of W are a frame for S. 
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Theorem 3. For a shift-invariant subspace S C L 2 (M. ) , we have 

lcn S = ess-sup {dim X (5) (7) ,7 e T d } . 

The map Dg (7) = dim X (S) (7) is the dimension function of the subspace S. 

These theorems together with their proofs can be found in [12], [36], and [13], 
respectively. 

4. FMRA Frames 

The following results are well known for the case d = 1, see [8, 9]. The equations 
in these results are the key for the construction of FMRA frames. 

Theorem 4. Let (Vj, p) be an FMRA, let u> = {f/'i, ■••,V ; m} C Wo, the orthogonal 
complement ofVo in V\, and set tpo = p. 

(1) If U fceZ dTfeO> = {r^ipp : 1 < p < m; k E Z d } is a frame for Wq, then there 
exist go, ...,g m € I 2 y^> d ) such that 

rn 

(4.1) VneZ d , <p (2x - n) = ^ ^ g p (2k - n) ip p (x - k) in L 2 (R d ). 

p=o kez, d 

(2) If there exist go, ..., g m € A' (Z d ) smc/i i/iai (^.-/j is valid, and if\\X (ip p ) (^W^r^d) 

is essentially bounded for each 1 < p < m, i.e., each ip p G £°° , then 
\J}-£i dT k UJ is a frame for Wo- 

Proof. Any / S V\ can be written uniquely as /o + ko, with /o S Vb and fco G Wo- 
For each m £ 1 d and for each uG{0, l} d , p (2x — 2m — u) is an clement of V\. Since 
U/j.gzdTfco; = {rktpp : 1 < p < m; k <G Z d } generates Wo, and since Ui. e 2, dT kP is a 
frame for Vo, there exists a set {<?i. u € Z 2 (Z d ) : < i < m; ue{0, l} d } such that for 
each to > and each u£{0, l} d , we have 

m 

p (2x — 2m — u) = 2, y, 9p- u (^ — m ) ^p {x — k) . 

p=o feez d 

Now, define {g p } m =0 by means of the formula 

g p (2k + u)= g p , u (k), < p < to, ue{0, l} d , fc e Z d . 
If n = 21 + u,n, I e 7L d , ue{0, l} d , then 

771 

p (2x — n) = p (2.x — 21 — u) = > > <? pu (fc — /) tp p (x — k) 

i=0 k&L d 
rn 

= / / 9p (2fc — 21 — u) tp p (x — k) 

p=o feez d 

m 

= Y2 Yl g p ( 2fc ~ n ) ^ ^ ~ fc ) in L2 ( Rd )- 

p=o feez d 
Thus, the proof of (1) is complete. 
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Next, assume that the hypotheses of part (2) hold. For each / G Wo C Vi, there 
is {c(n)} n£Z d E I 2 (Z d ) such that 

n& d 

= ^2 ^2 c(2k + u) tp (2x - 2k - u) . 
«G{0,l} d kez d 



The previous equation is equivalent to 



7( 7 )-^2- d J2 c(2k + u) V[i) , 
kez d ue{os} d 



2f_\ p — 2irik-'y — Triu-'y 



(4.2) 



u£{0A} d 



-d 



J2 c(2k + u)e- 2mk -~< 



kez d 



3 — 7TZU-7 -~- / 7 



(?) 



= £ e — ^(l)C u ( 7 ) inL 2 (§ d ), 
we{o,i} d 

where C u (7) = 2~ d X)fcez d c (^ + M ) e -27 ™*' 7 e L 2 (T d ), and where the convergence 
in L 2 (R d ) is in terms of the partial sums of the C u by the Parseval-Plancherel 
theorem. If we take the Fourier transform of (4.1), we obtain for n = 21 + u, 
ue{0, l} d , and I E Z d , that 



ip (2x - 21 - u) = ^ J2 g P ^ 2 ( k ~ ^ ~~ u ^ ^p ( x ~ k ^ 

P=0 fc<EZ d 



if and only if 



2- d (p(^) e -2rf-7 e -"«-7 = y" 



p=0 



J2 9p (2 (k - I) - «) . 



,— 27T2k-7 



fcez d 



Vv (7) • 



Hence, 



m 

£( 7 r) e - 7Hu ' 7 = 2 d ^ 


^ 5p (2(fc-0-M)e- 2 " (fc -°' 7 


p=0 


fcez d 




E G p^ (T) ^p (t) ' 

p=0 



Vv(7) 



where G PjM (7) = 2 d E fee z d ft> ( 2fc ~ u ) e^ 271 * 7- e L 2 (T d ), for all p, u, and the con- 
vergence in L 2 (M. d ) is in terms of the partial sums of the G p , u s. Substituting into 
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equation (4.2), we have 



/(7)= E (e-™" 7 £(i))^(7) 
«e{o,i} d 

= E Eg p , m ( 7 )^( 7 ) c u ( 7 ) 

«e{o,i} d \j=o J 

= I2[ Y, ^, U ( 7 )C„( 7 ))^(7) 

P=0 \uG{0,l} d / 

rn 

= E^ P (7)VV(7), 

where £" p (7) = I]„ e{0 .i} d G p,« (7) C u (7) ■ Using the hypothesis that g p E A' (Z d ) , 
p < m, we see that E p e L 2 (T d ). Now, for N e N, we define 



< 



/ W (7) = E 

B=0 



E W 



-27rm-7 



|n|<7V 



^ p (7) = E<(7)V'p(7), 



p=0 



where E p (7) = X)| n |<jv E p ( n ) e 27Tm '~ f (the N-th symmetric partial sum of E p (7)) , 
n= (ni, ...,n d ) € Z d , and |n| = £^ =1 |n,|. Clearly, /^ e L 2 {R d ) and 



}im H/iv-Til 



N^oo 



L'H 



= 0, 



- — -^ 

since each ip p £ £°° and since 



||/JV - /ll L 2(Rd) < E H^P ("^p ~ ^pO Hi 2 (fi<*) 

p=0 



EE / r„ivg 2 |£ P -£ 



JVI 



- E iiv^p (^p _ E P ) iU 2 (T^) 

P =0 
m 

^ E Hv^plU 30 ^)!! (^p ~ E p) IU 2 (t^), 

P =0 

where <& p = P ( IV'pl 2 ) , < p < m. Hence, the Parseval-Plancherel theorem impli 



that 



-2<-m>d\ 



/ = E E^w^' 111 ^ 1 

p=o„ez d 
Because / e W , E„ e z<* ^0 ( n ) T ™^o = E„ez d ^0 ( n ) T «^ = °- Hence, 

m 

/ = ^^£ p v («)a p mI 2 (R J ), 

P=lra6Z d 
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where {E^ (n)} d € I 2 (Z d ) , for p <G {l,...,m}. So far we have proved that 
Ufc G zdTfcW generates Wo- This mean that the linear operator T^ : I 2 (Z d ) — ► Wo, 
T^ ({ c fc}) = S^Li Sfe c-kTk^p, is a surjection onto Wo- Its adjoint, T\y , is bounded 

since ip p G £°°, 1 < p < m. This implies that T'^ is also bounded. The open 

mapping theorem guarantees that T^ is also bounded below on N (T^ ) , since 

the restriction of this map to ftf (T^ ) is an invertible operator. It follows that 
Ufcez dT fe w is a frame for Wo (see Proposition 3.4 in [9], and Theorem 5.5.1 in 

[17]). □ 

The following result expresses the orthogonality relations between Vo and Wq in 
terms of filters. 

Theorem 5. Let Ho € L°° (T d ) , and let (Vj,ip) be an FMRA, where Hq and ip 
satisfy 

(4.3) £( 7 ) = H (|) £g) o.c. zn P 2 (§ d ). 

Define Wo as the orthogonal complement of Vo in V\. Further, for {h\ [n]} G 
I 2 (if) ,leth 1 = H l <E L? (T d ) , and let ip € VI be defined as 

(4.4) #( 7 ) = ft (|) ^(|) o.c. zn i 2 (I d ). 
TTien ^ G Wo */ an( ^ on/?/ i/ 

(4.5) £ tm (#i#o$) = a.e. m L 2 (T d ). 
«e{o,i} d 

Proof. Set e fe (7) = e - 2 ™ fe '7. Then V E V ± (in VI) 

^VkE Z d , ($, e k $) = ty, n<p) = 
^Vfce Z d , (Fi (5) 0(g) ,e fe # (2)^(2)) = 
^Vke Z d , (Hiip, e 2k H $) = 

^Vfce Z d , / iJ!i?o|^| 2 e 2fc = 



Vfc € Z d , / , H 1 H ^e 2 k = 

Vfc 



1 i 

2 ' 2j 



e Z d , J] /" i d t« (ffiffofc) e 2fc = 
«e{o,i} d I '?] 

t ''] «e{o,i} d 



The result follows by the L 1 — uniqueness theorem for Fourier series. □ 

Remark 2. After periodizing the modulus squared of (4-3), equation (4-3) is equiv- 
alent to the following equation: 

(4.6) *= £ r_ f [(Vol 2 *) (g 

Me{o,i} d 
TTiis equation will be needed for a remark after Theorem 9 of Section 5. 
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Equation (4.7) gives rise to the fast wavelet algorithm associated with an FMRA 
to which we referred in the Introduction. This equation gives an exact reconstruc- 
tion formula provided that the frequency content of the decomposed multidimen- 
sional signal has support contained in [$ > 0]. As mentioned in the Introduction, 
the filters H p arc called analysis filters and the filters G p are called synthesis filters. 

Theorem 6. Let {Vj,<p) be an FMRA, let H E L°°(T d ) satisfy £(7) = H (|) tp (2) 

in L 2 (R d ), and let u = {tpi, ...,ip m } C W and H p e L 2 (T d ), 1 < p < m, satisfy 
^(7) = H p (l)(p(l) m L 2 (R d ). Suppose that g p = G p e L°°(T d ), < p < m. 
Then (4-1) holds if and only if 

m 

(4.7) Vue{0,l} d , ^T.i„(fr p $)G p = W(0,tt). 

p=0 

Here, <5(0, u) is the Kronecker delta. 

Proof. Equation (4.1) is equivalent to the following equation: 

V n e Z d , £(7) = 2 d Y / Y,9 P (2fc ~ n) e -^ 2k ~ n ^ p (2 7 ) 

P=0k£Z d 
m 

(4.8) =2^^ Sp (2k - n) e - 2 ^ 2 ^Y~< Hp ( 7 ) £( 7 ) . 

p=o fcez rf 

Adding these equations over all 11 G {0, 1} we obtain 

2 d £( 7 ) = 2 d J2 E E 9 P (2fc ~ v) e - 2 ^ 2k -^H p (7) £(7) 

P=0 V G{0,l} d fcG^ 

m 

n 1 

= 2 d Y J G P ( 1 )H p ( 1 m 1 ). 

p=0 

Here, G p (7) = E„ GZ d 9p (?) e~ 2mq '~ / , < p < to. The second equality follows from 
the fact that any q G Z d can be written as 2fc — v, where k G Z d and v G {0, 1} 
arc uniquely determined. Now, let v G {0,1} and u € {0,1} \ {0} be fixed. 
Multiplying (4.8) by e -™"«, we have 

m 

$(-y) e -™- u = 2 d J2 E &> ( 2fc ~ v ) e- 27r ' (2fe -" ) ' 7 e- 7r ' , ""i/p (7) £(7) 
p=o feez d 

m 

= 2 " E E 9v (2* - v) e - 2 -( 2fe -")^-f )# p (7) £(7). 
p=o feez d 

On the other hand, X)ue{o i> d e ™ " = for a fixed u e {0,1} \ {0} since 
e"— = {-lf u . In fact, E, e{ o,i} d e ^" = E, e{ oa} d (-l)"'" 5 and so > for a 
fixed u £ {0, 1} \ {0} , half of the {v ■ u} ve , ^d are even and half are odd, and so 
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the original sum of exponentials is zero. Hence, 
0=( J2 e-™-«)£( 7 ) 

uG{0,l} d 

m 

= 2 "E E Y.9 P {^-v)e-^ i ^ k -^-^H p { 1 )(p{ 1 ) 

P=0 v£{0,l} d k£Z d 

rn 

= 2" E E 9p (?) e- 2 ^'^-t)ff p ( 7 ) 0( 7 ) 

P=0qeZ d 
m 



2 d E G P (^-2 ) ^ (7) ^ (7) 

p=0 
m 

2 d £G p (0ff P (£+f)£(£+f) 



p=0 

Summarizing the previous calculations, we have verified that 

m 

(4.9) £(£) = 2 G p (0 # P (£)£(0> a-e. £ G § d 
and 

m 

(4.10) = 2 G p (0 # P (£ + |)£(£ + f ), a-e- C G I d 

P =0 

are equivalent to (4.1). 

To prove the theorem, assume (4.1), i.e., assume (4.9) and (4.10). Multiplying 
(4.9) and (4.10) by <p(£) and <p(£ + |), respectively, we obtain 

m 
P =0 



and 



= £G p (O# P (£+|)|£(£+f)| 2 , a.e. £e 

p=0 



id 



By the periodicity of the G p s and the if p s, the change of variable £ — ► £+&; produces 

m 

|^ + fc)| 2 = ^G p (0H p (0|^ + fc)| 2 , a.e. £el d 

P =0 

and 

m 

o = E G p^) i/ ^+i)i^+ fc +i)i 2 ' a.e. eei d . 

P =0 

Summing over all fc in Z d , we have 

m 

*(0 = E g p (0 # P (W0. a -e- e g § d 

P =0 



and 
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= £G p (O# P (£+f)$(£+f), a.e. £e 

p=0 



^T_i„(i7 p $)Gp = $5(0, it), a.e. on T d . 

This proves the "only if part. 

Conversely, if equation (4.7) has a solution G p € L°°(T d ), < p < m, then 

m 
l = E G p(0#p(a a.e. £e[4>>0] 

p=0 



and 



p=0 



Clearly !p(£) ^ implies that $(£) 7^ 0; and therefore [£> 7^ 0] C [$ > 0] and 
[t_«(^ 7^ 0] C [r_«<f> > 0] . This implies that the previous two equations hold a.e. 
on [<f>>0] and on [r_«<I> > 0], respectively. This yields (4.9) and (4.10), and, hence, 
the proof is complete. □ 

Combining Theorems 4 and 6 we obtain the following result. 
Theorem 7. Let (Vj,<p) be an FMRA, let uj = {tpi,...,tf> m } C Wo, and let H p , 

■ — 2 

< p < m, be as above. Assume that %p p £ £°° , 1 < p < m. If there are 
g p = G p G L°°(T ), < p < m, such that (4-7) holds, then U ke %dTi~uj is a frame 
'for Wo. 

Remark 3. The result stated in Theorem 6 can be formulated in terms of matrices: 
order the set {0, 1} by any order you may wish with the only requirement that 

uo = (0,0,...,0), 

(the lexicographical order is one possibility) then, form the modulation matrix H 
defined in T d with entries in L°°(T d ) by 



H( 7 ) = 



/ H (7) 

#o(7+ir) 



Hm (7) \ 



\ Ho[l 



H m (7 



2 I ■■■ ""» I ' ' 2 

Now, we define a new matrix 4> 2 d x2 d (7) as follows: 



) 



*2<*X2"(7) 



/ *(7) 

$( 7 +f) 

\ 



$ 



(7+^) 
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Set G for the modulation matrix for the filters G p <G L°°(T ), < p < m 
( G^j ... G^fj \ 



G( 7 ) 



Go (7+1) 



Grn(l+'f) 



^0(7+^) .- G m ( 7 +^) ) 
Making the change of variable 7 — > 7 + ^, equation (4-7) can be rewritten as 

fH,( 7+ s).(, + *) <% ( T+ a)..( 7+ a) lB 



(4.11) 



p=0 



/or almost every 7 G T . Hence, we obtain, 

Theorem 8. Lei (V$, </?) 6e an FM/L4, Zei # G L°°(T d ) safe/?/ ^(7) = H (|) ^ (|) 

m i 2 (I d ), Zei w = {^l,-,^™} C W and H p G L 2 {T d ), 1 < p < m, satisfy 
Vv(7) = H p (1)(p(1) in L 2 (R d ). Then, {r k ip p : 1 < p < to; k G Z d } is a frame 
for Wo if and only if there exist g p = G p G L°°(T d ), < p < to, such that 

(4.12) * 2dx2d (7) H (7) G (7)* - IVx^ (7) • 

for almost every 7 <G T d . Here, & 2 d x2 d (7); H (7) and G (7) are as in the previous 
remark. 

Remark 4. Equation (4-12) implies that for almost every 7 in T d , the columns of 
H (7) form a frame for the space 



U 2 d-l 



Range (* 2 d x2 d (7)), 



M (7) - (* (7) C) (* ( 7 + y) c) ©...© ($ (7 + 

since (4-12) implies that the rank £[(7) > dim.A/f (7) , /or almost every 7 in T d . 
Take, for instance, an element / (7) G Al (7). Then, / (7) can &e written as 

f (7) = (* (7) co (7) , * (7 + y) ci (7) , -.., * (7 + y^) c 2d _x (7)) 
= 4V x2 ,(7)C T (7), 



where 



Hence, 



where 



C (7) - (co (7) , ci (7) , .-., c 2d _i (7)) , ^ G ^(T d ), < j < 2 d - 1 



H( 7 )d T ( 7 ) = f T (7) 



d T ( 7 ) = G( 7 )*C T (7) 



If [A], represents the k-th column of the matrix A, a direct computation shows that 
(4-11) implies 

m 

(4.i3) f T ( 7 ) = J2 < f W ' t H Wife) t G W]* > f° r almost ever y y e Jd - 

k=0 
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For instance, the pth entry of the RHS of (4-13) is 

m 

£<f(7),[H( 7 )] fe >G fe ( 7 + 

fe=0 

m 2 d -l 



EE*(j+!h(7)^(7+!)G fc ( 7 +f 



k=0 j=0 
2 d -l 



= E c ,(7)E*(7+f)^(7+|)G,( 7 +f 



j=0 k=0 

2 d -l 



E <* (7)* (7+ f) 6 jp = ]T Ci (7)* (7+ |) *j P = Cp (7)* (7+ f ) ^ [f (7)], 

TTizs justifies the use of the terra dual matrix for G (7) . We remark that [G (7)]fe, 
k = 0, 1, ..., ?7i do no£ necessarily form the canonical dual o/[H (7)] fe , k = 0, 1, ...,m. 

Remark 5. // £/ie columns of H (7) /orm a Parseval frame for its span for almost 
every 7 in T d , i/ien i/ie frame operator S (7) /or i/ie columns o/H (7) is t/ie identity 
for almost every 7 in T d . It follows that 

G (7) = H (7) for almost every 7 in T 

is one choice for G(7). Moreover, if the spectrum of Vq is all of T d , then the 
$ (7 + ^r) , < j < 2 — 1 can &e canceled on both sides of the equation (4-H) 
obtaining the 2 d x 2 d identity matrix on the right side of (4-12) and (4-12) takes 
the form of the Unitary Extension Principle. 

Remark 6. There are some fundamental differences between the UEP and our 
approach. First, in the UEP the scaling function is required to be refinable and the 
translates of it form a Bessel sequence. The frame condition in our assumptions is 
more restrictive. Second, the wavelet generators are assumed to be in V\, and, in 
fact, the translates of such generators can span a dense subspace of V\ . It follows 
that the wavelet frames obtained by the UEP are not semi-orthogonal. In our case 
we obtain semi- orthogonal wavelet frames since we required that our wavelet frames 
belong to Wq, the orthogonal complement of Vq in V\. 

Example 1. A radial wavelet frame [10, 21, 35]: Let Vq = -PM / / 7e Rd.|| 7 |i< 1 /4\. 
Then, if defined by 

£(7) = 1 {||7ll<l/4}(7) 

is a scaling function. Also, 

PW {-yeR d :\h\\<l/2} = D*V = Vl. 

Therefore, following the previous remark, Hq = Gq = l{|| 7 |i<i/4}, H\ = G\ = 
1{||7||<i/4} — l{||7l|<i/8} periodically on R d , and equations (4-7) become 

Hq^Gq + #i$Gi = $ 

and 

Vu e {0, l} d \ {0} t u/2 (#0*) Go + t u/2 (#!$) G 1 = 0. 
This equations are trivially satisfied because of the following observation: 

I {7 e R d : INI < 1/4} n r M/2 ({7 e R d ■. || 7 || < 1/4}) | = 0. 



418 



JOHN J. BENEDETTO AND JUAN R. ROMERO 

A generator ip for Wq is given by 

^ M = l{|| 7 ||<l/2} (7) - 1 {||7||<V4} (7) • 

Note that 

PVF {7eRd: || 7 ||< 1/2} = D*V = Vi, 
and 

Vi = V ®W , 

so that Wq = Vq flVi = PW / { 7e Rd.|| 7 ||< 1 /2}\{ 7 eRrf:|| 7 ||<i/4}, which is consistent with 
the above solution. This type of symmetric (radial) nonseparable frame multiresolu- 
tion analysis has been very useful to detect texture in medical image processing, c.f 
[35] . The filters G$ and G\ can be smooth to avoid ringing in the reconstruction 
proccess. 

Example 2. More generally, Let A be a subset of [— 21 2) ^hat tiles M. d by dyadic 
dilation, and define Q by 

Q = Uj> 2- j A. 
It is well-known that ip defined by the following equation 

$(l) = 1a (7) = 1q (7) - Iiq (7) 

is a Parseval frame wavelet (cf, Lemma 14 in [10], Theorem 3.8 in [21] ). The 
scaling function <p is given by 

£(7) = 1 ig(7) 
and the filters Hq and Hi are given by 

H a (7) = Iiq (7) , ^ (7) = lig (7) - lig (7) , periodically on R d . 

The dual filters Go, G\ can be taken to be equal to Hq and Hi respectively . The 
equation ip (7) = 1q (7) — lig (7) implies that 



jez d 



< 00, 



since Q\^Q tiles R by dilations. Hence, 

■0( 7 ) = £( 7 /2) -^(7) 

and tp is a refinable function associated with ip. Thus, in light of Theorem 3.8 in 
[21], the wavelet function ip is derived from if. 

Once we have a frame for Wq, standard methods can be used to construct an 
FMRA frame for all of L 2 (R d ), e.g., [6, 7, 8, 9, 17, 19, 26, 27, 28, 36]. 

5. Measure-theoretic criterion for wavelets and a Mallat-Meyer 

type algorithm 

The main idea of FMRAs is to apply the ideas of classical multiresolution anal- 
ysis to contruct wavelet frames by means of a generalized Mallat-Meyer algorithm. 
Theorem 9 is a characterization of when such a construction is possible. As the 
theorem shows, this construction is not always guaranteed, but depends solely on 
the measure properties of a certain set which is intimately related to the spectrum 
of Vq. On the other hand, for the one dimensional case, Kim and Lim construct two 
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wavelets generating L 2 (R) independently of the measure of the aforementioned set 
[27]. 

In [8] , Benedetto and Li applied the theory of FMRAs to the analysis of narrow 
band signals. Then, in [9], Benedetto and Treiber presented the main results of the 
theory of FMRAs from a functional analytic perspective. The proof of the main 
result in [9] gives a recipe for constructing wavelet frames for L 2 (M) when a natural 
measure theoretic criterion is satisfied, cf., Theorem 9. The construction in [9] can 
be extended to M d , for d > 1, by tensor products. We shall make this construction 
in section 6. We emphasize, however, that in the case d > 1 Theorem 9 does not 
provide a recipe for constructing wavelet frames when the appropriate measure 
theoretic criterion is satisfied. However, Theorem 9 docs estimate the minimum 
number of generators in the worst case scenario, that is, when the measure theoretic 
criterion is not satisfied: 

Theorem 9. Suppose (V J7 ip) is an FMRA of L 2 (R d ), and let H Q £ L°°(T d ) have 
the property that ^(2-y) = Hq (7) <£> (7) a.e. Set 



r 



{ 7 GT d : *(2 7 ) = 0, $ (7 + |) > 0, u£ {0, l} d } 



Then, there is a set of wavelet functions to — {"ipi, ..., ip m } C Wo, rn < 2—1, for 
which the translations of u) are a frame for Wo if and only if |T| = 0. 

Proof. (H. O. Kim, R. Y. Kim, J. K. Lim) 

(a) We shall show that len V\ < 2 d . We know that Vo = span {rkf ■ k E Z d }. 
Now, Vi = DVo which implies that V\ — span {DTk(p : k G Z d }. The relations 
Vfc e Z d , Dr2k = TkD give us 

DT 2k +u<P = DT 2k T u ip = T k Dr u ip = r k ip Ul k e Z d , u e {0, 1} . 

Here we are using the fact that every n E 1* d can be written uniquely in the form 

2fc + u, with k £ 1 d and u£ {0, 1} . Also, (p u = Dr u (p. Therefore, 

Vi = span {r k Lp u :k£Z d , u£ {0, l} d \ . 

since card {0, l} d is 2 d , len V x < 2 d . 

(b) We shall show that len Vo < 1. From ip (27) = Ho (7) <p (7), we obtain 

X (V ) (7) = span j (h Q (7 - fc)) <P Q (7 - *))) 

which implies that X (Vo) (7) is at most one dimensional : 

(c) The — k th component of X (ip u ) (7) is given by 2~2 e - 2 ^ lu -2(i^ k )(p ^ (7 — fc)) 
so that 

Af (VI) (7)= span j (e-™»-Hi-*)$ Q ( 7 _ fc)^ ^ : u e {0 , l} d 
If we compute, 
(A- (^ u ) ( 7 ))_ fe = (p u (7 - k) = fh^p (7 - k) = / 2^ (2x - «) e-^^-^-^cte 

2-3^(y)e- 2 "2fe+«)-(7-fc) dy= [ 2 -l cp (y) e-^^^-^e-^y^-^dy 

j_| e _2iriiu-( 7 -fc) 



<^ (y) e~ 2niy -^-Vdy = 2-i e - 2mu -^- k ^ f- (7 - fc)") 
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(d) We now compute a (Vi) . For eel 2 (Z d ) define 

, , _ J c (fc) if k — 2m + u, m G Z d , 
" [ otherwise. 

Two multi-integers m, n are congruent mod {0, 1} if they have the same multi- 



remainder u G {0, 1} , i.e., if m — 2fei + u and n — 2fc2 + u where fci, k^ G Z d and 

E < 

«e{oa} d 



u £ {0, 1} . It follows that c — J2 c « an d 



(c u ,c„) = 5(u,v) ||c„|| , 
where 5 is the Kronecker delta. Hence, 



9 

^ / / feez d V V^ / / fcez d 



— 7rm-7 \ "* -Kiu-v n 

f£{0,l} d 

where c 7 (fc) = <p (2 (7 ~ &)) an d c„ )7 is defined as above (only the w-congruent 
entries survive). Therefore, X (V\) (7) — span < c U)7 : w G {0, 1} > and 



CT (Vi) = {7 e T d : dim A" (Vi) (7) > 0} = {7 G T d : at least one c un ^ 0} 

E ! 

«e{o,i} d 



On the other hand c„, 7 7^ implies that ||c 7 |j = J^ ll c «.7l > by the 



Pythagorean theorem. We compute 

cr(V 1 ) = { 1 eT d :\\c 1 \\ 2 >o} 



kei, d 



7 2fc + w N 



2 2 



> 0, for some 



-{■K^EKi-H 



fcez d 



2 
> 0, for some it 



= (7 G T d : $ Q - I") > 0, for some u\ 
= (7 e T d : $ Q + |) > 0, for some uj 
If we now define -ffo.u = #0 (2 — f )' then, 



^..(^(7-A))i?Q(7-*) 



/kezd „e{o,i} d 



because Hq is 1-periodic in each variable. Hence, 
x ( v o) (7) = s P an 



{^2 H o,uC U ri \ C span |c„ i7 : u G {0, l} d | = X (Vi) (7) . 
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(e) T = \ 1 7 G T d : dim X (Vi) (7) = 2 d and VuG {0, l} d , ff ,« = o} . If we de- 
fine Tj := {7 G T d : D Vl (7) = dim* (Vi) (7) = j.} , I < j < 2 d , then, 

<r(v 1 ) = \j j r j , 

a disjoint union. If 7 G T 2 d and 7?o « = for every wG {0, 1} , then we have that 
X(V ) (7) - {0} and X (W Q ) (7) = X (V,) (7) . Hence, D Wa (7) = dim A" (W ) (7) - 

Now, 






2-, 


since -Dyj 


(7) 


= dim*(Vi)(7) = 


2 d (76 


M 




e = 


.{7 


er 2d 


:VuG{0,l} d 


1 H 0u = 


"} 






■{, 


GT 2d 


:VuG{0,l} d 


•Ml 


u 

~ 2 






■{, 


GT 2d 


:VuG{0,l} d 


,*(i 


u 

+ 2 






■{, 


G T d 


V^G {0, if , 


$(7) = 


0,$ 



7 u 
5+2 



>} 

J2A G T d : VuG {0, l} d , $ (2A) = 0, $ (\ + |) > o} 



2r. 



Hence, |0| = 2 d \T\, which implies that |0| > if and only if |T| > 0. It is now clear 
that if |r| > 0, then Dw (7) = 2 d in a subset of T d with positive measure. Further, 
because of the way is defined, at least 2 d wavelets are necessary, since in this 
case, len Wo = 2 d . Now, applyng Theorems 1, 2, and 3 concerning shift-invariant 
subspaces, we obtain the result. □ 

Remark 7. Equation (4-6), 

<f>(2 7 )= ]T |ff | 2 (7 + ^)<f>(7 + ^ 
«e{o,i} d 

is true a.e. The left side of this equation is zero in T, and $ (7+ ^) > in T. 
Hence, H (7+ f) = 0, i.e., 



rc 



{ 7 GT d :V U G{0,l} d , #0(7+^=0} 



In other words, T can be seen as a subset of the zero set of the low pass filter Ho 
with the additional geometric condition that its elements 7 also have the property 
that 7 + f is a zero of H a . This observation can also be obtained from the proof of 
the previous theorem (see part (e) in the proof of Theorem 9). 

Because of the conclusions of Theorem 8 and Theorem 9, it seems reasonable to 
point out the distinction between these two results. Theorem 8 provides sufficient 
conditions in terms of equations (4.5), (4.7), and (4.12) developed in section 4, that 
a finite sequence of elements is a frame of Wo- Theorem 9 gives a lower bound 
for the number of generators by a measure theoretic criterion. Theorem 9 is an 
existence (nonconstructive) theorem and Theorem 8 can be viewed as a recipe to 
give explicitly the generators. 

Remark 8. Inspired by the work of Ron and Shen, there is a form of the Unitary 
Extension Principle in [9]. In this case, the matrix equation 

H (7) H (7) = /2 d x2 d f or almost every 7 in a (Vq) 

forces 

m> 2 d - 1. 
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This follows from the following argument: 

2 d = rank (I 2 d x2 d) = rank (H (7) H (7)*) 

< rank (H (7)*) = rank (H (7)) < m + 1 = the number of columns o/H (7) . 

Hence, the number of wavelets is at least 2 d — 1. Hence, the number of wavelet 
generators grows exponentially with the dimension d, as in the case of dyadic mul- 
tiresolution analysis. On the other hand, the matrix equation (4-12) implies that a 
lower bound for the number of wavelet generators can be any number bigger than or 
equal to 1, depending how many entries of the diagonal in the right side of (4-12) 
are nonzero. This gives the possibility of constructing single wavelets in higher 
dimensions (see Examples 1 and 2), a feature not present in the UEP. 

Example 3. // the scaling function is defined by 

£(7) = 1 {||7ll<«} (7) . 

where 1/4 < a < 1/2, then the set T = i,-yeT d : $(27) = 0, $ (7 + |) > 0, uE {0, l} d \ 

has positive measure. Hence, in view of the previous result, at least 2 d wavelets are 
needed to generate a wavelet frame for L 2 (M. d ). In this case, a set {ipu} of wavelets 
for L 2 (R d ) is given by 

^ (7) = 2 - d ' 2 e-^ [1 { || 7 ||< 2o} (7) - l{|| 7 ||<a} (7)] ,«e{o, i} d ■ 

These radial wavelet frames have several recent applications, e.g., for texture detec- 
tion in medical imaging [11, 35]. 

6. Algorithm 

The following result allows one to construct a frame of translates in higher di- 
mensions by means of tensor products. It is a special case of a theorem found in 
[22], and it can be proved directly by a straightforward calculation. 

Proposition 1. Let {Tkip}kez o,nd {Tk<p'}kei. be two frames for L 2 (R) with frame 
bounds < A < B < 00 and < A' < B' < 00 respectively, then {r m {if f')}m& 2 
is a frame for L 2 (IR 2 ) with frame bounds AA' and BB' ' . 

Following Proposition 1, we shall construct FMRA wavelets by tensor products 
in the same way it is done for the classical MRA case. First, assume that (Vj, (p) is 
an FMRA of L 2 (E). Assume the set T defined by 

r= J7eT:$(27) = 0, $ (7) > 0, $(7+^) >0 

has measure zero, and the wavelet ip is given by 

£(27)=ffi(7)£(7), 

where Hi (7) is defined by 

e- 2 ^Ha (7 + |) $ (7 + i) if 7 eA 2 , 

<7i (,)= { 1 if 7 e A 3 and H (7) = 0, 

otherwise. 
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The sets A,, j = 1,2,3,4, arc 



Ai = ^ 7GT : $ (7) = 0, $7 + 



A 2 = <{ 7GT : $ (7) > and $ ( 7 + - ) > } , 



7GT : $ (7) > and $ ( 7 + - ) = } , 



A 4 = <^ 7GT : $ (7) = and $ I 7 + - 1 > \ , 

and they form a partition of T, see [9, 17]. We now define the d-fold tensor product 
V/ d) = d Vi associated with the given FMRA of l? (K). Recall that 

Vi = Vo®W c L 2 (K) . 

Hence, if we set X = Vb, Xi = Wo, and 

X, = X Ul (g)X V2 (g)...(g)X ! , 1 , 

for ^ = (vi, ..., 1/^) G {0, 1} , we have 

With the convention that ipo — f, denote 

ip„ (xi, ..., Xd) = ip Vl (xi) Vv 2 (#2) ...Vv d (#d) • 



fcez<Ve{o,i} 



d is a frame 



By Lemma 1, {jk^vS^^jd is a frame for X v , so that {Tfc^>„} 

for Vl d) . 

In order to write these wavelets as a Mallat-Meyer algorithm, we compute $w 
obtained by the periodization of the square of the modulus of 9? (71) ...(p(^f d ): 

$ (d) (7i,-,7d)= E \$hi + ki)-$(jd + k d )\ 2 

(fei,...,fed)GZ d 

= E i^(ti + h)\ 2 ...\(p( ld + k d )\ 2 

(fei,...,fed)GZ< i 

= E-Ei£(7i + fc i)i 2 -i£(7d+Mi 2 



feiGZ fedGZ 



E 1^(71 + *i) 

feiGZ 

$ (71) ...$ (7d) . 



E \fihd + k d 

.fcdSZ 



We then define $„ by $„ (71,..., 7d) = $ Vl {li) —$v d (id), where $( ,...,o) (7i>->7d) 
0, 



**, (7j 



1 if t/j : = 

'""I *( 7i ) if ^ = 1, 

and W by #" (71, -,7d) = H^ ( 7l ) ...#"«« ( 7d ), where 



W I #0(7;) if ^ = 0. 
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The sets A^ , j = 1,2,3,4, for the tensor product, take the form 
Ai d) - { 7 eT d : Vu G {0, l} d , ^ ( 7 + |) = o} , 



A (d) 



{ 7 eT d : *(<*) ( 7 ) > and 3u G {0, l} d \ {0} , *W ( 7 + |) > o} , 



Af = ] 7 eT d : $« ( 7 ) > and $ f 7l + M = ... = $ ( ld + l - ) = 



Af = 



{ 7 GT d : $<<*) ( 7 ) = and 3u G {0, \} d \ {0} with $W ( 7 + |) > o} 



Moreover, the filters H„ ( 7 i, ..., 7d ) = i?^ ( 7 i) ...if^ ( 7d ) , for t/ ^ (0, ..., 0) are given 

by 
F„( 7 )=i Jl Ho{lp) if 7^3,^(^ = 0,^ = 1, 

[ otherwise, 

where, by convention, the product \\ u =0 Hq ( 7p ) = 1 in the case none of the v v is 
0, i.e., v = (1, ..., 1). Ho is the low pass filter on T. Thus, the FMRA wavelets, 
ip v , v ^ (0,...,0), defined above can now be formulated as in the Mallat-Meyer 
algorithm as follows: 

A, (2 7 ) = H v ( 7 ) ?W ( 7 ) , 
where ip^ {xi,...,x d ) = ip{xi) ...ip{x d ). 

Remark 9. This argument can be generalized to the case (Vj (1) , ipi) , ..., (Vj (d) , (p d ) 
of d distinct FMRAs of L 2 (R). The idea is the same, but beginning with 

$ (d) ( 7 i, ..., 7d ) = $i ( 7 i) ...$ d (7 d ) . 

However, the notation becomes cumbersome. If one of the sets 

T, = | 7 eT : $,-(27) = 0, *,- (7) > 0, *,- (7 + ^ > 

/las measure zero, then Theorem 9 says that a set of FMRA wavelets for L? (M d ), 
with cardinality less than or equal 2—1, exists. Moreover, if Tj~, k ^ j, has 
positive measure, then it is impossible to construct via tensor products a set of 
wavelet generators with cardinality less than or equal 2—1, since we need at least 
two wavelet generators for Wo (k) = Vq (k) fl V\ (k) by Theorem 9. 
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Abstract 

This paper focuses in on two problems - signal reconstruction from linear translation-invariant 
systems (deconvolution) and reconstruction from samples (sampling theory). These problems are 
realized in remote sensing and digital-to-analog reconstruction in industry. The tools used to solve 
these problems include techniques from complex function theory, Fourier and harmonic analysis, real 
and functional analysis, and number theory. What may be more interesting than the solutions is how 
the they are so strongly interrelated. Data is gathered on discrete lattices which are developed using 
some results from number theory. Reconstruction of the continuous information is then developed 
using interpolation techniques from the theory of entire functions with restricted growth 1 . 



1 AMS Subject Classification 42A65, 42A70, 42C15. Keywords: interpolation theory, deconvolution, Cauchy 
residues, Shannon sampling, periodic sampling, bunched sampling, irregular sampling, Riesz basis, frames, wavelets. 
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1 Introduction 

Reconstruction of information from raw data is one of the most fundamental problems in science. 
These problems fit into two basic categories - deterministic and statistical. Deterministic problems 
include (but are certainly not limited to) reconstruction from sample values (sampling theory), 
rebuilding signals from coefficients (Fourier synthesis, wavelet reconstruction), and reconstruction 
from boundary or initial values assuming a given model (solving differential and integral equations). 
Statistical reconstruction is used when there is a random component (noise) in the information, 
and aims at developing either statistics about the signal or getting the best representative of the 
signal. These problems include parameter estimation, blind deconvolution, matched filtering, and 
detection and estimation. 

This paper addresses deterministic reconstruction. In particular, it focuses in on two problems 
- reconstruction from samples (sampling theory) , and signal reconstruction from linear translation- 
invariant systems (deconvolution). The tools used to solve these problems are drawn from a wide 
spectrum - complex function theory, Fourier and harmonic analysis, real and functional analysis, 
and even number theory. What may be more interesting than the solutions is how they are so 
strongly interrelated. Data is gathered on discrete lattices which are developed using some re- 
sults from number theory. Reconstruction of the continuous information is then developed using 
interpolation techniques from the theory of entire functions with restricted growth. 

We will assume definitions and theorems from harmonic and complex analysis. Much of what 
follows is standard notation in the literature, and can be found in texts covering those subjects. 
For example, see Apostol [1], Benedetto [2], Barros-Neto [3], Conway [28], Dym and McKean [31], 
Higgins [35], Hormander [37], Korner [42], Levin [44], Marks [47], Young [66] and Zayed [69]. We 
define the Fourier transform of / G L 1 (IR) as 

/H = / f{t)e- 2 ^dt 
m 

and its inversion formula, for / G L 1 (M), as 

using the same normalization as that of Benedetto [2] and Dym and McKean [31]. 

1.1 Two Problems from Industry 

Two key problems in signal and image processing are the recovery of original data from the proce- 
dures which gather the information (deconvolution) , and the reconstruction of analog information 
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from discrete data (sampling). We have developed solutions to both of these problems using tech- 
niques from the theory of complex variables, and in particular the aspects of that theory which 
allow for interpolation from discrete data values. Deconvolution is discussed in Theorems 1-9 in the 
paper. The key step in our solutions of deconvolution problems is an interpolation from discrete 
data, given on the unions of lattices with pairwise non-commensurate generators. The deconvoluton 
techniques in turn provide insight into how one can develop general sampling schemes on such sets. 
We give specific examples of non-commensurate sampling lattices, and use a generalization of B. 
Ya. Levin's sine-type functions to develop interpolating formulae on these sets. Sampling results 
are presented in Theorems 10-12 in the paper. 

The solution to the first problem involves a new approach to deconvolution. 

Problem 1 : Scanning Computer Chips Intel, Dell, Texas Instruments, . . . 

The construction of new computer chips requires increasingly fine measurement tools. The 
measurement tools can be modeled as a convolution sit) = f * n(t) = J f(r)n(t — r) dr where / 
is the input function of the surface of the chip, \i is the sensor function, and s is the measured 
surface. Convolution "smooths out" or "blurs" functions. It also "erases" some functions. The 
industry requires an increasingly accurate surface measurement s, but the physical limits in refining 
\x have been reached ([51]). It is possible, even given these limits on /i, to refine the measurement 
of s. This is achieved by multichannel deconvolution. We call this the Multichannel Deconvolution 
Problem (MDP). 

Mathematically, this problem can be thought of in the following way. Given a collection of 
compactly supported distributions, {/ij}^ C £'(M. d ), we want to recover an arbitrary function 
/ G C°°(M. d ) from the data {si}^] =1 = {/ * Hi}iLi- This is a two-step problem. The first step is 
to give conditions on {£<i}™i which allow for this reconstruction. The second step involves the 
construction of deconvolvers, which come in a variety of types but which are essentially a collection 
of distributions which (1) depend only on the convolvers {/ij}^ and (2) allow for the solution of 
the MDP with only simple linear operations on the data {sj}^. 

For example, any set of distributions {z/j}^ C T>'(M. ) which satisfy 

m 

y^ m * vj = s (i) 



or equivalently, 



J>(7)3(7) = 1 (2) 

i=i 
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is a set of deconvolvers. In this case, / may be recovered by 

mm m 

i=l i=l i=l 

m 

= f * ^2 M * u i = f * 6 = f > ( 3 ) 

i=l 

provided that the associative law holds. 

Equation (2) is a type of Bezout equation. Polynomial Bezout equations have been studied for 
over a century. The equation above is an analytic Bezout equation, in which we are dealing with 
transcendental entire functions, rather than polynomials. Such problems have been extensively 
studied in a variety of contexts, including the study of division problems, interpolation, analytic 
continuation, complexity theory, number theory, and solution to systems of PDE's ([6], [13], [14], 
[15], [36], [40]). For the purposes of this paper, we require the following result of Hdrmander which 
gives necessary and sufficient conditions under which compactly supported solutions of (1) exist. 
Hormander's result solves the first step of the MDP. 

Theorem 1 [36] There exist compactly supported distributions {fj}^ C £'(M. d ) solving (1) if and 
only if there exist constants A, B, N > such that 

m 

J2\fc(z)\>A(l + \z\)- N e- B ^ VzeC d . (4) 

A collection {fii}f] =1 C £'(M. d ) which satisfies (4) is said to be strongly coprime . It is of interest 
to compare the envelope condition above with the Paley-Wiener-Schwarz growth constraint. Note 
that Hormander's envelope condition is essentially the inversion of this constraint. 

The heart of the multichannel theory involves solving an interpolation problem, reconstructing 
functions (the deconvolvers) in a space of restricted growth {£') from discrete data (their values 
on the zero sets of the convolvers). This gives solutions to the Bezout equation [21, 26, 27]. This 
development utilizes the zero sets of the fii as different sampling rates. This then leads naturally 
to our second problem. 

Problem 2 : Digital-to- Analog Conversion Phillips, Sony, . . . 

We are increasingly displaying, storing and/or analyzing signals and images in digital formats. 
The mathematical theories for digital-to-analog conversion are categorized under Sampling Theory. 
The industry requires increasingly faster sampling schemes in order to store greater amounts of 
information. Current sampling rates are approaching their maximum rates. It is possible to speed 
up the sampling schemes by sampling with multiple samplers, each operating at rates slower than 
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the given maximum. The samples are interlaced, and the net effect is that of a faster sampling. This 
procedure is called multirate sampling, and we call this the Multirate Sampling Problem (MRSP). 
The connection between sampling and multichannel deconvolution leads us to sampling schemes 
on properly chosen non-commensurate lattices. Let {r{\ T ^ =l be a set such that TiJTj is poorly 
approximated by rationals for i ^ j, and let R = X^i r «- Let 



*-(0{£} )uo» 



for k £ N be a sampling grid, made up of a union of sampling grids with non-commensurate 
generators {rj}. Given an R bandlimited function /, we can reconstruct / from samples taken on A. 
We give specific examples of these non-commensurate sampling lattices, and use a generalization of 
Levin's sine-type functions to develop interpolating formulae on these lattices. Our interpolators are 
products of sine-type functions. We show that our reconstruction formulae converge conditionally. 
Solutions to Problem 1 and Problem 2 are developed using similar tools - complex function the- 
ory, Fourier and harmonic analysis, real and functional analysis, and even number theory. What 
may be more interesting than the solutions is how the they are so strongly interrelated. Data is 
gathered on discrete lattices which are developed using some results from number theory. Recon- 
struction of the continuous information is then developed using interpolation techniques from the 
theory of entire functions with restricted growth. 

2 Multichannel Deconvolution 

2.1 The Coprime Condition and Local Deconvolution 

The advantage to solving (1) with compactly supported deconvolvers is that in this case, deconvo- 
lution can be done locally. That is, we can recover / at some point to from knowledge of the data 
{si}^i on some compact set possibly depending on to- Local deconvolution can be achieved if (1) 
can be solved with deconvolvers in £' (R ) as the following calculation shows. (Let h(t) = h(—t) 
here and below). 



/(*o) = (f,T- to 5) = (nj, J^/ii*i 
\ i=i 

m m 



i=l i=l 

Thus, /(to) can be recovered from knowledge of s\ on the compact set {to} +supp v\. Hormander's 
Theorem (Theorem 1) says that local deconvolution in the sense of (1) is possible as long as the 
strongly coprime condition is satisfied. 
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In contrast, non-local deconvolution in the sense of (1) is possible trivially in the following sense. 
For 1 < i < m, let 



m s. 

£i£»i 2 

7=1 7 



-1 



v i {u) = jx i {u)${u) where $(d)= QJ^HI) . (5) 

Then for all weE (i , 

mm m 

y^^jJLi(u)vi(u) = y^^i(u)ixi(u) $(u) = $(w) ^|/2j(u;)| 2 = 1. 
«=i «=i j=i 

In light of the coprime assumption, <£(cj) has polynomial growth in u and hence is the Fourier 
transform of a tempered distribution. It follows that each Vi is a tempered distribution. However, 
the functions Vi are not entire. They are not analytic, but rather, anti-analytic - vanishing under 
the differential operator d = ^ = 2\~5x Jr l~dv) instead of the Cauchy-Riemann operator d = 
~M = ~2\~§x~l~dv) • Thus, the Paley- Wiener-Schwartz Theorem asserts that the distribution Vi 
cannot be compactly supported. Hence deconvolution is not local with these deconvolvers. 
An alternate approach to the MDP is to solve a modified version of (1), namely 

m 

^2 Vi * Vi,<p = ¥ (6) 

i=i 

or equivalently, the modified Bezout equation 

m 

^2tM^,(u)vi(u) = ${u) (7) 

i=i 

where if G C^(M. d ), for a sufficient degree of smoothness k. If there exist compactly supported 
solutions to (1), then certainly there exist compactly supported solutions to (6), namely fj )V , = 
vi * ip. In this case, the deconvolvers are themselves in C% (M ). Such smooth deconvolvers have an 
advantage in numerical applications of the theory. 

If (6) can be solved, then the MDP can be solved locally as follows. Choose ip £ C^(M. d ) so 
that ip(t) > for all t and J Rd ip(t) dt = 1. For A > 1, define <p{t) = ip\(t) = \ d ip(\t), i.e., {tpx} is 
an approximate identity family. Define {i^i,^ x }iLi to be a solution of (6) with cp(t) = ip\(t). Then, 



/ = lim (/ * Va) = V] hm (f * m * i^J = V lim (s* * v^ x ) 

A^oo ^— — ' A^oo ^— ^ ' A— +00 

i=l i=l 

with convergence in £' . The solution is local in light of the fact that 

m 

/(to) = lim (/,T to ^ A ) = y2(T to Si,Vi^ x ). 

i=l 
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Thus, recovery of / at to requires knowledge of Si on the compact set {to} + (suppi^ + suppY>). 

A similar approach is the following. Let {■tp n }'^ =1 be an orthonormal basis for L 2 (M. d ). (We 
could also have {ipn}^Li be a Riesz basis, a frame, or a complete set for L 2 (M. d ).) For each n, define 
{ u i,ipn}i^i to be a solution to (6) with (p = ^ n (assuming such a solution exists). Then arbitrary 
/ G L 2 (M. d ) n C OD (M d ) can be recovered by computing 

m m m 

i=l i=l i=l 

If the basis is local, such as a smooth, compactly supported Gabor frame or wavelet basis, then 
recovery of / is also local [26] . 

2.2 Example: Cubes in R d 

An example of convolvers that admit solutions to (1) is collections of characteristic functions of 
cubes in W 1 . This example is of considerable practical interest and will be used in this paper to 
illustrate deconvolution techniques. We have Theorem 2 due to Petersen and Meisters. 

Definition 1 A real number a is poorly approximated by rationals provided that there exist con- 
stants C, N > such that for all integers p, q, 

\a-p/q\>C\q\~ N . (8) 

For example, quadratic irrationals of the form \/n, where n 6 Mis not a perfect square, are 
poorly approximated by rationals. 

Theorem 2 [50] Let < n < ■ ■ ■ < r m , m > d+1 satisfy ri/rj is poorly approximated by rationals 
whenever i ^ j. Then the collection {X\ Ti r .id}™ j is a strongly coprime set. 

According to Hormander's Theorem (Theorem 1) it is necessary that the convolvers {^r_ r - r .id}™ j 
satisfy the strongly coprime condition for there to exist compactly supported solutions to (1), it 
turns out that the MDP can be solved in a slightly weaker sense if only irrationality of ri/rj is 
assumed. In particular, the following theorem holds. 

Theorem 3 ([9], [33]) Let < r\ < ■ ■ ■ < r m , let m = d+ 1. Then the following are equivalent. 

(a) The collection {r^}^ satisfies ri/rj is irrational for all i ^ j. 

(b) If for 1 < i < m, f e L 2 (R d ) satisfies f * X[_ r ^ ]d = then / = 0. 
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Note that Theorem 3 requires only that Vi/rj be irrational and not that these ratios be poorly 
approximated by rationals. The conclusion is also weaker, namely that / is completely determined 
by its averages, i.e., the theorem gives a solution to a Pompeiu problem (see [6], [68]). Theorem 3 
does not say that / can be recovered from its averages in a reasonable way. 

There is also a local version of Theorem 3. 

Theorem 4 ([10], [33]) Let < n < ■ ■ ■ < r m , let m = d + 1, and let R = YT=i r i- Then the 
following are equivalent. 

(a) The collection {r^}^ satisfies ri/rj is irrational for i ^ j. 

(b) If for 1 < i < m, f € L 2 [-R, R] d satisfies f * X^.^d = on [-R + n,R- r;] d then / = 0. 

Note that Theorem 4 allows for the unique determination of / on the cube [-R, R] from 
averages of / on translates of the cubes [—ri,ri], 1 < i < m that are completely contained in the 
larger cube [— R, R] . Again, it is not known in general how to stably recover / from these local 
averages. Another example of deconvolution from cubes is due to Berenstein and Yger ([11], [13]). 

Theorem 5 The family {fi±, fi2, ^3} where /ii = Xr jp, \xi is a rotation of \x\ by 36° and ^ is a 
rotation of \i\ by 45° is a strongly coprime family. 

2.3 Example: Balls in R d 

A strongly coprime system based on characteristic functions of disks is due to Berenstein and Yger 
[6], [11], [13]. 

Theorem 6 Let \x\ and \i<i be the characteristic functions of the disks B(0, r{) and B(0, r?) C M 2 
respectively. Then the system {^1,^2} is strongly coprime if and only if there is a constant A > 
such that 

\ri/r 2 - £/t]\ > (l/A) \ V \- A (9) 

for any pair £, r] > with Ji(^) = Ji(tj) = where J\ is the Bessel function of order 1. 

Explicit formulas for the construction of deconvolvers satisfying (1) are given in [11]. A local 
version of this theorem is also due to Berenstein and Yger [12]. 

Theorem 7 Given d € N, let 

Z d = Wrj: C,V>0, J d/2 (0 = J d/2 (v) = 0}, 
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let ri,r2 > and let R > n +r2. //" T\jri ^ Z<2 ; t/ien any function f continuous on the ball 
B(0, R) C M rf is completely determined by f * X B ( n \ (t) /or x £ B(Q,R — r\) and f * ^B(o,r 2 ) (*) / or 
x € B(0,-R-r 2 ). 

Note that Theorem 7 allows for the unique determination of / on the ball B(0, R) from averages 
of / on translates of the balls S(0,rj), i = 1, 2 that are completely contained in the larger ball 
-6(0, -R). Explicit formulas for the construction of deconvolvers in the spirit of (6) are given in [6]. 

While Hormander's Theorem (Theorem 1) supplies necessary and sufficient conditions for the 
solution to the MDP locally via (1), it does not supply any explicit formulas for constructing 
deconvolvers. Finding such explicit formulas has been the focus of much recent work ([6], [11], 
[13], [21], [26], [33], [59], [60], [61]). The next section develops these formulas by solving the Bezout 
equation using the Cauchy residue calculus. 

2.4 Complex Interpolation Methods for Deconvolution 

In this section, we will describe a specific solution to a modified analytic Bezout equation. The 
technique of solution involves the Jacobi interpolation formula and the Cauchy residue calculus. 
We choose V G C£°(M) so that ip(t) > for all t and f R ip(t) dt = 1. For A > 1, define <p(t) = 
ip\(t) = Xtp(Xt), i.e., {tpx} is an approximate identity family. 

We create an approximate deconvolution system by solving the Bezout equation 

m 

Thus, ip\ — ► 1 as A — ► oo. This gives us our deconvolving functions. Then, as ip — ► 5, f*<p — > f 
in the sense of convergence in £' . That is, the signals s, are filtered by the i^ )V , (which have been 
created digitally, optically, etc., in coordination with the creation of the system and possibly tailored 
to be optimized under some constraint) and added, resulting in the reconstruction of / * cp. By 
controlling A, / can be reconstructed to any predetermined accuracy. 
Let 

X \-r,,r,} } , i=l,---,m 



where {ri} 1 £ =1 is such that (ri/rj) is poorly approximated by rationals for i ^ j. We first note that 
the Fourier-Laplace transform of Hi(t) = Xr_ r . r .i(t) is 

- ,rt sin(27rrjC) 
Mi(C) = ~, • 

As noted in the previous section, the strongly coprime condition reduces to the ratio {ri/rj) being 
poorly approximated by rationals. The optimal case when N = 2 is given by quadratic irrationals. 
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For example, if {pi}™ =1 is a set of primes, {1, yjpi, ^PiP2, ■ ■ -, \JP\P2 ■ ■ -Pm-i} will work. Let 

We will assume, for technical reasons, that / G C°° n L 2 (M). We will use a density argument 
at the end of this section to extend the result to all of I? . We choose y? to be a C°° function with 
support in [—A, A] with < A < R such that <p > and J ffi (p(t) dt = 1 ((p is an approximate 
identity). We refer to <p as the auxiliary function of the construction. 

Let 



</,¥>>= / f(t)<p(t)dt 

be the L 2 inner product of / and <p, and let 

(i/; ¥>) = / (p(t) u(t) dt 



formally denote the dual product between ip G £ and 1/ E £'. Let 

Afc= {S}' nGN 
be the zero set of /Ife(C)- 

Let's first solve the problem on 

m 

A = (J A* . 

i=i 

Let o" be any permutation of {1, 2, ... , m} such that a{i) / i. We want solutions to 

m 

^2fii(z)Vi#(z) = p{z) (10) 

i=i 

for z G A of the form 

»V(z) = a ff (i) iV (z) JJ juj-(z). (11) 

Substituting back and rearranging, we get 

m 

^a^(z)JJ &(*) = £(*)• (12) 

i=l jV« 

Now, fix A;, and let 2 G A&. Then, if i ^ k, Y\j^i^j( z ) = f° r au z ^ A&. Therefore, the only 
non-zero term in (12) is the i = A; term. Thus, the solution to (12) is 

- < \ ^( z ) n ^ 

1 Ij^k t 1 ] \ z ) 

Substituting back into (11) gives 

%,<p = a CT (fc),^ JJ V-j ■ ( 14 ) 
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Thus, we can completely solve the Bezout equation on A. The question now becomes one of 
interpolation. In this section, we will use the Jacobi interpolation formula and the Cauchy residue 
calculus to do this interpolation. 

Remark 1 For each Pfc j(y3 , the zero set A& is a sampling lattice. Because the sampling rates are 
non-commensurate, A is then a union of these non-commensurate sampling grids. This idea is what 
led to the exploration of these grids for general sampling problems. 

Theorem 8 Let {ri} r j ^ =1 be a set such that (ri/rj) is poorly approximated by rationals for i ^ j. 
Then 

X \~r,,r,\ } , i= l,...,m 



is a set of strongly coprime convolvers. Let R = Y^ r i> an d let <p be a C°° function with support in 
[—A, A] with < A < R such that <p(t) > for all t and j R (p(t) dt = 1. Let a be any permutation 
of {1, 2, . . . , m} such that a(i) / i, and let 

i^n^^w \i^{z)) \c-zj 

Given any f G L 2 , the deconvolvers v^ such that 

m 

1=1 
are given in the transform domain by the formulae 

%,<p(0 = S<T(fc) lV (C) II #K0- ( 16 ) 



Remark 2 (a) We have that for (p(t) = tp\(t) = Xtp(Xt), cp(t) — ► 5 as supp(ip) — ► {0} and 
so (p(C) — ► 1 as supp(ip) — ► {0} in the sense of distributions. The function <p can be chosen 
arbitrarily close to the S. The advantage of constructing (p instead of the 5 is that we can express 
our formulae for the deconvolvers as functions, and not as distributions. 

(b) The formulae for the i/j are a type of Lagrange interpolation, where the analytic functions ViiC,) 
were constructed from known values on a discrete set of data. The Cauchy residue theory is used 
to convert these discrete values to analytic functions. The formulae are also related to Shannon 
Sampling , with the functions 

i (M0Y (t) 



^Hk{z) \C-z, 
acting as interpolators. These relationships will be explored further in the next section. 
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Proof : The fact that 



X [-n,ri] > , i = l,...,m 



is strongly coprime is given by Theorem 2. Now, we have that jUfc(C) 
^Mfc(C) + for C e A fc , and that 



sin(27rr fc C) 






^for(GA,. 



Note that 



(17) 



The strongly coprime condition allows us to construct a sequence of concentric circles {r n } with 
centers at the origin and radii p n such that lim n _ >00 p n = oo and such that there exist constants 
Cfc > with 

|sin(27rr fc C)| > c k e 2nrk ^ (18) 

for C G r n (see [11]). As <J?(C) is entire, we may represent (p by the Cauchy integral formula, i.e., 



**o = ds 



r„ 



g(g) 



dz. 



We need the following. 
Lemma 1 Let a be any permutation of {1,2, ... , m} such that a{i) ^ i, and let 

<m ( i \ ( mcy 



Oik, 



>(0 = £ 



For ( £ {( : \(\ < p n } and z G A& suc/i £/iat |z| < p n , 

m 

£(C) = £w(CR(fc)^(C) II Mi(C) + ^n(C), 

fc=l j^(fe) 

where R n (() — ► as n — ► oo. 

Proof : For |£| < p n and z G A& such that |z| < p n , the Jacobi interpolation formula gives 



(19) 



(20) 



1 



£(0 = ^ 



£(z) 



dz 



2iri Jr z — C 

j_ /• ${z) 11 7=1 Mz) - ^{z) 117=1 MO 

2iri J r 



z-C){U7=iM< 



dz 



m . 

.7=1 * n 



£(z) 



(*-o nr=i/^( 



dz 



1 

27ri /i 



£(*) 



n^=iMj(«) -n*LiMo 



(«-o (n^i^« 



dz 



m . 



£(z) 



(*-o nr=i/^( 



dz . 



(21) 
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Now, for z e Afc for any k, ( YllLi V-j{ z ) ) = 0) but 



dC 



Thus, the function 



n 



m d d 



j¥=i 



&k 



nm - — -, 
i=i ^i ( 



has simple poles atzGA = (jAfc. Therefore, 



<p(z) 



n?=i»j( z )-ii?=ii i j(o 



(s-o nr=i^ 



has simple poles in A = |J A&, and so by the Cauchy Residue Theorem, 



(p(z) 



IYk=iM z ) -IIfeLiMfe(C) 



r„ 



(z ~ (IlZiMz)) 

(p(z) ( 1 



dz 



£S w(0 IiIWSMU£'=>M<- ; 



^fe(C) 



This is also valid if indices of the transforms of the convolvers are permuted, i.e., 
fc=i jfr(k) zeK w n '* , W^ 3{) VdC^W^V V ^ . 



Let 



^(o=^n^(o/ r 



^(z) 



<iz . 



(22) 



(23) 



i=i ^ - (II/Li M*) 

To finish, we need to show that R n (() — ► as n — ► oo. We were able to choose T n such that for 

z e r n , 

|sin(27rr fc z)| > c k e 2wr ' k ^ . 

By the Paley- Wiener-Schwartz Theorem, there exists a positive constant C = C{N) such that for 
any positive integer N and any z£C, 



\<p(z)\ < C(l + Nr^e 2 *^*! 
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Therefore, for £ fixed and any fixed N > 0, 

|*»(C)I < lfW)ll^l/ 



<p(z) 



m 1 



(z-o{UT=iM^ 

<p(z) 



3=1 

m 



er^vr ( z - Q [UJli^z 






C{l + \z\y N e 



N 2irA\$fz\ 



dz 



\2irp r , 



Pr, 



n-icii) rr=i^ 



2tTTj\Qz\ 



in g(o\ 

3=1 



C(l+ Pw )-"p3 2 

(nr=i^)(Pn-ici) r 



7r(A-fl)p„ 



(24) 



Since A < R, this last quantity — ► as n — ► oo. This completes the proof of the lemma. □ 

To finish the proof of the theorem, we need to show that the series expressions in the previous 
lemma converge in the sense of £', that is, as analytic functions which satisfy the Paley- Wiener- 
Schwartz growth estimate. 



Lemma 2 For \z\ < p n , the series 



(p(z) 



y i 



Mfc(C) 



(25) 



converge in £' . 



Proof : If fik(z) = 0, then 



■ d ^ 2r k 



By the arithmetic condition on (r k /rj), if (J>k(z) = 0, for j ^ k, there exists C& > such that 

\Th(z)\ > -^2- 

\z\ 



(26) 



(27) 



The functions Hk(0 are entire. Therefore, on every compact subset K of C, there exists a constant 
M k (K) such that |jUfc(C)| < M k (K) for all ( £ K. The function cp(t) is C°°, and therefore its 
transform will decay rapidly on the real axis. In particular, for z £ T, by Paley- Wiener-Schwartz 
there exists a constant d = d(3 + rj) such that 

d 



mz)\ < 



:i + \z 



\3+V 



for all r\ > . 
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Therefore, for j ^ k, 



< 



\<?(z)\ l/4fc(C)l 

n^ fc A£(*)£#fc(*)i \c-z\ 

d , ,3 M fc (K) 



2r fc ((m-l)c fc )(l + |z|) 3+ " 1 

M k {K)d 1 

2r k ((m- l)c k )\z\ 



< J "fcV J M» x /oca 



In particular, for £ fixed, 



lfi(*)l MOI < (constant),, 

ii^^ooiftooiic-*! " k| 1+ " 

Thus, by the Weierstrass M-test, the series 

v ^ z) ( l \ (MQ\ m 

converge uniformly on compact subsets of C, and therefore represent entire functions. 
Now, for each z £ A k and \( — z\ > A > with A < l/2r k , there exists a constant a k 



C, — Z A A 



because Hk(0 = Jc k • If \C ~ A < e ) t nen 



< 



|— — 1< sup I— Atfc(C)| ■ 

<-, ~ 2 |C-z|<e d( > 



Therefore, there exists n k > such that 

uife(C), , 



/ife(C) '<K te 2 ^l^l 



'C-z' 
independently of z G A&. 

From the estimates above, for \z\ < p n , we have that the series 

l£(*)l 



E 



is bounded by some B. Therefore, for \z\ < p n , 

<p(z) Mfc(C) 



E 



* eAt n^ fc M*)#M*)(c-*) 



l£(*)l l/£(C)l 



" £in^^)|»)iic-^i 



< BK k e 



2-KV k \^\ 
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Thus, the series converges in £'. This completes the proof of the lemma and the theorem. □ 

The conditions that we impose on our auxiliary function cp make it an approximate identity 
function. Its smoothness and the size of its support guarantee that the deconvolvers are compactly 
supported. We can discuss more general conditions by introducing the following. Let k € N, and 
let a = k + f3, where < f3 < 1. We define the Holder space C a of exponent a as 

[/ G C k : There exists M > such that |/ (fc) (t) - f (k) {r)\ < M\t - t\?\ . 

We also define the related class D a as 

{f:f(u)(l + \u\reL°°}, 

for u£K. We have that 

D a+i c C a_ 

If / has compact support and / G C a , then / G D a . For the compactly supported function <p, we 
have that if 99 G C 3 ^, rj > 0, 



l + \z\) 3+r > 



for z G T„. 

We now give explicit formulae for the deconvolvers without using inverse transforms. 

Lemma 3 If n is a compactly supported function such that fi((3) = 0, then 

m 



(C-/3) 
where 



Tfi(0, 



(T/3- V ) = -2iri f ( f X <f{t)e 2nm - x) dt) fi{t) dx. 

Proof : Since T^ G £', 

% = (Tp;e- 2mt <) 

/oo / px \ 

I / e -2«tC e 2wi/9(t-x) dt \ ^ dx 



oc 



2ni ( e- 2mt «-VdtU(t)e- 2mxfS dx 

00 / — 2irix<^ p 2irixf3 1 ' 



oc 



- 2 " -2„( C -ffl )^- 2 '"^ 



00 fi(t)e- 2nix < f°° v(t)e- 2nix P 



, (C-/3) 7-oo (C-/3) 

m(o - vm _ KQ 
(c-0) ~(c-py 



444 CASEY 



since /2(/3) = 0. □ 

Lemma 4 // //&(£) = x [-r k ,r k ]{t) an d z £ ^-k, then 

Mfc(C) 



where 



Proof 



(C-z) Tm(C) ' 



<T m;¥ ») = -2iriJ (J v{t)e 2mz ^ x Ut\x { _ rk , rk] {x)dx 

= -2^ r ( r <p(t)e 2viz ^-^ dt\ dx 

= 2m f (ip{t) I e 2 ™ 2 (*-*) dx) dt 

J-r k V J-r k J 

+ - 2iri r (<p(t) r e 2 ™ z{t ~ x) dx\ dt 



l{^ iZ{t+rk) -l)X[-r k ,r k] (ty,<p). 



n 



These last two lemmas give us explicit formulae for the i/fc „ in the time domain. We add that 
the estimates given in the proof of the previous theorem give us that <p only needs to be a compactly 
supported C s+V function, because this is sufficient to guarantee that the series representations for 
the Vk,ip converge to compactly supported functions. 

Theorem 9 Let f £ C°° n L 2 (M), and for rj > let (p be a function in the Holder space C^ +ri 
with support in \—A,A\ such that < A < R = ^2 r i> V — 0; an d J^<p(t) dt = 1. Let a be 
any permutation of {1, 2, . . ., m} such that o~(i) / i. Given {r^}^ such that (ri/rj) is poorly 
approximated by rationals for i ^ j and convolvers 



X [-ri,ri] ( ,i = l,---,in. 

the deconvolvers v^ such that 

m 

f*<P = ^,(f * IH) * Vi,<p 
i=l 

are given by the formulae 
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v k , (p (t) = a <r ( k ) tV *K(t) (31) 

where K(t) is the convolution of Hj for j ^ k, o~{k), and 

«w<> - E n^y (^) (| (*~ - wo) ■ <») 

XTie function f * (p is an arbitrarily close approximation of f which converges to f in the sense 
of distributions as supp(ip) — ► {0}. 

To finish this section, we need to show that the deconvolution formulae given in Theorems 8 
and 9 work for general L 2 functions. We know that C°° n L 2 (M) is dense in L 2 . We also note 
that the functions i/fc „ are compactly supported and continuous. Therefore, since / * /_*& G L 2 , 
/ * Mfc * Vk,<p G L 2 with 

Similarly, 

Define the operator 

by 



11/ * f-k * vkwh ^ 11/ * /^fclblkfc^lli- 
ll/*y||2 < ll/lblblli- 



V: L 2 (R) — > L 2 ( 




v(f) = f*<p- 

The operator T> is clearly linear. The estimates above give us that T> is bounded, and therefore 
continuous. Since T> = on C°°nL 2 (M) and is continuous, T> = on L 2 (M). Thus, the deconvolution 
procedure works for general L 2 functions. 

Remark 3 (a) A several variable modification of this construction may be found in [13]. This 
construction requires a much stronger form of the strongly coprime condition, as this is needed to 
solve the Bezout equation in several variables. The construction of the transformed deconvolvers 
is achieved by solving the analytic Bezout equation using the known values on the zero sets of 
the /V These may be thought of as interpolation formulae for several complex variables as they 
reconstruct analytic functions based on distinct values at a discrete set of isolated points. The V{ 
are constructed simultaneously by taking the inverse Fourier-Laplace transform of the formulae. 

(b) The deconvolvers are not unique. For example, given two deconvolvers v\ and i>2, A£R, and 
a compactly supported function rj, the pair 

v\ = v\ + A77 * 1x1 , i>2 = v 2 - At/ * m 
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is also a set of deconvolvers. The non-uniqueness of the deconvolvers allows one to develop de- 
convolvers that are optimal with respect to a given condition. In [8] and [20], deconvolvers that 
optimize the signal to noise ratio of the signal relative to white Gaussian noise were constructed. 
Other types of noise could be dealt with in similar fashion. 

3 Sampling on Non-Commensurate Lattices 

The second step in solving the Multichannel Deconvolution Problem (MDP) involves solving an 
interpolation problem, reconstructing functions (the deconvolvers) in a space of restricted growth 
{£') from discrete data (their values on the zero sets of the convolvers). This gives solutions to the 
Bezout equation. This development utilizes the zero sets of the jli as different sampling rates. This 
connection between sampling and multichannel deconvolution naturally leads to sampling schemes 
on properly chosen non-commensurate lattices. We now consider our second problem: Let {rj}^i 1 
be a set such that ri/rj is poorly approximated by rationals for i ^ j, and let R = Y^iiLi r i- Let 



i=1 I z '« J fceN 



be a sampling grid, made up of a union of sampling grids with non-commensurate generators {r{\. 
Given a R bandlimited function /, we can reconstruct / from samples of / taken on A. We refer 
to this as the Multi-Rate Sampling Problem or MRSP. We begin this section by using the Cauchy 
Residue Calculus to derive the Whittaker-Kotel'nikov-Shannon (W-K-S) Sampling Theorem. 

3.1 W-K-S Sampling via Complex Interpolation 

Theorem 10 (W-K-S Sampling Theorem) Let f be a function of finite energy on M (f €. 
L 2 (R) y ) with Fourier transform f(co) = for all \u>\ > £1, i.e., f(t) is ^-band-limited. 

a.) IfT < 1/217, then for all t G R, 

v 2 - , sin(£(t-nT)) 

f(t)=T V finT) — ^P — ^-. 

J w ^ J v ' Tr(t-nT) 

n=— oo v ' 

b.) IfT < 1/20 and f(nT) = for all n € Z, then f = 0. 

Let / be an O-band-limited function of finite energy on IL (Also works for / G L P (M), 1 < p < 
oo.) To simplify notation, we assume 

n< -. 

- 2 
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Proof: Given / which satisfies the hypothesis of the theorem, f(t) is real analytic and has an 
analytic continuation f(z) to C. Moreover, f(z) satisfies the Paley-Wiener growth bound for O, 
i.e., there exists K = K(n) such that for all n £ N 



|/(2)| <K(n)(l + \z\y n e 2nn ^ . 



Let T = 1. Then T < ^. Also let 



/1(C) = sin(TrC) • 



This has zeros Z = k, k £ Z. To avoid these zeros, let C m be a circle centered at the origin with 
radius (m + 2)) f° r wi G N. We now apply the Jacobi Interpolation Formula. 



2 ™ Jc m C- z m(C) ^ 2iri J Cm (-z /1(C) 

(I) + (/i) 

We will show below that (II) — ► as m — ► 00. A careful estimation of this second integral 
provides a bound for the truncation error in our sampling formula. 
Assuming (II) — ► 0, we are left with (I). 

2m Jc m C~z n(Q 



m { /(o 



2tti J r C — z 



1 1 



Kz) m(C) 



d( 



At this point, we need to note a couple items before proceeding. First 

sinvrC = lim s N (() = lim vrC TT(1 - -^) 
N^oo N— >oo - LJ - 7 Z 

is the Weierstrass product representation of a sine function. Second, we have the following Mittag- 
Leffler partial fractions decomposition 



1 1 v^ 1 

+ E 



(C-z)s N (() ((-z)s N (z) £-< n (C - n)(n - z)s' N (n) 



This can be shown using the fact that 



J- = y I 

P(C) pi (C - rj)ff[rj) 



448 



CASEY 



where p(C) is a polynomial with only simple zeros at {rj} s , =1 . 
Let R m = (II) for £ inside of C m . Then, if m < N, 



/(*) 



n(z) i /(o 



2tti Jr C — z 



1 1 



£0) m(C) 



N^oo 2m J Cm ( - z 
s N (z) 



1 



d( + i? m (1.) 

rfC + R m (2.) 



1 



Sat(z) Sjv(C) 

Inn — <* ■ > ' — N /^ - , ; N dC + i? m (3.) 

iV-.oc 2vri J Cm ^ N (C-n)(n-z)s' N (n) { ' 



s N (z) 



£ 



/(C) 



lim r 

iV-»oo 2iri *— ' /r 1 (C — n)(n — z s», n 

|n|<7V ° m ^ S ' Nl ' 



d( + i? m (4.) 



N—>oo 



lim SAf(z) V" 

J — vrv-. * ■ 

\n\<m 



/(n) 



(z-n)s^(n) 

f-r 



+ i?m (5. 



sm7rz 



ra|<m 



7r(z — n) 



+ Rm (6.) 



= E -^ n ) sinc(z - n) + R m (7.) 

\n\<m 

where (1.) is Jacobi interpolation, (2.) is the Weierstrass product, (3.) is the Mittag-Lemer de- 
composition, (4.) is the switch between limit and integration permitted by uniform convergence, 
(5.) is the Cauchy Residue Calculus, (6.) is the Weierstrass product (and trigonometric evaluation), 
and (7.) is the definition of the sine function. Since R m — ► as m — ► oo, we get the sampling 
formula. 

To finish, we have to estimate the second integral above. 



Lemma 5 



/(C) K< 



ciQ 



as m 



oo . 



27Ti Jc m C- z /2(C) 
Proof: We have that C m is a circle centered at the origin with radius (m + ^) for m G N. Thus, 



1 



/(C) fi(z) 



2 ™ JCmC-Z /1(C) 



dQ 



1 f 2w sm(irz) 



f((m + l/2)e ie ) 
sin(7r(m+ l/2)e^ 



■i{{m + l/2)e ie ) 



dQ 



2iri ./o ( — z 
Now let z be contained in the closed ball of R centered at the origin, with R < m + 1/2. Since 

C ^ ^m 

\C-z\> (m + l/2)-R. 
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Since f{z) satisfies the Paley- Wiener growth bound for £1, there exists K = K{n) such that for all 
n <E N 

\f{z)\ <K(n)(l + \z\y n e 2nn ^ . 

For z = x + iy, 

| sinh(y)| < | sin(z)| < | cosh(y)| . 

Choose 5 sufficiently small so that for \9\ < 5, 

|sin(7r(m+l/2)cos(6>))| > -. 



Then, for \9\ < 6, 



Thus, 



sin(7r(m + l/2)cos((9))| > - exp(vr(m + 1/2)| sin(6») | ) . 



(II) 



1 



/(C) fi(z) 



d( 



2 ™ Jc m (-z /1(C) 

f{{m + l/2)e l °) 



1 f 2n sm(irz) 



27ri ./ ( — z 
K(n 



< | cosh(-7ry)| 



For < n < 1, 



[3/2 + m 

i /■ /(c) n(z 



,—, , a J ((m + l/2)e' 

sin(7r(m + l/2)e t0 ) U 7 7 

exp(7r(m+l/2)(n-l)). 



d( 



2 ™ J Cm (-z /1(C) 
which — > exponentially as m — > oo. For = 1, 

i /• /(c) nz) 



o(e m ^-V) 



O 



1 



[1 + m] 



ri0 



2vri Jc m C-z /2(C) 

which — ► with polynomial decay as m — ► oo. This completes the proof of the lemma and the 
proof of the theorem. □ 



3.2 Multi-Rate Sampling 

Let t G M., and let a be an irrational that is poorly approximated by rationals, e.g., v2, or 
(1 + \/5)/2. Let /ii(t) = X[_i,i](£) , V2(t) = ^[- a ,a](^) model the impulse response of the channels 
of a two-channel system. Then 

-~~(/-\ sin ( 27r C) — />n sin(2vraC) 



^C 



< 
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Since a is poorly approximated by rationals, {/Jj} is strongly coprime. Now let 

A i = \ -it r , A 2 



2 I ' I 2a 

for n, 777 G N, and let 

A = Ai UA 2 . 

Note that the information contained in the original signal is reconstructed by creating deconvolvers 
defined initially on A U {0}. Order the elements of A, denoting this as A = {A/-}. Walnut [60] has 
shown the following. 

Theorem 11 Let a be an irrational that is poorly approximated by rationals, and let f be a (1 + a)- 
band-limited function. Then f is uniquely determined by 

{/(A fe )}U{/(0),/'(0)}. 

Note, for a (l + a)-band-limited function, the Nyquist rate is 1/(2(1 +a)). However, our individ- 
ual sampling rates are 1/2 and l/(2a). Both these rates are below Nyquist. The reconstruction of 
/ from this lattice is achieved by using complex interpolation theory. These techniques go back to 
basic Lagrange interpolation, and were developed for entire functions by various mathematicians, 
most notably B. Ya. Levin [44]. Let 

G(z) = sin(27rz) sin(27ra,z) . (33) 

Then, G{z) is an entire function, which is almost periodic on R, and has simple zeros on A, and a 
double zero at {0}. 

Proposition 1 Let Xk G A and let 

Then 

H j (\ k ) = 5 jk . (35) 

Proof : Let Xj = ^p, A& = 4^. Using the Taylor expansion in a neighborhood of Xj, we have 
that sin(27rz) = 2ir(— l) n (z — Xj) + 0((z — A./) 3 ) . Similarly, in a neighborhood of A&, we have that 
sin(27raz) = 2ira(—l) m (z — A&) + 0((z — A/-) 3 ) . Therefore, in a neighborhood of Xj 

HAZ) ~ G'{X 3 ){z - X~) ~ 2tt(-1)«(z - A,) sin(2vraA,) + ° {{Z ~ X ^> > ~ 1 + °^ Z ~ X ^> >' 
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Similarly, in a neighborhood of Xk 

H ,. _ G(z) _ 27ra(-ir(z - X k ) S in(2vrA fc ) x^-1+Off, \\ 2 \ 

G'(\ k ){z - X k ) 2ira(-l) m (z - X k ) sm(27rA fc ) 

□ 

At z = 0, we have to construct interpolating functions K±, K<i so that 

#i(0) = 1,^1(0) = 0, 

K 2 (0) = 0,if 2 (0) = l. 

Using the Taylor expansion of G, we derive the following. 

Proposition 2 

G(z) _ G(z) 

1{Z> (G"(0)/2!)(z 2 ) (4vr 2 a)(z 2 )' { ' 

G(z) _ G(z) 

2{Z> (G"(0)/2!)(z) (4vr 2 a)(z) ' l J 

Proof : Using the Taylor expansion 



G(t) = sin(27rt) • sin(27rat) 



, 9 9 327r a 4 fiN 

47r 2 at 2 — t 4 + 0(t 6 ) 



Thus, we have expressions for -x^-, i = 1,2: 



with derivatives: 



G (t) „ 2 32vr 4 a , „. =, 

t 3! v 7 

G(t) , 2 32vr 4 a 2 ^, 4 , 

_A2 = 4vr 2 a _ __ t 2 + (t 4 ) 



d G(£) , 9 967r 4 a 9 ^, ,, 



d G(t) 64vr 4 



c\ 



t + 0(t : 



3-i 



dt t 2 3! 

Computing limits of the functions and their derivatives at t = gives 

* m - G(t) k m - G{t) 

2! t 2! r 

where — ^-^ = 4iT 2 a. □ 

Combining these two propositions gives us the reconstruction formula. 
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Theorem 12 Let a be an irrational that is poorly approximated by rationals, and let f be a (1 + a)- 
band-limited function. Let 



*-<?.*-£ 



for k £ N, and let 

Then f is uniquely determined by 



A!UA 2 = A = {A fc }. 



{/(A fe )}U{/(0),/'(0)} 



Moreover, f can be approximated from its values on A U {0} by the formula 

, G(t) 
G'(X k )(t-X k ) 



/(*) - E /(^) T^J^ (38) 



A fc eA 



+ m °UL r + m . ow 



(4vr 2 a)(t 2 ) ' ' ; (4vr 2 a)(t) ' 

u;/iere 

G(t) = sin(2vrt) • sin(2avrt) . (39) 

Convergence is uniform convergence on compact subsets, and is shown in a manner similar 
to the results for deconvolution. The proof is lengthy, and will be shown elsewhere. We need 
to point out two items. First, the sampling grid is rigid. Perturbation of the grid results in a 
loss of information. Second, that because sampling points in A can get arbitrarily close together 
(mf{|A m — A n |} = 0, and so inf{FJ fe , ■ | sin(27rrfcA) | : A G A^} = 0), the set of interpolating functions 
can not form a Riesz basis and the interpolating formula can not converge in norm [45, 46]. In fact, 
the interpolating functions do form a Bessel sequence, but do not form a frame and therefore do 
not form a Riesz basis. The problems occur at points where the sampling points get close together. 
The interpolating function follows the original function along exactly, except for a very subtle 
"ripple" at those points where the sampling points get close together. The following stabilizes the 
construction. Let 5 be given, < 5 < j-. Let 

A s = {A e A : dist(A, A \ {A}) < 5} . 

Elements in A$ occur in pairs, with each pair containing one element from Ai = {^} and the 
other from A 2 = {^} for k G N. Let {X k } = A = A t U A 2 = A 5 U A s ' . For 

G(t) 



G(t) = sin(27ri) • sin(27ra£), let H\ k 



G'(X k )(t-X k ) 
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We can show that 



is dense in L? t > and that 



Span { G> 



G(t) 



(\k)(t-\k) 

G(t) 



G>(\ k )(t-\ k )) XkeAs , 
is a Bessel sequence. Also, we can show that 



, -x G Closure I Span<^ — — 

4-rrat 4irat 2 \ [G'{ 



G(t) 



'(Xk)(t-X k ) 
The points in Ag can be treated as double points. For {Ai, A2} C Ag, 



[f(X 1 )H Xl (t) + f(X 2 )H X2 (t)} 
= f(\i)H Xl (t) + f'(Z Xl ) 

+ TZ(X 1 -X 2 )\ 



G(t) 



^m^ 1 (*-w-^) 



where £ai — y ^1 an d 7£(Ai — A2) 2 — ► as 5 — ► 0. Finally, we can show that 

G(t) 



(G»(\ k )/2!)(t-\ k yj XkeAs 

is a Bessel sequence. 

The result generalizes. We can create sampling sets on £ lattices using a set of numbers {rj}| =1 
such that {ri/vj) is poorly approximated by rationals for i 7^ j. Again, if {p«}i=i i s a se ^ °f primes, 

is a set of numbers whose ratios are poorly approximated by rationals. Let A^ = < ^ > for n G N, 
and let 



J A fc = A = {A fc } 



(40) 



fe=i 



We reconstruct on A U {0}, letting 



G(z) = TT sin(2irrkZ 



fc=i 



and letting 



H m (z) 



G(z) 



G (X m )(z — A m ) 



(41) 



(42) 
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Then 

H m (\ n ) = o mn . (43) 

The interpolating functions at the origin are a linear combination of 

gj = ^,j = l,...,i, (44) 

chosen so that 

KJ?- 1 \0) = 5 kj ,k,j = l,...,e. (45) 

As before, using Taylor series, we get 



Hjf\t) = 2 V 



(n-k-j)l 

2 n+2 7r n+2 ^ _ fc + 2 ) I 

y/PlP2---Pr. 



3! (n-fc-j + 2)! 

l 

+0(t"-*-J'+4) . (46) 



n— 1 

j.n— fc— j+2 
fij 

i=l 

±n—k—j+A ^ 



We want 



Solving these relationships gives 



^k(*) = X) Cji ^ so that K k 1] (0) = S kj ,k,j = l,...,£. (47) 



k 



Kk(t) = Y^CiHiit) 



i=l 



E!^o fc)/2 W(i + t:=1 p^) 2m t 2m G(t) 



(48) 
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MULTISCALE APPROXIMATION FOR EIGENVALUE 
PROBLEMS OF FREDHOLM INTEGRAL EQUATIONS 



En-Bing Lin 

Abstract. 

We introduce multiscaling approximation for eigenvalue problems of Fredholm 
integral equation of the second kind and prove an eigenvalue approximation theorem. 



1. Introduction 

We consider the following homogeneous Fredholm equation of the second kind. 

Ku = Xu (1.1) 

where Ku(x) = L k(x,y) u(y) dy with a smooth kernel k and some unknown 
function u on [0, 1]. 

Several methods are known for the approximate solutions of the above equation 
[LS]. Some of these methods base on the partitions of the domain or use some 
linearly independent functions such as iterated-collocation method and Galerkin 
method. Most of these methods solve one dimensional problems. Here we consider 
a different approach, namely, scaling function interpolation methods which can be 
used to solve higher dimensional problems as well. 

Multiresolution based interpolation methods are relatively new in approximation 
theory and become useful and powerful in several areas of mathematical analysis 
and applications. In this paper, we prove an eigenvalue approximation theorem 
based on multiresolution analysis and propose an open problem along this line. The 
outline of this paper is as follows. In this section, we recall scaling interpolation 
method in scalar case, we then recall multiscaling interpolation method in section 2 
and 3 followed by some practical and useful formulas in section 4. The main result 
on eigenvalue approximation of (1.1) is presented in section 5. 

To review several approximation theorems obtained by using scaling function 
interpolation, we first recall the setting of multiresolution analysis. 

Suppose 4>{x) and ip(x) are the scaling function and the corresponding wavelet 
respectively with finite support [0, l\ where / is a positive number. It is well known 
that 4>{x) and ip(x) satisfy the following dilation equation and wavelet equation, 
respectively: 



(x) = V2 ^2 h s 4>{2x - s) 
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and 

I 

ij)[x) = V2J2 9s(f>(2x - s) , 

s=0 

where the h' s s and g' s s are constants called low pass and high pass filter coefficients 
respectively. 

We will use the following standard notations: 

(/i(x) = 22<t>(2 j x-k), 

and 

ipl(x) = 22<f)(2 j x-k). 

Consider the subspace Vj of L 2 defined by : 

Vj = Span{(j) 3 k , k G Z}, 

and the subspace Wj of L 2 defined by : 

W j = Span{ipl,k£Z}, 

the subspaces Vjs, — oo < j < oo, form a multiresolution of L 2 with the subspace Wj 
being the difference between Vj and Vj-\. In fact, the L 2 space has an orthonormal 
decomposition as : 

oo 

L 2 = V 3 ^J2Wj. 

J=j 

The projection of a L 2 function f(x) onto the subspace Vj is defined by: 

fj( x ) = J2 a j,k(t>{(x), 
k 

where 



a j,k = / f(x)(f>l(x)dx. 
Similarly, we can project f(x) onto Wj by: 



■iv ; 



where 

Pj,k = / f(x)il> 3 k (x)dx. 

Therefore, the function f(x) can be decomposed by: 

CXI 

f(x) = fj(x) + ^2 W ^ X )- 
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The projection fj(x) is called the linear approximation of the function f(x) in the 
subspace Vj [WS]. The multiresolution analysis of L (R ) can be defined in a similar 
fashion. 

In [LZ], E. B. Lin and X. Zhou gave the following wavelet approximation theorem. 
In what follows, we assume <j>, ip are sufficiently smooth and satisfy the orthonormal 
multiresolution analysis with compact support and ip has N vanishing moments. Let 
{Mi} denote the moments of the scaling function (f>, i.e. 

M t ■- / x l (j)(x)dx, 1 = 1,2, ■•• . 

In particular, 

Mi = c:= -^fca fe , 

k 

where o^. = v2/ifc are coefficients of the dilation equation. 

Theorem 1.1. Assume the function / £ C k (Cl), where fl is a bounded open set 
in R 2 ,k>N>2. Let, for j e Z, 

f(x,y) := 1 J^ /(^,i±^)^(x)^(y), (x,y) G Q, (1.2) 

p,qEA 

where the index set A = {(p, q)\(supp(cf> J p ) ® supp^)) n fi ^ (/)}, In addition the 
moments Mi satisfy 

Mi = c\ i = 1,2, ••• ,7V -1. 



x i (j)(x)dx = ( / x(j){x)dx)\ i = 1, 2, • • • , N - 1. 



i.e. 



Then 

ll/-/ J ||L 2 ( f 2)<C||/ (Af) ||oo2-^, 
ll/-/ J ||H 1 ( f 2)<C||/ W |U2- j(Af - 1) , 

where C is a constant depending only on N, diameter of O and 

||/ (A °IU :=moa; (XiI/)g n, ro =o,i,-,iv I q^jwz^ (a. y) | ■ 

A new scheme of interpolation of a multivariate function with the tensor prod- 
ucts of compactly supported multi-scaling functions was introduced in [LX]. The 
idea is to choose weighted sample values of a given function by suitable weights. 
The advantages of multiwavelets versus scalar wavelets are possessing symmetry, or- 
thogonality, short support and high approximation order [GHM],[SN],[SS]. A similar 
result to Theorem 1.1 in multi-scaling case will be mentioned in section 3, namely, 
given a multivariate function / £ Cq , the interpolation scheme provides, at scale 
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2 J , an approximation order N in the L^ space or an approximation order N-n in 
the Sobelev space H n if and only if the multi-scaling function has the accuracy N. 
In the context of the multi-scaling functions, one usually deals with a matrix 
dilation (refinement) equation: 

$(t) = 53C fc *(2t-fe). (1.3) 

k 

Here <£>(£) = [<&o(t),--- , <Ev_i(£)] T <G I? is a multi-scaling function and Ck are r 
by r matrices with constant elements. If r = 1, Ck are real numbers and $(£) = 
<3>o(i) which is called scalar scaling function. A characterization of the multi-scaling 
function is described in the next section. 

2. Approximation accuracy of multi-scaling functions 

A multi-scaling function $(a;) = [& (x),&i(x),- ■ ■ , <& r _i(a;)] T is said to have 
approximation accuracy N if each polynomial x p , p = 0, • • • , N — 1, is a locally 
finite series of the integer translates $(a: + k), k <G Z, i.e. 

x p = ^ y£ p) $(x + k) a.c, p = 0, • • • , N - 1 (2.1) 

fc 

where yi are constant row vectors and j/q are called starting vectors. In [HSS], 
Heil, Strang and Strela show the following necessary condition of linear indepen- 
dency, namely, if $ has accuracy N and {$ Q (x + k), a = 0, • • • , r — 1, k e Z} are 
linearly independent then 

(P) -E (£V-*r ro y£ n) > p=o,...,jv-i. (2.2) 



m=0 v 



Hence (2.2) may slightly be weaker than the independency assumption. An equiv- 
elent statement of approximation accuracy is stated as follows [LX]. 

Theorem 2.1. Suppose that a multiscaling function $>(x) is compactly supported. 
Then $(x) has approximation accuracy N and satishes (2.2) if and only if 

EE (*) (-^) m (x + kr- m yt ) Hx + k) = S po a.e., p = 0, 1,- • • ,N - 1. 

fc m=0 ^ ' 

(2.3) 

This theorem provides a key technique to establish a necessary and sufficient con- 
ditions for an approximation theorem by using multi-scaling function interpolation 
which is stated in the next section. 

3. Multi-scaling Function Interpolation (MSF Interpolation) 

The interpolation formula (1.2) uses the following type of sample values of f, 

fkl = 2jf(-2J- >-&-)• ( 3A ) 
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It was shown that the asymptotic behavior of the interpolation is not as nice as the 
L 2 -projection [D]. The convergence rate was improved by introducing the Multi- 
scaling Function Interpolation (MSF interpolation) [LX] . Lin and Xiao show that the 
necessary and sufficient condition for the asymptotic behavior of MSF interpolation 
with error 2~ jAr is that $ has approximation accuracy N. The idea is to choose the 
sample values by using suitable weighted average of the values of given function at 
certain sampling points. 

Let X ma , u ma , a = 0, 1, • • • , r — 1, m = 0, 1, • • • , M— 1, be constants. We choose 
the sampling values as follows. 
For j e N, let 

M-l M-i , . , . 

Jk,a,l,f3 =1^1^ U n a U mf3 f{ , ) (3.2) 

n=0 m= 

and 

p^y) = ^EEEE fLM>*L(*)Hi(v)- ( 3 - 3 ) 

k l a=0/3=o 

The weighted coefficients u ma are related to the starting vectors as follows: 

M-l M-l M-l 

Vo = (E Um0 ^0' E U " ll ^™l'"' ' E U m,f-l^m,r-l)) ( 3 - 4 ) 

m— m— m— 

P = 0, •••, JV-1, A^ Q = 1. 

Theorem 3.1. Suppose $(x) is compactly supported. Given X mct , u ma and define 
pas (3.3). Then, for all f e C^(R 2 ), 

\\f-f j \\Li<C2-i N , (3.5) 

if and only if <!> has approximation accuracy N and its associate vectors y/F satisfy 
(2.2), (3.4). The constant C is independent of j. 

Theorem 3.2. Suppose a multi-scaling function $(x) is compactly supported and 
&(x) £ H n (R), n > 0. If$(a;) has approximation accuracy N (N > n) and satishes 
(2.2) and (3.4) then, for all f e C*(R 2 ), 

\\f - P\\h~ <C2-^ N - n ^> (3.6) 

where C is independent of j. Conversely, if (3.6) holds, then $ has approximation 
accuracy N. 

The constants X mcn u ma in Theorem 3.1 give us some flexibility in choosing 
the sampling points and the weighted coefficients. Some special cases deserve our 
attetion [LX], which are stated below. We first consider M — N, and choose A's so 
that, for each a, X ma ^ X na ,m ^ n, then one can always solve (3.4) for u ma . For 
example, we set 

M 

X ma = to, \ ma = -[-^-] + m, X ma = M - to or \ ma = to - M. 

In these settings, the sampling points can be kept at lever j. In particular, the 
following is true when X ma = to. 
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Corollary 3.1. Suppose a multi-scaling function $(x) is compactly supported and 
has approximation accuracy N wi 
Let vectors Zq, • • • , Zjv-i satisfy 



has approximation accuracy N with starting vectors j/q , • • • , y 



N-l 

» 



^Z„nP = ^, p = 0,---,JV-l. 



ra=0 

Tien for ah / G C^(R 2 ), 



N-1N-1 



k I n— m=0 

and 

N-1N-1 



n/(*.y) - ^EE E E /(|> ^)^*i_ n ^C m (y)ii*» < C2 ~ 

fe £ n— m— 

provided $>(x) £ iJ™ and N > n where C is independent of j. 
We next consider M=l, N= 2, then (3.4) is reduced to 

VO ~ ("00,- •• ,W0,r-l) 

and 



■j(N-n) 



— (^00""00) • • • ! Ao,r-lWO,r-l)- 



V6 

Corollary 3.2. Let <fr(ir) be compactly supported and have approximation accu- 
racy 2 with starting vectors 

2/0 0) = ( u 0,--- >«r-l) 

and 

2/0 = K,--- ,«r-l) 

If u Q 7^ 0, a = 0, ■ ■ ■ ,r - 1 then for ah / e C^(R 2 ) 

fe j a=0 0=0 

(3.7) 
Moreover, if in addition <& £ H 1 , then 

ii/(^»)-^EEEE u «v(^^.^)*i fc (^(i')ii^<c r 2-^ 

fe i a=0^=0 

where C is independent of j. 
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4. Applications 

In practice, one can use the following scaling functions for the multiscaling func- 
tion interpolation as stated in Section 3. 
4.1 Two Dimensional Case 

We use corollary 3.1 and multi-scaling function <f>(t) = ((f>o(t) , 4>i(t)) , 



-2£ 3 + 3£ 2 *e[0,l), 

(£-2) 2 (2£-l) tG [1,2], 

otherwise. 

-3t 3 + 3i 2 *G[0,1), 

(t-2) 2 (-3i + 3) te[l,2], 

otherwise. 

has accuracy 4 [PS], and its starting vectors are 



Mt) = < 



Mt) = { 



(0) 

Vo 



(1,0), ^ = (1,-^), y 2) = (i,-|), ^, 3) 



Follow Corollary 3.1, we have 



Zo = (0,^), Z 1 = (l, 1 -), Z 2 = {Q,- 1 -), ^3 = (0, ls 



(1,-1)- 



1 



Let 



3 3 



^ ° ° k I ■ 



23 ^^^£j£j^2J 23' 

k I n—0 m—0 



4.2 One Dimensional Case 

The one dimensional version of (3.7) is 



fe a=0 



Use this interpolation formula, we approximate -F(x) £ C^R 1 ) as follows. 
Consider the following multi-scaling function <3>(i) = (<fr (£), $!(£)). 



-5t 3 + 6i 2 



i e [0, 1) 



*o(«) = < 



*i(*) = S 



(2-i) 2 (-£ + 2) te[l,2], 

otherwise. 

-t 3 *e[o,i), 

(2-i) 2 (-5i + 4) te[l,2], 

otherwise. 
The first two new starting vectors of <3>(i) are (5,-5) and (|, — |). Let 

where 

ii 1 fc+2 

F J (x) 



E {^(^-)*o(2^ - fc) - V(^-l)^>, (2'.r - h\. 



fe=-2 



2' 



2-' 
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5. Multiscaling Approximation 

Let the kernel of (1.1) satisfy the following conditions 

(5.1) suPck^! J \k(s,t)\dt < oo 

(5.2) hms^oJolHs + ^t) -k(s,t)\dt = 0< s < 1 

(5.3) k(s,t) is symmetric, i.e. k(s,t) = k(t,s) 

Consider the multiresolution analysis, ttjKuj = XjUj, Uj £ Vj where ttj is a 
projection operator onto Vj. 

From condition (5.1) above, A ^ 0, we have 

Xj(u,U l j) = {u,\jU l j) = {u,Ku l j). 

Thus 

(u,Ku l 3 ) 



where Uj = -, — f-r , u l j is the mutiscale interpolation of u. 

On the other hand, 

X(u, Uj) = (Xu,Uj) = (Ku,Uj) 

(Ku,Uj) 
where u,- 



1 (u,Uj)' 

Hence 

A — Xj = (Ku, Uj) — (u, Ku,j) 

= (u,Kuj) — (u,Kuj) 

= {u,K( Uj -Uj)) 

where we use the symmetric property of the kernel (condition 5.3). 
Also, 

| \Uj — Uj 1 1 < | |ti — Uj 1 1 + | \u — Uj 1 1 . 
We therefore have the following estimate. 

Theorem 5.1. 

Following the above assumptions, we have 



\X-Xj\ <C2-:> 



for some constant C. 



The above theorem is basically based on the MRA approximation, not really 
based on the scaling function interpolation. However, it is conceivable the multi- 
scaling method is more efficient and one can apply the same technique for solving 
higher dimensional problems as well. It would be interesting to produce some 
examples by applying the scaling function interpolation. 
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Abstract 

Wavelet methods have been of considerable interest in many en- 
gineering applications such as signal and image processing. However, 
like other classic orthogonal expansions, wavelet expansions also ex- 
hibit Gibbs phenomenon around discontinuities of the original signal. 
In a previous work, summability methods for removing the Gibbs phe- 
nomenon in the orthogonal wavelet expansion functions with jump dis- 
continuous were introduced. These summability methods are based on 
replacing a conventional wavelet basis by a biorthogonal basis. This 
article is devoted to the discussion of the computational aspects in 
constructing such biorthogonal wavelet bases. An approach of linking 
conventional wavelet bases and their induced biorthogonal bases via a 
group of conversion coefficients is introduced. Numerical examples are 
provided to demonstrate the method. 

1 Introduction 

Wavelet analysis has numbers of notable advantages and has shown promis- 
ing results in many engineering applications such as signal and image process- 
ing. However, like almost any other classic orthogonal (or biorthogonal) 
expansions, Gibbs phenomenon ([3], [4], [10] and [5]) also occurs in both 
discrete (series) and continuous (integral transform) wavelet expansions ([9], 
[13], [11] and [8]). This is true for time-limited wavelets, such as Daubechies 
wavelets, and for bandlimited wavelets, such as Meyer wavelets. In classical 
orthogonal systems, various summability methods are used to get rid of un- 
wanted Gibbs phenomenon [7], [22]. A positive kernel is usually constructed 
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to replace the oscillatory reproducing kernel. An expansion associated with 
a positive kernel therefore does not show Gibbs phenomenon [22]. Similarly, 
to remove the Gibbs phenomenon in the orthogonal wavelet expansion some 
summability methods have been introduced in the previous work [15], [16], 
[17]. These summability methods are based on replacing a conventional 
wavelet basis by its induced biorthogonal wavelet basis (called by positive 
wavelet basis). The scaling subspace of the induced wavelet basis is associ- 
ated with a positive reproducing kernel. 

Recently, these methods have attracted some attention in engineering 
community [20] . In the practical world, it is inevitable that a signal exhibits 
singularities induced by incompatible initial data or flurried by noise. Sig- 
nals are modeled mathematically by functions with jump discontinuities [1] . 
Digital filtering via wavelet transform can be plagued by such phenomenon. 
Similarly, it also appears in data compression using wavelet threshholding. 
To remove or eliminate Gibbs oscillation has to be considered when quality 
(or resolution) is crucial in certain applications. 

In order to make these summability methods useful in engineering prac- 
tice, an effective algorithm for computing the induced positive basis is essen- 
tial. This article is devoted to such purpose. It discusses of the numerical 
aspects related to the construction of the induced basis. We restrict our 
attention to the case of Abel like summability method for wavelets with 
compact support. After the mother wavelet and its dual associated with 
the positive scaling function been introduced, we discuss how these bases 
are used in analysis and synthesis algorithms for functions in LziR)- An ap- 
proach to link a conventional wavelet basis and its induced positive basis via 
a group of connection coefficients is developed. In numerical examples, we 
shall be interested mainly in the most popular compactly supported wavelets 
- Daubechies wavelets. By the end, we briefly remark on the method and 
our further study. 

2 Background 

We briefly introduce some notations and definitions which are required in 
the subsequent discussions. The curious readers can easily find references 
for orthogonal wavelet theory in [2] (Chapter 5) or [18] (Chapter 3), for 
example. 

Definition 1 Multiresolution Analysis (MRA). A multiresolution analysis 
of L 2 (R) is an increasing sequence Vj, j £Z of closed linear subspaces of 
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L (M) with the following properties 

(*) • • • C VLi C Vfc C7i C ■ • • C L 2 

(«) n m ^ = {0}, U m ^ m = L 2 



(in) /eKn« /(2-) € H„ + i, /or a// / e £ 2 (M) ; and dim el* 
(iv) f(x) £%» /(a - Jfe) G V" , /or a// / e £ 2 (M) ; and allmeZ 

(1) 

For a given MRA, there exists (not necessarily unique) a function (j> £ Vq, 
such that 

{4>(t-n),n(EZ} 

forms an orthonormal basis of Vq. The function <f> is called a scaling function 
of the given MRA. The functions 

{^ n (t) = 2 m / 2 ^(2 m t-n), m, n e Z} 

form an orthonormal basis of V m . 

The mother wavelet is defined by the dilation equations: 

(i) m = E k V2h k ^2t-k), 2 

(«) lK«) = E fe ^(-l)*fci-*0(2t - *), * [K) {Z) 

with Fourier transform: 



ij>(w) = e'™ /2 m (w/2 + vr)^> y 






where 

V2 



mo(w) = y — ^=e 



' l k_ -%wk/2 

k 



It is remarkable that each of the spaces V m in a multiresolution analysis 
is a reproducing kernel Hilbert space with reproducing kernel (RK) defined 
by: 

qo(t,s) = Y^j 0O,n(*)0O,n(*)> 

n=—co 

and in general at level m 

CO 

q m (t,s) = 2 m q(2 m t,2 m s) = £ ^ n (t)J^Js) . 
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The kernel is said to be positive if for any positive function /, 

/oo 
q(s,t)f(s)ds>0. 
-oo 

By using the reproducing kernel of V m , we can write the projection of a 
function / 6 L 2 (R) onto V m as: 

oo oo 

fm(t) = Pmf= E (/, E 4>mj)<l>m,n(t) (3) 

n=— co j=—oo 

/CO 
q m (t,s)f(s)ds. 
-CO 

There are two other related discrete expansions. One is the projection 
onto the wavelet subspace W m : 



CO CO 

/ m (*) = E E (/> WW*) w 

£;=— co n=— oo 

/CO 
r m (t,s)f(s)ds 
-CO 

where r m {i ) s) is the reproducing kernel of the subspace W m . Using (3), we 
can rewrite (4) to get a hybrid expansion 

oo oo m co 

r(t)= Y, </» E 4,n>^0,nW+ E E (f^,n)^n(t) 

n=— oo n=— oo A:=— oo^=— oo 

As shown by [6], the standard RK is never positive for any continuous 
scaling functions. The RK associated with Harr wavelet is positive while 
the Harr scaling function has jump discontinuity itself. Consequently, all 
wavelet expansions present Gibbs phenomenon inevitably. This has been 
proved in [9], [13]. There exist some substantial differences between the 
Fourier basis and a wavelet basis. As well known, wavelet bases do not 
possess shifting invariant properties like the Fourier basis. Therefore, the 
behavior of the wavelet expansion at jump discontinuities depends on the 
location of the discontinuities. In wavelet case, to describe the phenomenon 
qualitatively, Gibbs function (defined below) other than "Gibbs constant" 
(in Fourier case) is used. 
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Definition 2 (Gibbs function) The Gibbs function G(t,a), is defined as: 

/>oo 

G(t,a) = / q(t + a,s)ds, (5) 

J a 

where a is the location parameter. 

Unlike the situation in Fourier expansion, the convergence can not be 
guaranteed in a wavelet expansion at the jump discontinuity of the function. 
As a result, Gibbs effects for a wavelet system is more difficult to manipulate 
quantitatively. There are some discussions about the asymptotic behavior 
of the Gibbs function at a = in the literature [13], [21]. Nevertheless the 
knowledge about the size of over shoot or under shoot is much limited. 
Figure 1 shows Gibbs function associated with Coiflets, N = 2, and N = 3. 
Figure 2 shows the Gibbs function for Coiflets, N = 4 comparing with Gibbs 
function for Daubechies wavelets, N = A. The parameter N is related to the 
support interval of the scaling function. For Daubechies wavelet, the support 
interval is [0, 2iV — 1], for Coiflets, the support interval is [0, 3iV — 1]. 

To remove Gibbs phenomenon in the orthogonal wavelet expansion for 
functions with jump discontinuity, summability methods have been intro- 
duced in the previous work [15], [16], [17]. The follow theorem has been 
proved, 

Theorem 1 (Walter and Shen [15]) Let f G L^R); let 

CO 

k r (t,s)= Y^ Pr(t- n )Pr( s - n )i ( 6 ) 



where 



. oo 

1 — r 



^ t ) = IT7 £ rWftt-n) (7) 

n= — co 

/CO 
k rtm (t,s)f(s)ds; (8) 

-oo 

then /£j 6 V m and 

(i) if Mi < f(t) < M 2 fort e R, then M 1 < f r m {t) < M 2 for t e R, m E Z, 

(ii) if Ms < f(t) < Mil for t 6 [a, b], then for each e > 0, 6 > ; there is 
an mo, such that for t £ (a + S, b — 6), M% — e < f^{t) < M^ + e, for 
m > mo. 
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Gibbs tunction f>:<r Coiflet (N=2'j 







-0.5 10 




1 -10 



Figure 1: A comparison of Gibbs functions for Coifiets with different support 
in lengths. Left: N = 2, Right: N = 3. 



Property (it) in Theorem 1 guarantees that expansions using kernel k r 
do not show Gibbs phenomenon. This result is useful in some applications of 
different areas. In theory, formula (8) can be used to compute the expansion 
coefficients. However, in practice, the integral format is not convenient. On 
the other hand, in order to benefit to the multiscale nature of wavelet bases, 
we have to construct "wavelets" associated with the induced positive scaling 
function p r . In what follows, we will introduce the associated mother wavelet 
£ r and its dual function £ r . The two pairs of biorthogonal bases, {p r , p r } 
and {£r)£r}> consist of a MRA of L^- We refer this set of biorthogonal 
wavelet basis as induced positive wavelet basis. The parameter r is called by 
regularization parameter. The word "positive" is sort of confusing. It refers 
to the RK associated with the scaling function (not the mother wavelet) is 
positive. 
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Gibbs Function for 




Gibbs Fori: velet, N=4 




Figure 2: A comparison of Gibbs functions of Coifiet and Daubechies 
wavelet. Left: Coifiet, N = 4. Right: Daubechies, N = 4. 

3 Construction of the induced positive wavelet sys- 
tem 

We begin with the induced positive scaling function. 



3.1 The induced positive scaling function 

Unfortunately, the positive scaling function p r (7) is not orthogonal although 
the original scaling function is. The dual basis of the positive scaling function 
is defined in the following proposition: 

Proposition 2 The dual function of the positive scaling function p r is given 

by, 



p r {t) 



1 



2vr(l 



\{l + r 2 )4>{t)-r{4>{t+l)+4>{t-l)}]. 
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In addition if we denote 



Pr(t) = Yl d kPr(t- k ), 

k=— oo 



then 

ri r , - M(\h\ 4- 

1-r 2 



d r k =r lkl (\k\ + -^), k = -oo,...,oo. (9) 



Conversely, we have 



where 



Pr(t) = Yl c kPr(t~k), 

k=-2 



r _ l-4r 2 +r- 4 r _ 2r-(l+r- 2 ) r _ r- 2 r _ r x _ 1 9 

C — [27r(l-r 2 )] 2 C l — [27r(l-r 2 )] 2 C 2 — [27r(l-r 2 )] 2 C « — C -«' ' — X ' Z ' 

(10) 

Formulas (9) and (10) are the conversion coefficients between the positive 
scaling Function and its dual. 

Unlike the positive scaling function p r , the dual basis J> T is compactly 
supported. Fig. 3 shows a pair of induced positive scaling function and its 
dual associated with Daubechies wavelet D^. The regularizing parameter 
r should be chosen as small as possible while guarantees the positivity of 
the positive scaling function p r . The selection of parameter r is based on 
experiments. By Theorem 1, it is clear that series (7) converges faster when 
parameter r is smaller. From numerical experiments, we also have observed 
that a smaller parameter r is corresponding with a more localized positive 
scaling function. However, when r is progressively smaller, the induced 
scaling function is not positive any more. Figure 4 shows the comparison 
among different choices of r. The bottom panel shows 3 failed cases, in 
which negative values are found for the scaling functions. 

3.2 The induced mother wavelet 

To construct mother wavelet associated with the positive scaling function, 
we use the fact that the induced mother wavelet is in the subspace gener- 
ated by the rescaled dual positive scaling function and its shiftings, namely 
{p r (2t — k)}. We summarize the construction of the biorthogonal positive 
wavelet in the following proposition. From now on, we will assume the orig- 
inal scaling function is the scaling function of Daubechies wavelet with filter 
coefficients {/ifc} fe= o • 
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Figure 3: The positive scaling function and its dual function associated 
with Daubechies wavelet D^. Top: Scaling function and mother wavelet for 
Daubechies wavelet D4. Bottom: Induced positive scaling function and its 
dual function, r = 0.5, N = 7, M = 13. 



Proposition 3 The positive wavelet associated with the induced scaling func- 
tion (7) is given by the following dilation equation: 



N+l 



Ut) = V2Y J (-V k *l-k'Pr(2t-k). 



(11) 



fc=l 



where 



2JV-1 



a-k = 



2vr( 



rr^y E( 1 + 



„2 Jfc-2-nl+l Jfc+2-nl+l 



)h k - 



n=0 
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Figure 4: The choices of regularization parameter r. Top: 3 successful choices 
for parameter r, 0.5 (solid line), 0.4 (dashed line) and 0.3 (dotted line). 
Bottom: 3 unsuccessful choices for parameter r, 0.25 (solid line), 0.2 (dashed 
line) and 0.15 (dotted line). 



Moreover, the dual function associated with the induced wavelet is given 



by 



where 






Ut)=V2 Y, (-l) k a 1 - kPr (2t-k), 



(12) 



£;=— oo 



5^ Ufc-2nr H y 



1 +r 2 



hk-l-Zn 



lnl+1 



1-r 2 



ifc+l-2n 



,n -1 



1-r 2 



The following proposition relates the original mother wavelet with the 
induced mother wavelet. 
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Proposition 4 The wavelet function and its induced positive wavelet are 
related by: 

oo 

m = Y ^r(t-k) (is) 

£;=— oo 

oo 

e(t) = Y ^(*- k ) 



k=— oo 



where 



$1 = E^l-ootl 1 + r2 ) h k + ^+1 + ^-i)K+2n; 

tr _ v^oo / i\fc~r v-*2JV-l/ i\ra-li, J2n+l-m-fc| 

Sfc — 2^k=-co\ l ) a l-k 2^1=0 \ L ) n ™ r 

The above propositions can be derived by straightforward (but rather 
long) calculations, we take liberty to omit their proofs accordingly. 

Proposition 5 If the dilation equation for the positive scaling function is 
written as, 

oo 

Pr (t) = V2 Y a r kPr (2t-k), (14) 

A;=— oo 

then the filter coefficients are given by, 

00 / 1 1 + r 2 r M+i r |n|-i \ 

a l= Y ^-2nr H Y372 - ^-1-2" 73^ "^+1-2" 7372" • ( 15 ) 
n=— 00 \ / 

In addition, {a r k \ c ?__ , are exponentially decreasing as k — > ±00. 

PROOF 

Using the dilation equation for Daubechies scaling function, we have: 

2JV-1 

4>{t - n) = a/2 Y h k4>{%t - n) - k). (16) 

fe=0 

Substitute (16) in (7). (15) is then derive by comparing the coefficients 
on both sides of (14). 

Now to show the last statement in the proposition, we write, 



00 / 1 1 r 2 r |n| + l r |n|-l \ 

a i = Y (^fc- 2 " 7, 7372" ^fc- 1 - 2 " 7372" ^i- 2 " 7372 K 17 ) 

n=— 00 \ / 



(1) , (2) , (3) 

4 +4 +% ■ 
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In the case of Daubechies scaling functions, h r 
For k > 2N — 1, we have , 



0, for n < or n > 2N. 



,W| 



< 



1 + r 2 1 



1 



-N 



1 



1 



Similarly, we have the estimation: 



,( 2 ) I 



< 



1 



,-i 



-N 



- k/2 ,k>2N. 



S 3 ) i 



,-2 



,-1 



,-N 



^r k ' 2 , k > 2JV, 



< 



1 



1 



,-i 



~ fe/2 , fc > 2JV. 



If we denote C'(r, N) = 



-2 



1+r +r+r 



1-r 



(1 — r 2 )^/r l—r~ 

< C(r, N) ■ r fc/2 



-JV 

^rr , then 



fe > 2iV. 



This estimate is also true if k < 0. For a typical case, say, if we choose 
r = 2 ) then C(|,4) = 115y2. In fact, in the case of Daubechies scaling 
functions, h n = 0, for n < or n > 2N. For k>2N — l. 

The coefficients corresponding to different JV and r (denoted as a,k[N, r]) 
are list in the Tablel. Figure 4 illustrates these data graphically. 



Tablel. Filter coefficients al 



k a fe [4,0.5] a fe [5,0.5] a fe [6,0.48] a fe [8,0.42] 



15 


2.48170E-2 


2.63767E-2 


2.07498E-2 


942566E-3 


16 


1.74543E-2 


1.86925E-2 


1.43549E-2 


5.90334E-3 


17 


1.24085E-2 


1.31883E-2 


9.95990E-3 


3.83278E-3 


18 


8.72715E-3 


9.34625E-3 


6.89034E-3 


2.47940E-3 


19 


6.20424E-3 


6.59417E-3 


4.78075E-3 


1.60977E-3 


20 


4.36358E-3 


4.67313E-3 


3.30736E-3 


1.04135E-3 


21 


340212E-3 


3.29709E-3 


2.29476E-3 


6.76102E-4 


22 


248179E-3 


2.33656E-3 


1.58753E-3 


4.37367E-4 


23 


1.55106E-3 


1.64854E-3 


1.10149E-3 


2.83963E-4 


24 


1.09089E-3 


1.16828E-3 


7.62017E-4 


1.83694E-4 


25 


7.75530E-4 


8.24271E-4 


5.28713E-4 


1.19264E-4 


31 


9.69412E-5 


1.03034E-4 


5.84714E-5 


8.83606E-6 


38 


8.52261E-6 


942720E-6 


4.47356E-6 


4.23487E-7 


45 


7.57354E-7 


8.04953E-7 


3.43267E-7 


2.03706E-8 
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Figure 5: The decreasing rate of filter coefficients a& for the positive scaling 
function induced from Daubechies wavelets. From top left, r = 0.5, N = 4; 
r = O.r, N = 5; r = 0.48, JV = 6; r = 0.42, JV = 8. 

Notice that, for every fixed k, (17) only contains a finite number of terms. 
By using this property, a 4-step difference scheme has been developed and 
studied to compute these filter coefficients numerically [16]. The scheme is 
iterative and requests 4 initial values to start. It is similar to any IIR (Infinite 
Impulse Response) filters. The positive scaling function has infinite support 
while its dual has finite support. Reflected from the duality, the positive 
mother wavelet is finite supported while its dual is not. 



484 X.SHEN 



4 Numerical Evaluation of the induced wavelet 
system 

To benefit from the existing software (in particularly, the popular Wavelet 
Toolbox in MATLAB), the central idea for computing the induced positive 
biorthogonal basis presented here is to make a connection between the con- 
ventional wavelet basis and its induced basis. This connection is made by 
computing conversion coefficients between these two sets of basis. 
Before we start, we recall the following list of notations: 

4.1 Notations 

hfc — filter coefficients for Daubechies scaling function (/> 4 , k = 0, 1, ..., 7. 

a k — filter coefficients for summability function, which serves as the 
scaling function in biorthogonal expansion. 

a k — filter coefficients for dual bases. 

ip k — conversion coefficients tp(t) — > £ r (£). 

£■£ — conversion coefficients ^ r (t) — > 4>(t). 

c k — dual conversion coefficients p^(£) — > P m (t)- 

d r k — dual conversion coefficients p r (t) — > /?*(£)• 

fm,k — coefficients in scaling expansion by using Daubechies wavelets. 

fm k — coefficients in expansion by using positive kernel k r m (s, t). 

Pm k — coefficients in scaling expansion by using bases p r m n (t) = 2^~ p(2 m t- 
n). 

1m k — coefficients in wavelet expansion by using bases ^ r m n (t) = 2~2~£(2 m £- 
n). 

4.2 Computing the conversion coefficients 

The Wavelet Toolbox in Matlab is a powerful tool for the conventional 
wavelets transform. In this section, we describe the idea of calculating 
the induced positive bases via their relations to the associated conventional 
wavelet basis. These connections are made by a group of conversion co- 
efficients, which can be used in converting one set of bases to the other. 
Consequently, we can calculate our "induced positive wavelets" by using the 
build-in software in Matlab. 

To do so, we need compute the following two sets of coefficients: 

1. 1. Conversion coefficients between scaling functions 
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a. Old to New: (f>(t) -> p r (t) 

~ / 1+r 2 r |«|+l r |n|-l 

n=— 00 \ 

b. New to Old: //(£) -> <f>(t) 

2N-1 
1 

2vr(~ 



r ' n=0 

1. 2. Conversion coefficients between mother wavelets 

a. Old to New: ip(t) -> f(i) 

^ = E Id + ^ + rh k+1 + r/^OK^. (18) 

b. New to Old: f (*) -► ^(*) 

00 2JV-1 



a = E (- 1 ) 3 * E (-^r-'hr 



2n+l— m— fe| 
fc=— 00 1=0 



4.3 Computing Expansion Coefficients 

To illustrate the idea, we begin with the positive scaling expansions. We 
recall, 

1. 1. Conversion coefficients between the scaling expansion 

The (m + \)th positive projection of /£, +1 is given by (8). We start with 
evaluating the conversion coefficients 

00 

fm + l, k = E ^""/m+l,* ( 19 ) 

n=— 00 

where /»n+l,fc are the coefficients we found in last section by using Wavelet 
Toolbox in Matlab. 

1. 2. Conversion coefficients for decomposition 
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Since /£, +1)fc (i) € ^ m+ i = F m W m , we have 

oo oo 

Jm+l,k\t) = ^/_^, Pm,nPm,nV-) + ^/^ ?ffl,nS(7i,nW (20) 

n=— oo n=— oo 



where 



_. oo 

^w,n = (jT^) 2 E ^^2nfm,k ( 21 ) 

<4,n = (Y^) 2 E (~1) V*W£, fc (22) 

A;=— 00 

We can calculate p r m n , (f mn by using the conventional wavelet expansion 
and these conversion coefficients. If we write, 

00 00 

/ y 9m,raSm,nW = /_^ 9m,nVin,nV')i (23) 

n=— oo n=— oo 

then 5 mj n = f f($)il) mn {t)dt can be calculated easily by using Wavelet 
Toolbox in Matlab. The relation between (f m n and g mj n is given by 

oo oo 

€n,n= ^[(l + r^hi+rht+x + rht-x] ^ 9 r m , n -k a i+2k (24) 

/=— oo A;=— oo 

Thus, we have derived all coefficients in the following decomposition 
scheme, 

/ Pm,n 
m,k y Jm+l,k * 1m,n 

Notice that this decomposition can not guarantee necessarily the heritage 
of the positivity. 

5 Numerical Examples 

We consider two numerical examples in this section. 

Example 1 In this example, we expand the characteristic function as its 
positive scaling function series. The characteristic function of [-1/2, 1/2] is 
defined as: 

1,4 €[-1/2,1/2] 



/(t) - 0,t£ [-1/2,1/2] 
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The positive wavelet basis is induced from Daubechies wavelet N = 4. 
For the positive scaling function, we have to use its truncated version: 

\-r M 
Pt,l,m^) = YVr ^ r '"'^ t ~ n) ' 

n=—L 

with L = —7, and M = 14. The reason for us to use the non symmetric 
truncation for the doubly infinite series because the Daubechies wavelet is 
asymmetric. Numerical results from this experiment are demonstrated in 
Figure 6. We observe that Gibbs effects have been removed successfully. 
For the comparison purpose, the scaling expansion series using Daubechies 
wavelet (N = A) is shown on the top panel. Gibbs phenomenon can be 
observed clearly around points x = — 1/2 and 1/2. 

Example 2 In this example, we consider recover signals from their sampled 
data. We assume that these data is contaminated by additive Gauss noise 
with probability distribution N(0, 1). We select the induced positive wavelet 
associated with Daubechies wavelet, N = 4. The regularization parameter is 
chosen as r = 0.48. The infinite series in (7) is truncated in the same way 
as in the previous example. The numerical results are shown in Fig. 7. From 
Fig. 7, we observe that the positive basis give a fairly good approximation. 
Gibbs effects were completely removed in all these cases. Noises are also re- 
moved from the contaminated data, consequently, the recovered signals (thin 
line) follow the shape of the original signals very well. 

6 Conclusion 

In this paper, we have discussed some useful computational matters of a sum- 
mability based biorthogonal system, namely the induced positive wavelet 
system. The expansions using the positive wavelets do not show Gibbs phe- 
nomenon. We then developed a practical method for computing the basis 
functions. The central idea of the algorithm is to make a connection between 
the conventional wavelet system and the induced positive wavelet system. In 
doing so, most of the computation can be done by using the popular Wavelet 
Toolbox in Matlab. Consequently, any algorithm has been developed using 
the conventional wavelet system can be adapted to the one using induced 
positive wavelet. This is convenient in the case of wavelet methods such 
as denoising are chosen and Gibbs phenomenon are needed to be removed. 
The applications of such positive biorthogonal system and the evaluation of 
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Figure 6: The approximation of square wave function by using Daubechies 
wavelet series (JV = 4, m = 8) and its induced positive wavelet series. Top: 
Approximation using Daubechies wavelet. Bottom: The approximation by 
the induced positive wavelet series. 

the effectiveness of the algorithm are under future study. 
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Figure 7: Signals are recovered from their sampled data contaminated by 
additive Gauss noise using positive wavelet series. 
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